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In a dynamic version of a (base) problem X it is assumed that some solution to an instance 
of X is no longer feasible due to changes made to the original instance, and it is required 
that a new feasible solution be obtained from what “remained” from the original solution 
at a minimal cost. In the parameterized version of such a problem, the changes made to 
an instance are bounded by an edit-parameter, while the cost of reconstructing a solution 
is bounded by some increment-parameter.
Capitalizing on the recent initial work of Downey et al. on the Dynamic Dominating Set 
problem, we launch a study of the dynamic versions of a number of problems including
Vertex Cover, Maximum Clique, Connected Vertex Cover and Connected Dominating 
Set. In particular, we show that Dynamic Vertex Cover is W [1]-hard, and the connected 
versions of both Dynamic Vertex Cover and Dynamic Dominating Set become fixed-
parameter tractable with respect to the edit-parameter while they remain W [2]-hard 
with respect to the increment-parameter. Moreover, we show that Dynamic Independent 
Dominating Set is W [2]-hard with respect to the edit-parameter.
We introduce the reoptimization parameter, which bounds the difference between the 
cardinalities of initial and target solutions. We prove that, while Dynamic Maximum Clique

is fixed-parameter tractable with respect to the edit-parameter, it becomes W [1]-hard if 
the increment-parameter is replaced with the reoptimization parameter.
Finally, we establish that Dynamic Dominating Set becomes W [2]-hard when the target 
solution is required not to be larger than the initial one, even if the edit parameter is 
exactly one.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

A dynamic version of a problem X takes as input a quintuple (I, I ′, S, k, r) where I and I ′ are instances of X and S is a 
solution to I , not necessarily optimal. The instances I and I ′ are at a given “edit distance” k, termed the edit-parameter. The 
question posed is whether a solution S ′ to I ′ , also not necessarily optimal, can be obtained such that the Hamming distance 
between S and S ′ is bounded by r, which we refer to henceforth as the increment-parameter.

✩ A preliminary version of this paper has been presented at the 8th Annual International Conference on Combinatorial Optimization and Applications 
(COCOA 2014).
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Dynamic problems appear in the realm of re-optimization as in the (initial) work on vehicle routing [13] and other 
approximation problems [3,16]. In a parameterized dynamic problem the original solution is not assumed to be optimal, 
and we seek a solution (of the new instance) that can be obtained at some given affordable cost. Dynamic problems have 
also been studied from a parameterized complexity viewpoint under the name “incremental problems” as in [9]. The term 
“incremental problem” has been coined in [4] in a seemingly initial work on programming languages.

Parameterized dynamic problems are formulated for the first time in [6], where Dynamic Dominating Set was shown 
to be fixed-parameter tractable. Capitalizing on this initial work, we consider a number of problems with various parame-
terizations. In particular, we consider problems whose solutions are required to be connected, such as Dynamic Connected 
Dominating Set, which is well known as a model for virtual backbones (for message routing) in wireless ad-hoc networks 
(see [2,5,14,15,17]). It is only natural in such applications to assume that some links between backbone nodes disappear 
when two nodes are no longer within some transmission range, due mainly to mobility. In this case, Dynamic Connected 
Dominating Set (henceforth DCDS) is a better model.

Main results. We show that Dynamic Connected Dominating Set, Dynamic Vertex Cover and Dynamic Connected Ver-
tex Cover are fixed-parameter tractable with respect to the edit parameter but W [2]-hard with respect to the increment 
parameter. We further show that fixing the edit parameter to one does not reduce the complexity of Dynamic Dominating 
Set, while it makes Dynamic Independent Set fixed-parameter tractable. Finally we study dynamic maximization problems 
such as Maximum Clique and Long Cycle. We show that both problems are fixed-parameter tractable with respect to the 
edit parameter.

The rest of this paper is structured as follows. Section 2 presents some needed preliminaries. In Section 3 we study 
dynamic problems whose solutions are required to induce connected subgraphs. In Section 4 we study the Dynamic Inde-
pendent Set and Dynamic Independent Dominating Set problems. In Section 5, we discuss dynamic maximization problems 
with connectivity constraints, and we conclude in Section 6 with a summary and open problems.

2. Preliminaries

All graphs considered in this paper are assumed to be finite, simple and undirected. We adopt common graph theoretic 
terminology, but we shall define some notions that may be useful.

For a given graph G = (V , E), we let V (G) = V and E(G) = E . For E ′ ⊆ E we denote by V (E ′) the set of vertices 
that are incident on elements of E ′ . The set of neighbors, or open neighborhood, of a vertex v is defined as NG (v) = {u ∈
V (G) | uv ∈ E(G)} while the closed neighborhood of v is NG [v] = NG(v) ∪ {v}. If S ⊆ V (G), then NG (S) = ⋃

v∈S NG(v) and 
NG [S] = NG(S) ∪ S . Moreover, the subgraph of G induced by S is denoted by G[S].

If C, D are subsets of V (G) satisfying C ⊆ NG [D], then we say that D dominates C , or equivalently, that C is dominated 
by D . When a singleton set {v} is dominated by D , we say that v is dominated by D . Otherwise, NG [v] ∩ D = ∅, hence v
is called a non-dominated vertex, with respect to D . A dominating set for G is a set of vertices S ⊆ V (G) such that V (G) is 
dominated by S . When S is (required to be) connected, it is called a connected dominating set of G .

The Hamming distance between two subsets A, B of a superset V is the sum of elements of A \ B and B \ A (or the 
cardinality of A�B). When A and B are sets of vertices of a graph, we denote this distance by dv (A, B). For two graphs 
G, G ′ with the same set of vertices, we denote by de(G, G ′) the Hamming distance between E(G) and E(G ′).

Contracting an edge e = uv of a graph G results in replacing u and v by a single vertex whose open neighborhood is 
NG(u) ∪ NG(v). Contracting a subgraph H of G consists of contracting all the edges of H , and results in a single vertex 
whose neighborhood is NG (V (H)).

A set of vertices J ⊆ V (G) is an independent set if NG( J ) ∩ J = ∅. A set of vertices C ⊆ V (G) is called a vertex cover of G
if every edge of G is incident with a vertex in C . i.e. V (G) \ C is an independent set. If G[C] is connected then we say that 
C is a connected vertex cover for G .

Given a weighted graph G and a partition {X, Y } of V (G), a Steiner tree of G is any tree that contains all elements 
of Y . In this context, elements of X and Y are called Steiner nodes and terminal nodes, respectively. A minimum Steiner tree
is one whose total weight (sum of weights of edges) is minimum. The corresponding minimization problem is called Min-

imum Weighted Steiner Tree. When parameterized by k = |Y |, the problem can be solved in O∗(2k) time and polynomial 
space [12].

3. Dynamic problems with connectivity constraints

We first study graph-theoretic minimization problems where the solutions are required to be connected subgraphs, or 
sets of vertices that induce connected subgraphs. A common feature of these problems is the fact that only edge deletions 
affect the feasibility of the given initial solution. Hence, the target solution could be obtained by connecting the various 
components of the subgraph induced by the initial (given) solution. As we shall see, this feature makes the problems 
fixed-parameter tractable with respect to the edit parameter.

3.1. Dynamic Connected Dominating Set

The parameterized Dynamic Connected Dominating Set problem is defined formally as follows:
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Dynamic Connected Dominating Set (DCDS)

Input: A graph G = (V , E) and a connected dominating set S for G; a graph G ′ = (V , E ′) obtained from G with 
de(G, G ′) ≤ k; positive integers k, r.

Parameter: (k, r)
Question: Does there exist S ′ ⊆ V such that dv (S, S ′) ≤ r, and S ′ is a connected dominating set for G ′?

Let (G, G ′, S, k, r) be a given instance of DCDS. Then we assume G ′[S] is not connected or S is not a dominating set 
of G ′ . We further assume the following:

1. If G ′ has more than one connected component then we have a NO-instance. Thus, assume that G ′ is connected.
2. Every vertex in G ′ has degree at least 2. If deg(v) = 1 and v is dominated by S , then remove v . If v is not dominated 

then put its neighbor in S ′ , then remove v .
3. We can assume that S ⊆ S ′ . This is because we want dv (S, S ′) ≤ r (or as small as possible). Including the elements of S

in S ′ does not increase dv (S, S ′) which we may assume to be identical to |S ′| − |S| in this case. Note that “connecting” 
the elements of S (while computing S ′) does not incur additional cost since each such vertex must (eventually) have a 
neighbor in S ′ .

4. Adding edges is “harmless” in the sense that, in G , every vertex is dominated and S is connected. The addition of an 
edge cannot alter these properties.

5. The deletion of an edge is harmful only if at least one of its endpoints is in S .

3.1.1. A fixed-parameter algorithm
We now present the main steps of an algorithm that computes S ′ such that |S ′| − |S| is minimum. We are going to 

use the fixed-parameter algorithm for the Minimum Weighted Steiner Tree problem where the terminal nodes form an 
independent set. First let L be the list of deleted edges, and let A ⊂ V (G) \ S be the set of vertices of G that are incident 
on deleted edges and such that A is not dominated by S in G ′ . That is, A = {v ∈ V (G) | v ∈ V (L) \ NG ′ [S]}. Note that, since 
|L| ≤ k, A contains at most k vertices.

Obviously G ′[S ∪ A] is not connected (unless A is empty and G[S] is connected, which is an excluded case). The required 
solution S ′ must dominate all elements of A, but maybe some of them must also be in S ′ to secure connectivity. Our 
algorithm proceeds as follows.

Enumerate (in O(2k)-time) all the subsets of A that could be added to the target connected dominating set (i.e., branch 
on all subsets of A). For each such subset A′ of A we do the following:

1. Delete all elements of A \ A′ that are (now) dominated by A′ . Due to the branching, we know these vertices cannot be 
added to the solution.

2. Delete edges between the remaining vertices of A \ A′ . Again these vertices cannot dominate each other. Let A′′ = A \ A′
(initially).

3. Contract every connected component of G ′[S ∪ A′] and add the resulting isolated vertices to A′′ . Note that A′′ remains 
an independent set with at most k + 1 vertices.

4. Let H be the resulting graph and let B = V (H) \ A′′ . We proceed as in the algorithm described in [1] by assigning a 
weight of one to each edge of H[B] and a weight of n = |V (H)| to each edge uv where u ∈ A′′ and v ∈ B .

5. At this stage, we treat (H, |A′′|) as an instance of Minimum Weighted Steiner Tree where A′′ is the set of (at most 
k + 1) terminals and B is the set of Steiner nodes.
Run the fixed-parameter Weighted Steiner Tree algorithm of [12]. Let T be the resulting solution, and let I(T ) be the 
set of interior nodes of T . Then, due to the assigned weights, all the interior nodes are Steiner nodes (as shown in [1]).

6. If |A′ ∪ I(T )| ≤ r (in G ′), then generate S ′ = S ∪ A′ ∪ I(T ) as solution and stop.

Observe that I(T ) forms a connected dominating set of H . Moreover, as shown in [1] and since A′′ is an independent set 
of H , the number of internal vertices of T is the smallest possible. Therefore, if none of the generated candidate solutions 
(S ′) satisfies |S ′| −|S| ≤ r then we have a NO-instance. Otherwise, it would be easy to see that S ′ is a connected dominating 
set of G ′ .

As for the running time, and since |A| ≤ k and the Weighted Steiner Tree algorithm runs in O(2|A′′ |), the total running 
time of the above algorithm is in O(4k).

Theorem 1. The Dynamic Connected Dominating Set problem is fixed-parameter tractable with respect to the edit-parameter.

3.1.2. Complexity of DCDS with respect to the increment parameter
We next use a reduction from Dominating Set to show that DCDS is W [2]-hard with respect to the increment-parameter 

r only, assuming the edit-parameter k is arbitrary.
Given an instance (H, r) of Dominating Set, where H has n vertices, we construct two graphs G and G ′ as follows:

1. G consists of two n-cliques H1 and H2 and some edges between them as follows:
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• To each vertex v of H we have two vertices v1 and v2 that correspond to it so that v1 ∈ V (H1) and v2 ∈ V (H2). We 
refer to vi as the image of v in Hi or (simply) the ith image of v .

• For each vertex v ∈ H , we connect its first image v1 to the vertices of H2 that are images of all the elements of 
NH [v] (so v1 and v2 are also connected).

2. Let S = {v1, v2} for some vertex v of H . Then, since H1 and H2 are cliques in G , S is a connected dominating set for G .
3. G ′ is obtained from G by deleting all the edges of H2.

Now we can generate n instances (G, G ′, S, k, r − 1) of DCDS (one instance for each possible set S = {v1, v2}). Since H2
is edgeless, a solution of any DCDS instance consists of adding at most r − 1 vertices of H1 only, in addition to the copy v2
of v .

If H has a dominating set of size r, then at least one of the n DCDS instances would have a solution given by adding 
r − 1 vertices of H1 to dominate all the vertices of the edgeless subgraph H2. We have now established the following.

Theorem 2. The Dynamic Connected Dominating Set problem is W [2]-hard with respect to the increment-parameter.

Proof. Follows from the above reduction, and the fact that Dominating Set is W [2]-hard [8]. �
3.2. Dynamic Connected Vertex Cover

The method used to obtain a fixed-parameter algorithm for DCDS, with respect to the edit-parameter, can be applied to 
the Dynamic Connected Vertex Cover problem.

Dynamic Connected Vertex Cover (DCVC)

Input: A graph G = (V , E) and a connected vertex cover S for G; a graph G ′ = (V , E ′) obtained from G with 
de(G, G ′) ≤ k; positive integers k, r.

Parameter: (k, r)
Question: Does there exist S ′ ⊆ V such that dv (S, S ′) ≤ r, and S ′ is a connected vertex cover for G ′?

Let (G, G ′, S, k, r) be an instance of Dynamic Connected Vertex Cover (DCVC). First, we note that edge deletion could 
only affect the connectivity constraint while edge addition may cause some added edges not to be covered. We assume that 
k = k1 + k2 where we have at most k1 added edges to cover and at most k2 deleted edges, so at most k2 + 1 connected 
components in G ′[S]. To obtain a fixed-parameter algorithm we first branch on all the k1 edges to be covered, by adding 
one of the two endpoints (or the other) to S ′ , (S ′ is initially equal to S .) Then we contract each connected component of 
G ′[S ′], which again yields an instance of the Weighted Steiner Tree problem, as described in the case of DCDS above.

Theorem 3. The Dynamic Connected Vertex Cover problem is fixed-parameter tractable with respect to the edit-parameter.

Note that a faster algorithm can be obtained if the parameter is k + r. simply, contract all the connected components 
of G ′[S] and add a pendant (degree-one) vertex to each of the resulting vertices, then treat the graph as an instance of
Connected Vertex Cover with parameter r + c ≤ r + k where c is the number of components of G ′[S].

We prove that the problem is W [2]-hard with respect to the increment-parameter by reduction from the following 
parameterized version of the Steiner Tree problem, where the parameter is the number of Steiner nodes in the solution 
tree:

Minimum Steiner Tree (parameterized by number of Steiner nodes)
Input: A graph G = (V , E), together with a partition {X, Y } of V and a positive integer r.
Parameter: r
Question: Does there exist a subset Y ′ of Y such that G[Y ′ ∪ X] is connected and |Y ′| ≤ r?

The above version of Steiner Tree is known to be W [2]-hard by a simple reduction from Set Cover, as noted in [11]. We 
now present the following reduction to Dynamic Connected Vertex Cover, parameterized by the increment cost.

Let (H, r) be an instance of the above Steiner Tree problem. We further assume that |X | > 1 and H[X] is not connected 
(otherwise it would be an obvious YES-instance). We construct two graphs G and G ′ as follows.

Graph G is obtained from H by subdividing each and every edge that has at least one endpoint from Y . Let T be the set 
of the newly introduced degree-two vertices (due to the edge subdivision). We also add one vertex u that is joined to all 
the elements of X ∪ T . Let S = X ∪ T ∪ {u}. Then S is a connected vertex cover of G .

Graph G ′ is obtained from G by removing all the edges between u and the elements of T and all but one of the edges 
between u and the elements of X (since we assumed that |X | > 1). Observe that X ∪ T ∪ {u} remains a vertex cover in G ′
but, since we assumed G[X] is not connected (and |X | > 1), G ′[X ∪ T ∪ {u}] is not connected in G ′; G ′[X] is not connected 
and every vertex of T ∪ {u} has at most one neighbor in X .
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If it exists, a solution S ′ to the instance (G, G ′, X ∪ T ∪ {u}, k, r) of Dynamic Connected Vertex Cover consists of adding 
at most r elements of the set Y to the set S (to reconnect the vertex cover). It would be easy to see that S ′ \ S is a solution 
to the initial instance of the Steiner Tree problem if and only if S ′ is a solution to the corresponding Dynamic Connected 
Vertex Cover instance.

Theorem 4. The Dynamic Connected Vertex Cover problem is W [2]-hard with respect to the increment-parameter.

4. Dynamic Independent Dominating Set

In the previous section, the connectivity of solutions played a role in obtaining fixed-parameter algorithms with respect 
to the edit-parameter. To further highlight the role of connectivity, and not domination, we give an example of a domination 
problem whose solution is (completely) disconnected. We show that Dynamic Independent Dominating Set is W [2]-hard 
with respect to the edit-parameter.

Dynamic Independent Dominating Set (DIDS)

Input: A graph G = (V , E) and an independent dominating set S for G; a graph G ′ obtained from G with de(G, G ′) ≤ k; 
positive integers k, r.

Parameter: (k, r)
Question: Does there exist S ′ such that dv (S, S ′) ≤ r and S ′ is an independent dominating set for G ′?

We will show a reduction from the W [2]-complete problem Multicolor Dominating Set (k) [7,10].

Multicolour Dominating Set (MCDS)

Input: A graph G = (V , E) and a proper vertex coloring, c | V → {1, 2, . . . , k} for G; a positive integer k.
Parameter: k
Question: Does there exist a dominating set D for G such that |D| ≤ k, and D consists of distinct colored vertices? i.e. for 

each pair of distinct vertices {u, v} ⊆ D , c(u) �= c(v).

Theorem 5. The problem Dynamic Independent Dominating Set is W [2]-hard with respect to the aggregate of the edit-parameter 
and the increment-parameter.

Proof. We reduce from MCDS(k). Let I = (H, k) be an instance of MCDS (k). Construct an instance I ′ = (G, G ′, S, k′ = 3k,

r = 2k) of DIDS (k, r) as follows.
For 1 ≤ i ≤ k, let the ith color class of V (H) consist of ni vertices, V i = {vi,1, vi,2, . . . , vi,ni }.
Associated with color class i of H , the graph G has three disjoint sets of vertices of cardinality 4, ni and ni , respectively. 

The set Ai = {ai,1, ai,2, ai,3, ai,4} ⊆ V (G) contains distinguished vertices which will function as a “selection gadget.” The 
other two sets, Bi, Ci ⊆ V (G), represent images of each of the vertices of V i . For each vi, j ∈ V i , we have two corresponding 
vertices in G: bi, j ∈ Bi and ci, j ∈ Ci , where j ∈ {1, 2, . . . , ni}.

Let A = ⋃k
i=1 Ai , B = ⋃k

i=1 Bi and C = ⋃k
i=1 Ci . We specify that the induced subgraph G[Bi] is an ni -clique and that 

G[Ci] is an independent set. Other edges of G are next described. For i ∈ {1, 2, . . . , k}:

1. Vertex ai,1 is connected to every vertex in (Ai \ {ai,1}) ∪ Bi ∪ Ci .
2. Each ai, j , for j = 2, 3, 4, is connected to every vertex in Bi .
3. Each bi, j , for j ∈ {1, 2, . . . , ni}, is connected to the image in C of the closed neighborhood NH [vi, j]. So each bi, j is 

adjacent to only one vertex in Ci , namely ci, j (the other image of vi, j ), but could have neighbors in other components 
of C depending on the colors of the neighbors of vi, j in H .

This completes our description of the transformation from H to G . An illustration of the construction of G is given in Fig. 1.
Let S = {ai,1 | i = 1, 2, . . . , k}. It should be clear from the construction of G that S is indeed an independent dominating 

set, as required. Let X = {uv | u, v ∈ Ai, 1 ≤ i ≤ k}. Then G ′ is obtained from G by deleting the 3k = k′ edges in X . Hence 
in G ′ , the vertices in A \ S are not dominated by S .

Claim 1. For each i ∈ {1, 2, . . . , k}, domination by S ′ of the vertices in Ai adds at least 2 to dv(S, S ′). Hence, if S ′ is a solution of an 
instance then dv(S, S ′) ≥ 2k.

Proof of Claim 1. We consider all possibilities for domination of Ai . First suppose that ai,1 ∈ S ′ . Then, considering that Ai is 
an independent set in G ′ and every element of Bi ∪ Ci is a neighbor of ai,1, the other three vertices of Ai (and not in S) 
must be dominated by themselves in G ′ . Hence, ai,1 ∈ S ′ implies that dv (S, S ′) is increased by 3.

Next we consider the case that ai,1 /∈ S ′ . Then ai,1 must be dominated by a vertex v which lies in Bi ∪ Ci . If v ∈ Bi then 
v dominates all of Ai but then, since S ′ is an independent set, dv (S, S ′) is increased by 2. (Vertex ai,1 ∈ S but not in S ′
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Fig. 1. The graph G constructed in the reduction from MCDS to DIDS.

contributes 1 to dv(S, S ′).) If v ∈ Ci then dv (S, S ′) is increased by at least 3 as the vertices ai, j , for i = 2, 3, 4, cannot be 
dominated by a vertex outside of Ai ∪ Bi .

We have considered all possibilities for domination of Ai , hence the first statement of the claim is proved. The choice of 
i is arbitrary so summing over i = 1, 2, . . . , k shows that dv (S, S ′) ≥ 2k.

Claim 2. If I ′ is a YES-instance then S ′ ⊂ B and S ′ contains, for i = 1, 2, . . .k, exactly one element of Bi .

Proof of Claim 2. If I ′ is a YES-instance then dv (S, S ′) ≤ r = 2k. As shown in the details of proof of Claim 1, dv(S, S ′) ≥ 2k
and equality is achieved only in the case that there exists, for each 1 ≤ i ≤ k, a vertex v ∈ Bi such that v dominates all of Ai
(in addition to all of Bi and some vertices in C .)

Now if I ′ is a YES-instance then S ′ consists of k vertices of B such that NG ′ [S ′] = V (G ′). Moreover, the selection of 
such vertices is forced, by Claim 2, to include exactly one vertex from each of the k color classes i of H . Thus a solution 
S ′ = {b1, j1 , b2, j2 , . . . , bk, jk ∈ V (G ′)} implies that I is a YES-instance of MCDS(k) with solution D = {vi, j ∈ V (H) | bi, j ∈ S ′ ⊆
V (G ′)} (and |D| = k). Conversely, if I is a YES-instance of MCDS(k) then the construction of G, G ′ together with the proof of 
Claims 1 and 2 show that I ′ is a YES-instance of DIDS with dv(S, S ′) = 2k ≤ r. �
5. Vertex Cover and Maximum Clique

We have seen that dynamic versions of some W [2]-hard problems like Dominating Set and Connected Dominating Set

fall in the class FPT under the edit-parameter. A natural question to pose at this stage is whether the dynamic version of 
a fixed-parameter tractable problem remains FPT. We give a negative answer to this question (which was also posed in 
the conference version of this paper). In particular, we show that Dynamic Vertex Cover (DVC) is W [1]-hard via a (rather 
simple) reduction from Maximum Independent Set (MIS).

5.1. Dynamic Vertex Cover

Let (H, p) be an instance of the Maximum Independent Set problem. We construct an instance (G, G ′, S, k = p(p+1)
2 ,

r = 0) of DVC(k, r) as follows. G is the disjoint union of a copy of the graph H and p + 1 copies of K1 (i.e., by adding p + 1
isolated vertices to H). The initial solution S consists of V (H), and G ′ is obtained by adding all k(= p(p+1)

2 ) edges between 
the p + 1 isolated vertices to form a copy of K p+1. In other words, G ′ is obtained from H by adding a clique on p + 1
vertices.

Any solution S ′ must contain p vertices that are not elements of the vertex set of the copy of H (in G ′). Therefore, 
to satisfy the condition dv (S, S ′) ≤ r = 0, and since S ′ must contain p elements of the complement of G ′[V (H)], S ′ cannot 
contain more than |V (H)| − p vertices from the copy of G ′[V (H)]. Any such solution would have a complement of cardinality 
p that forms an independent set in G ′[V (H)]. Obviously, the DVC instance has a solution if and only if there exists an 
independent set of at least p vertices in G ′[V (H)] ≡ H .

Theorem 6. Dynamic Vertex Cover is W [1]-hard with respect to the aggregate of the edit-parameter and increment-parameter.

5.2. Dynamic Maximum Clique

Both the Independent Set and Maximum Clique exhibit a different behavior than Vertex Cover from the Parameterized 
Complexity standpoint, being (both) W [1]-hard [8]. Surprisingly, the dynamic versions of these two problems fall in the 
class FPT as we shall see in the following.

In the Dynamic Maximum Clique problem (DMC), we are given a quintuple (G, G ′, S, k, r) where S is a clique of G , G ′ is 
obtained from G by at most k edge-edit operations, and we seek a clique S ′ of G ′ such that dv (S, S ′) ≤ r. We report that 
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DMC is FPT with respect to the edit-parameter and W [1]-hard w.r.t the increment-parameter. The reader can verify the 
second claim via a simple reduction from the Maximum Clique problem. We prove the first claim, as follows.

Let (G, G ′, S, k, r) be a given instance of DMC, and let L be the set of edges deleted from G to obtain G ′ . That is, 
L = {uv ∈ E(G) | uv /∈ E(G ′)}. Let A = {v ∈ S | uv ∈ L}. Clearly, if u, v ∈ S and uv is a deleted edge, then at least one of u
and v is not in S ′ . So deletion of elements of S to obtain S ′ is unavoidable. It is straight–forward to see that minimizing the 
number of vertices of S which must be discarded from the new solution, i.e. minimizing |S \ S ′|, is equivalent to finding a 
minimum sized vertex cover of the graph H where H = (

A, L ∩ E(G[S])). Since |L| ≤ k, computing a minimum vertex cover 
of H takes O(2k) time.

Let c be the size of a computed minimum vertex cover, then dv (S, S ′) is at least c. Therefore, if c > r then we have a 
NO-instance. Otherwise, the clique obtained by removing the c elements of the computed vertex cover (of H) is a feasible 
solution that meets the objective of DMC, so we have a YES-instance. In other words, DMC can be solved in O∗( f (k)) time, 
which proves our claim:

Theorem 7. The Dynamic Maximum Clique problem is fixed-parameter tractable with respect to the edit-parameter.

6. The reoptimization parameter

By definition, the objective of a dynamic problem is to minimize the Hamming distance between a given set (that was 
a solution) and some to-be-found target feasible solution, if one exists. Therefore, dealing with a dynamic version of a 
maximization problem would seem to be defeating its purpose.

This anomaly is manifested in the proof that DMC is FPT where the increment-parameter was used only as a bound 
on how much “smaller” the new solution can be, so we need not attempt to add more vertices to S ′ in this case. Of 
course, however, larger cliques are preferred but we are limited by the condition dv (S, S ′) ≤ r. Accordingly, it could be 
more meaningful to require that |S| − |S ′| ≤ r (instead of dv (S, S ′) ≤ r). This would force r to be an upper bound on the 
“decrement” in solution size and, at the same time, allows |S| − |S ′| to be negative, so S ′ can be as large as possible. In this 
case, we shall refer to r as the reoptimization parameter.

On the other hand, when dealing with a parameterized dynamic minimization problem, especially when solutions are 
subsets of the input, the condition dv (S, S ′) ≤ r could be replaced by |S ′| − |S| ≤ r, and we also refer to r as the reoptimiza-
tion parameter in this case.

Consider the corresponding reformulation of DMC. In other words, given an instance (G, G ′, S, k, r), the question is: “does 
there exist a clique S ′ ⊆ V (G ′) such that |S| −|S ′| ≤ r?” We shall prove that this problem is W [1] hard when parameterized 
by the aggregate of the edit-parameter and increment-parameter.

Let (H, k) be an instance of Maximum Clique. Construct an instance (G, G ′, S, k, r = 0) of DMC(k, r) as follows. The graph 
G is formed by taking the disjoint union of a copy of the graph H and a clique S consisting of at least 2k vertices, and 
then adding edges to connect every vertex of G[V (H)] with every vertex in S . Then G ′ is obtained from G by deleting a 
matching, M , of size k from the clique G ′[S].

Suppose that S ′ is a solution. Considering that a minimum vertex cover of M consists of exactly k vertices, which also 
implies that any solution S ′ contains at most |S| − k vertices of S . Then |S| − |S ′| ≤ r = 0 implies that S ′ must include at 
least k more vertices and the only possibility is that these vertices form a clique in G ′[V (H)]. Hence, the problem instance 
has a solution if and only if there exists a clique of at least k vertices in G ′[V (H)] ≡ H .

Theorem 8. Dynamic Maximum Clique is W [1]-hard with respect to the aggregate of the edit-parameter and reoptimization-
parameter.

A similar method can be used to prove the W [1]-hardness of Dynamic Independent Set when the reoptimization pa-
rameter is used. It is also easy to observe that Dynamic Vertex Cover remains W [1]-hard if the reoptimization parameter 
is used. In fact, the same W [1]-hardness proof works in this case.

It is worth noting here that Dynamic Connected Dominating Set and Dynamic Connected Vertex Cover remain FPT with 
respect to the edit-parameter, thus also FPT with respect to the aggregate of the edit and reoptimization parameters. To see 
this, recall that our reduction to Steiner Tree already requires |S ′| − |S| to be minimized.

7. Dynamic problems with restricted-size solutions

If the reoptimization parameter is set to zero, the required solution would have to be at least as good as the initial one 
(|S ′| ≤ |S| for minimization and |S ′| ≥ |S| for maximization). However, in typical dynamic problems, it may still be desired 
to bound the Hamming distance between the initial and target solutions.

In [6], it is proved that Dynamic Dominating Set is fixed-parameter tractable. In this section we study the complexity of 
the following slight variation to the Dynamic Dominating Set problem.
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Restricted Size Dynamic Dominating Set (RSDDS)

Input: A graph G = (V , E) and a dominating set S for G , a graph G ′ = (V , E ′) with de(G, G ′) ≤ k, positive integers k, r.
Parameter: (k, r)
Question: Does there exist a dominating set S ′ for G ′ such that dv (S, S ′) ≤ r, and |S ′| ≤ |S|?

Theorem 9. Restricted Size Dynamic Dominating Set is W [2]-hard with respect to the aggregate of the edge-edit and increment 
parameter.

Proof. We reduce from Dominating Set(k). Let I = (H, k) be an instance of Dominating Set(k) where V (H) = {v1, v2, . . . ,
vn}. Construct an instance I ′ = (G, G ′, S, k′ = 1, r = 2k + 2) of RSDDS(k, r) in the following manner.

Graph G has a subgraph H ′ which is a copy of the graph H . Associated with each vertex vi of H , i ∈ {1,2, . . . ,n}, the 
graph G has a disjoint 3-cycle whose vertices are xi , yi , zi . Each vertex yi is connected to the image in H ′ of NH [vi]. 
A further disjoint 3-cycle has vertices u, v∗, w with v∗ connected to every vertex in H ′. Let S = {v∗} ∪{zi | i = 1, 2, . . . , n}. It 
should be clear that v∗ dominates {u, v∗, w} as well as all of the vertices in H ′ , while each zi dominates {xi, yi, zi}. Hence 
S is a dominating set for G . Graph G ′ is obtained from G by removing the edge uv∗ . (Thus u is not dominated by S in G ′ .)

Suppose that I ′ is a YES-instance. Then there exists a dominating set S ′ for G ′ satisfying dv (S, S ′) ≤ r = 2k + 2 and 
|S ′| ≤ |S|. Let S+ = S ′ \ S and S− = S \ S ′ . Then |S ′| ≤ |S| implies that:

|S+| ≤ |S−|. (1)

Then: dv(S, S ′) = |S+| + |S−| ≤ r = 2k + 2, hence |S+| ≤ k + 1. (2)

Now the non-dominated vertex u has degree 1 so assume that its neighbor w is in S ′ . i.e. w ∈ S+ .

Claim 1. v∗ ∈ S− .

Proof of Claim 1. If v∗ /∈ S− , then it follows from (1) that for some i ∈ {1,2, . . . ,n}, zi ∈ S− and {xi, yi} ∩ S+ = ∅. Then xi is 
a non-dominated vertex in G ′ , which is a contradiction. Therefore, v∗ ∈ S− .

It now immediately follows that S+ \ {w} must dominate the vertices in G ′[H ′]. Let D = S+ \ {w}.

Claim 2. D ∩ V (H ′) = ∅.

Proof of Claim 2. By contradiction, similar to the proof of Claim 1. A vertex in V (H ′) cannot dominate any of the vertices 
in {xi, zi | 1 ≤ i ≤ n}.

Thus D consists of the vertices from {yi | 1 ≤ i ≤ n} such that V (H ′) ⊂ ⋃
v∈D NG ′ [v]. Now |D| = |S+ \ {w}|, so by (2), 

|D| ≤ k. Also, |S+| = |S−| is achieved with S− = {v∗} ∪ {zi | yi ∈ D}. Thus, |S ′| ≤ |S| and dv (S, S ′) = |S+| + |S−| ≤ 2k + 2 ≤ r, 
as required. It follows from the construction of G , that the existence of such a dominating set D of size at most k for 
G ′[H ′] shows that I is a YES-instance of DS (just replace each yi ∈ D by the corresponding vertex vi ∈ V (H ′) to obtain a 
k-dominating set of H). Conversely, if I is a YES instance of DS, then I ′ is now easily seen to be a YES-instance of RSDDS. �
8. Conclusion

We considered dynamic versions of a number of parameterized graph problems and showed, among other things, that 
some problems whose solutions are required to induce connected subgraphs, such as Dynamic Connected Dominating 
Set and Dynamic Connected Vertex Cover, fall in the class FPT under the edit-parameter (edge-editing cost) while the 
same problems are W [2]-hard when parameterized by the increment-parameter only. We believe this behavior could be 
investigated further in future research.

The difference between the parameterized complexity of a problem and its dynamic version is another noteworthy 
observation of this work. This is illustrated by the W [1]-hardness of Dynamic Vertex Cover, and the fact that Dynamic 
Connected Dominating Set (whose static version is W [2]-Complete [8]) is FPT.

We modified the definition of the increment-parameter to introduce the reoptimization parameter. As the name suggests, 
this parameter can be used to formulate parameterized (decision) versions of reoptimization problems. We showed that 
while Dynamic Maximum Clique is FPT with respect to the edit parameter, it becomes W [1]-hard (w.r.t. edit-parameter) 
when the increment-parameter is replaced by the reoptimization parameter.

On the other hand, we explored the possibility of requiring the target solution of a dynamic problem to be as good as 
the initial solution. In other words, we add the condition |S ′| ≤ |S| for minimization problems and |S ′| ≥ |S| for maximiza-
tion problems. We showed that such restricted-size versions could become harder by proving that Restricted-Size Dynamic 
Dominating Set is W [2]-hard even when the edit-parameter is set to one.
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More work is expected to be conducted on various dynamic problems, both from theoretical and practical standpoints. 
Structural parameterization is one possible track where auxiliary parameters might be used to study special types of input 
instances. Kernelization is another track that is yet to be explored. From a practical standpoint, input instances that change 
with time appear in many real applications such as wireless ad-hoc networks, which motivated our work on DCDS in this 
paper.
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