
 
 
 

Charles Darwin University

Photovoltaic contribution of photo-generated excitons in acceptor material of organic
solar cells

Narayan, Monishka; Singh, Jai

Published in:
Journal of Materials Science: Materials in Electronics

DOI:
10.1007/s10854-017-6362-3

Published: 01/05/2017

Document Version
Peer reviewed version

Link to publication

Citation for published version (APA):
Narayan, M., & Singh, J. (2017). Photovoltaic contribution of photo-generated excitons in acceptor material of
organic solar cells. Journal of Materials Science: Materials in Electronics, 28(10), 7070-7076.
https://doi.org/10.1007/s10854-017-6362-3

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.1007/s10854-017-6362-3
https://researchers.cdu.edu.au/en/publications/8800ad26-9144-4459-a10c-ad5b2599cb88
https://doi.org/10.1007/s10854-017-6362-3


This is a post-peer-review, pre-copyedit version of an article published in Journal of 
Materials Science: Materials in Electronics. The final authenticated version is available 
online at: http://dx.doi.org/10.1007/s10854-017-6362-3 .



1 
 

Photovoltaic Contribution of Photo-generated Excitons in Acceptor 1 

Material of Organic Solar Cells 2 

 3 

Monishka Narayan1 and Jai Singh1* 4 

 5 
1School of Engineering and IT, Charles Darwin University, Darwin NT 0909, Australia. 6 

Corresponding Author: jai.singh@cdu.edu.au; School of Engineering and IT, Charles Darwin 7 

University, Darwin NT 0909, Australia; +618 8946 6811. 8 

 9 

Abstract Contribution of exciton generation in acceptor material to the photovoltaic performance of 10 

three bulk-heterojunction organic solar cells (BHJ OSCs), PTB7:PC71BM, P3HT:ICBA and 11 

P3HT:PC61BM are studied. Singlet and triplet rates of absorption and dissociation and diffusion 12 

lengths are calculated and compared with those when excitons are generated in the donor of these 13 

BHJ OSCs. It is found that the rates of absorption and dissociation and diffusion lengths are 14 

comparable whether excitons are generated in donor or acceptor of these BHJ OSCs. Therefore, it is 15 

proposed that the contribution of exciton generation in acceptor may not be negligible. 16 

 17 

1 Introduction 18 

 19 

Research interests in organic solar cells (OSCs) have escalated over the past few decades due to their 20 

cost effectiveness, flexibility, easy fabrication techniques and large scale production [1-5]. In bulk-21 

heterojunction (BHJ) OSCs, the donor and acceptor materials are blended together to form the organic 22 

active layer [6]. The principle processes of operation of BHJ OSCs include: 1) Photon absorption and 23 

exciton formation [7,8], 2) exciton diffusion to the donor-acceptor (D-A) interface [9,10], 3) exciton 24 

dissociation at the interface [11,12] and 4) transport and collection of free charge carriers at their 25 

respective electrodes. 26 

The excited excitons, either in the donor or acceptor material, diffuse to the D-A interface and 27 

then form charge transfer (CT) excitons, which have their electrons in the acceptor and holes in the 28 

donor, before dissociating into free electrons and holes which are drawn to cathode and anode, 29 

respectively [13-15]. The photon absorption can occur in both donor and acceptor materials of BHJ 30 

OSCs as already known [16-20] but the mechanism of dissociation of excitons excited in the acceptor 31 

material and their contribution to the power conversion efficiency of BHJ OSCs has not been fully 32 

understood. Pettersson et al. [21] have shown that the photocurrent generated by the absorption in the 33 

acceptor fullerene needs to be taken into account to get an accurate modelling of the photocurrent 34 

action spectra in a bilayer OSC of polymer/fullerene. Liang et al. [22] have measured the absorption 35 

of photons in both, the donor benzodithiophene polymers (PTB7) and acceptor phenyl-C71-butyric 36 
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acid methyl ester (PC71BM). According to their study, the acceptor, PC71BM compensates the 1 

absorption in the visible region where the donor’s absorption is weak and thus the combined 2 

absorption in both contributes to the total conversion efficiency of 7.4%. Furthermore, using the time-3 

resolved spectroscopy, Yonezawa et al. [23] have measured the free carrier-formation times from 4 

excitons in PTB7 and PC71BM and found they are nearly the same as 0.35 ps and 0.21 ps, 5 

respectively. 6 

Furthermore, in a study carried out by Dastoor et al. [24], at almost all excitation wavelengths, 7 

they have observed that more light is absorbed by the acceptor in the 1:4 polymer (donor):fullerene 8 

(acceptor) blends than is absorbed by the polymer (donor) and the fullerene component contributed 9 

over half of the total generated photocurrent. Nicolaidis et al. [25] have modelled 1:1 blend of poly (3-10 

hexylthiophene) (P3HT) and [6,6]-phenyl-C61-butyric acid methyl ester (PCBM) devices and found 11 

that the fullerene component contributes almost 13% of the total photocurrent generated in the 12 

devices. 13 

Mihailetchi et al. [26] have considered the generation of CT excitons at the D-A interface by 14 

photon absorption in either donor or acceptor material and calculated the rate of exciton dissociation 15 

using Braun’s model [24] developed on the basis of Onsager’s theory. However, to the best of our 16 

knowledge, no report has yet been published that clearly demonstrates how a charge-transfer exciton 17 

gets dissociated at the D-A interface. In other words, where does the excess energy equivalent to at 18 

least the binding energy of the CT exciton comes from to dissociate it? On one hand, a CT exciton 19 

having its excited electron and hole on different but neighbouring molecules may be expected to have 20 

a larger exciton Bohr radius than a Frenkel exciton (electron and hole being on the same molecule). 21 

Thus, a CT exciton may be regarded to have a lower binding energy and hence easier to dissociate. 22 

On the other hand, in a BHJ OSC, both donor and acceptor materials are organic and hence are 23 

expected to have similar dielectric constants. That means a CT exciton’s binding energy is not 24 

negligible and it may not automatically dissociate into a pair of free electron and hole at the D-A 25 

interface. 26 

Recently, we have modelled [27] the dissociation of a CT exciton at the D-A interface formed 27 

through a Frenkel exciton excited in the donor as a two-step process: First, a Frenkel exciton in the 28 

donor transfers its electron to an acceptor molecule across the interface which has a lower LUMO 29 

energy and then the excess energy equal to the difference in energy between the donor and acceptor 30 

LUMOs is released in the form of molecular vibrational energy. This energy may impact back on to 31 

the CT exciton and if it is equal to or more than the binding energy of the CT exciton it will dissociate 32 

it into free electron and hole. 33 

The aim of this paper is to study the absorption of photons in the acceptor material of BHJ OSCs 34 

and similar to the dissociation of donor excitons, propose a model for the mechanism of dissociation 35 

of excitons excited in the acceptor. The rate of dissociation of such excitons is calculated and its 36 

contribution to the photovoltaic performance of BHJ OSCs is estimated. Here also the mechanism of 37 
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dissociation is considered as a two-step process: First, when an exciton excited in the acceptor reaches 1 

the D-A interface, the hole gets transferred to the donor’s highest occupied molecular orbital (HOMO) 2 

which is at a lower energy and thus a CT exciton is formed with the hole in the donor and electron in 3 

the acceptor. In the second step, the excess energy equivalent to the energy difference between the 4 

HOMOs of acceptor and donor released as molecular vibrational energy, if at least equal to the CT 5 

exciton binding energy, impacts on the CT exciton and dissociates it. The derived rate for the 6 

dissociation is general and can be applied to any donor/acceptor blend by using the relevant material 7 

parameters. 8 

 9 

2 Methodology 10 

 11 

As stated above, here we have proposed a two-step mechanism for the dissociation of excitons excited 12 

in the acceptor of a BHJ OSC. When photons are absorbed in the acceptor, electrons (e) are excited 13 

from the acceptor’s HOMO to its lowest unoccupied molecular orbital (LUMO) by creating holes (h) 14 

in the HOMO. These excited pairs of e and h instantly form Frenkel excitons in the acceptor, then, as 15 

stated above, diffuse within the acceptor and when they reach the donor-acceptor interface, the hole 16 

gets transferred from the acceptor’s HOMO to the donor’s HOMO because donor’s HOMO lies at a 17 

lower hole energy, leading to CT excitons formed at the interface. The excess energy equivalent to the 18 

donor’s and acceptor’s HOMO offset )( A
HOMO

D
HOMO EEE −=D  is released as the molecular 19 

vibrational energy. If BEE ≥D , the exciton binding energy, then the released molecular vibrational 20 

energy may impact back and dissociate the CT excitons into free e and h pairs, which are collected at 21 

the opposite electrodes and hence may contribute to the photovoltaic current. The derivation of the 22 

rates of such absorption and dissociation is based on our recent works for the absorption and 23 

dissociation of excitons excited in the donor material [27] of BHJ OSCs. 24 

The photons absorbed in the acceptor lead to the excitation of Frenkel excitons in either singlet 25 

(S) or triplet (T) state. The binding energies of singlet and triplet excitons are obtained as 26 
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=)4(= 1-
0πεk 9x109, e  is the electronic charge, xμ  is the reduced mass of an exciton, h  is the 28 

reduced Planck’s constant, ε  is the dielectric constant and α  is a material dependent constant 29 

representing the ratio of the magnitude of the Coulomb and exchange interactions between the 30 

electron and hole in an exciton. Following our earlier work [7], the rates of photon absorption for a 31 

singlet excitation due to exciton-photon interaction )( S
AR  and triplet excitation due to exciton-spin-32 

orbit-photon interaction )( T
AR , respectively, in the acceptor can be obtained as: 33 
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where )-( A
HOMO

A
LUMO EE  is the bandgap of the acceptor, xa  is the excitonic Bohr radius, c  is the 3 

speed of light, oε  is the vacuum permittivity and Z  is the highest atomic number in a molecule [7]. 4 

 After excitation, the singlet excitons diffuse through the acceptor to the donor-acceptor 5 

interface either via Förster resonance transfer or Dexter transfer and the triplet exciton diffuses 6 

through the Dexter transfer mechanism. It may be noted that an exciton is an electrically neutral entity 7 

and hence cannot be directed to move in any particular direction by any kind of built-in electric fields 8 

in the material. The diffusion lengths for singlet )( S
DL  and triplet excitons )( T

DL  are obtained as [10]: 9 
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where fR  and dR  are the Förster and Dexter radii, respectively, daR  is the donor-acceptor separation 12 

distance and L  is the average length of the associated molecular orbital. 13 

 At the interface, a Frenkel exciton created in the acceptor relaxes to a CT exciton by 14 

transferring the hole from the HOMO of the acceptor to the HOMO of the donor, releasing the excess 15 

energy to molecular vibrations. This occurs because the HOMO of acceptor lies lower than that of the 16 

donor which is energetically favourable for holes. This molecular vibrational energy, if equal or 17 

greater than the binding energies of singlet ( S
BE ) and triplet ( T

BE ) excitons may dissociate the singlet 18 

and triplet CT excitons into free charge carriers. We have described briefly the derivation of rate of 19 

dissociation here however for details one may refer to our earlier paper [27]. 20 

It is considered that the transition from a CT exciton to free charge carriers occurs due to the 21 

exciton molecular vibration interaction operator, dH
)

derived as [27]: 22 

( )∑∑
1 1

)()(
N

n

n

v
nvnvnnvnvd bbSBSBGH

= =

++ += ωh
)

       (5) 23 

where vω is the molecular vibration frequency and +
nvb ( nvb ) is the phonon creation (annihilation) 24 

operator in the vibrational mode, v  and N is the number of molecules. νG  is the exciton-phonon 25 

coupling constant, which is a dimensionless parameter representing the linear displacement in the 26 

excited state of a molecule associated with the vibrational mode, ν  and is given by: 27 
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where effM  is the effective nuclear mass (atomic mass of a nucleus in a molecule), voq denotes the 2 

displacement associated with the vibrational mode ν  by which a molecule gets shifted when excited 3 

from HOMO to LUMO and ooq  is the equilibrium position in the ground state along the dimensionless 4 

coordinate, λ, which is given by h2)( ωλ effoovo Mqq −=  [25]. )(SBn
+  and )(SBn  are the 5 

exciton creation and annihilation operators, respectively, with spin 0=S  for a singlet or 1 for a triplet 6 

exciton. 7 

The dissociation occurs due to the transition from an initial state i  consisting of a CT 8 

exciton and molecular vibrations to a final state f  of dissociated free electron and hole and 9 

molecular vibrations. Thus, the initial and final states can be respectively written as [27]: 10 

vbSBNi nvn
n

;0)(∑1- ++= ,         (7) 11 

and 12 
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where vv 0=;0 ,where 0  represents the electronic vacuum state with the LUMO completely 14 

empty and HOMO completely full and v  represents the occupation of the vibrational state. 15 

Expanding the exciton operator in Eq. (7) in terms of electron and hole operators and using Eqs (5) – 16 

(8), the transition matrix element is obtained as [27]: 17 

vv
n

nvd nGNiHf ∑2

1-

)4(
ω

π
h=         (9) 18 

where vn  is the number of phonons (number of quanta of molecular vibrational energy) required to 19 

dissociate a CT exciton. It may be reminded here again that the transition matrix element is obtained 20 

from a two-step process: 1) a Frenkel exciton becomes a CT exciton by transferring the hole to a 21 

donor molecule and 2) the excess molecular vibrational energy is given to the CT exciton to dissociate 22 

it. At any point in the sample, both CT exciton and molecular vibrational energy can be transferred in 23 

any direction of a solid angle of π4 . Therefore, as explained in [27], the probability of transferring 24 

each in any particular direction becomes 1)4( −π . This is the reason that the transition matrix element 25 

is divided by 2)4( π . 26 

Using Fermi’s golden rule and the transition matrix element in Eq. (9), rate of dissociation of 27 

an exciton created in the acceptor can be written as [27]: 28 
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where the rate in Eq. (10) is applicable to a singlet or triplet exciton by substituting i = S or T and 2 

using the corresponding material parameters. It may be noted that the rate in Eq. (10) is non-zero only 3 

for i
B

D
HOMO

A
HOMO EEE ≥− )( . After the dissociation, the electron moves to the cathode and the hole 4 

towards the anode with the aid of the workfunction difference between the two electrodes [11]. The 5 

process of dissociation of excitons created in the acceptor is illustrated in Fig. 1. 6 

 7 

 8 

 9 

 10 

 11 

 12 

 13 

 14 

 15 

 16 

 17 

 18 

 19 

 20 

Figure 1 1. Photon absorption, 2. exciton diffusion, 3. dissociation of excitons generated in the 21 

acceptor and 4. charge carrier collection at electrodes in a bulk-heterojunction OSC. 22 

 23 

3 Results and Discussions 24 

 25 

The rates of photon absorption in singlet and triplet states, exciton diffusion lengths and exciton 26 

dissociation rates for three BHJ OSCs: PTB7:PC71BM (1:1.5) [28], P3HT:indene-C60 bisadduct 27 

(ICBA) (1:1) [29,30] and P3HT:PC61BM (1:1) [31,32]. Although, the highest power conversion 28 

efficiency achieved for OSCs to-date has exceeded 11% [5], a PTB7:PC71BM based BHJ OSC has 29 

exhibited the highest power conversion efficiency )(η  of 9.2% [28], and another combination of 30 

P3HT and ICBA has produced η =6.5% [30], where the acceptor, ICBA, has been found to possess 31 

better solubility in organic solvents and a stronger visible absorption than PCBM [33]. 32 
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To investigate the effect of different fullerene derivatives in acceptor materials, ICBA and 1 

PC61BM were chosen and their rates of absorption, diffusion lengths and rates of dissociation were 2 

compared, while using the same donor material, P3HT in the two BHJ OSCs. The input parameters 3 

used for calculating the diffusion lengths, rates of absorption and dissociation of singlet and triplet 4 

excitons in the above three BHJ OSCs are shown in Table 1. The rates of photon absorption in singlet 5 

and triplet states, exciton diffusion lengths and exciton dissociation rates for three BHJ OSCs are 6 

calculated as listed in Table 2. 7 

Table 1 Input parameters for donor and acceptor materials for PTB7:PC71BM, P3HT:ICBA and 8 

P3HT:PC61BM BHJ OSCs 9 

Parameter Value Reference 
singlet exciton Bohr radius, xsa  4.35 nm [10] 

triplet exciton Bohr radius, xTa  0.317 nm 

daR  0.05 nm 
L  0.11 nm 

polymerε ; fullereneε  3 – 4; 4.4 [34,35] 

PTB7:PC71BM 
7PTB

HOMOE ; 7PTB
LUMOE  5.15 eV; 3.31 eV [28] 

BMPC
HOMOE 71 ; BMPC

LUMOE 71  6.10 eV; 4.30 eV 

Fӧrster radius, 7PTB
fR  2.17 nm [36,37] 

Dexter radius, 7PTB
dR  0.75 nm 

BMPC
fR 71 ; BMPC

dR 71  3.10 nm; 0.60 nm [38] 

P3HT:ICBA 
HTP

HOMOE 3 ; HTP
LUMOE 3  5 eV; 3 eV [32,39] 

ICBA
HOMOE ; ICBA

LUMOE  6 eV; 4 eV 

HTP
fR 3 ; HTP

dR 3  8 nm; 1 nm [40] 

ICBA
fR ; ICBA

dR  3.30 nm; 0.70 nm [41,42] 

P3HT:PC61BM 
BMPC

HOMOE 61 ; BMPC
LUMOE 61  6.1 eV; 3.7 eV [43] 

BMPC
fR 61 ; BMPC

dR 61  2.4 nm; 0.60 nm [38,44] 

 10 

Table 2 Calculated rates of absorption using Eqs. (1) and (2) and dissociation using Eq. (10), and 11 

diffusion lengths using Eqs. (3) and (4) for singlet and triplet excitons excited in the acceptor of 12 

PTB7:PC71BM, P3HT:ICBA and P3HT:PC61BM based BHJ OSCs. 13 

Donor: Acceptor Absorption Rates Diffusion Lengths Dissociation Rates 
S
AR  (s-1) T

AR  (s-1) S
DL  (m) T

DL  (m) S
DR  (s-1) T

DR  (s-1) 
PTB7:PC71BM 4.46×109 2.40×107 4.86×10-6 3.03×10-9 1.30×1014 2.49×109 
P3HT:ICBA 5.50×109 2.96×107 5.87×10-6 7.52×10-9 1.52×1014 4.17×109 
P3HT:PC61BM 6.12×109 3.29×107 2.26×10-6 3.03×10-9 2.05×1014 9.19×109 
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In the case of a PTB7:PC71BM BHJ OSC, the HOMO offset between PTB7 and PC71BM is 1 

0.95 eV, which is sufficient to dissociate both singlet and triplet CT excitons at the interface. 2 

Likewise, in P3HT:ICBA and P3HT:PC61BM BHJ OSCs, the HOMO offsets are 1.00 eV and 1.10 3 

eV, respectively, which are also adequate for dissociating both singlet and triplet CT excitons at the 4 

interface. For ICBA and PC61BM fullerene derivatives, rates of absorption and dissociation in 5 

PC61BM was slightly higher than ICBA, which may be attributed to higher energy gap and HOMO 6 

offset, respectively. Similar behaviour was observed in their exciton diffusion lengths, hence it can be 7 

noted that PC61BM is a better acceptor than ICBA. 8 

According to Table 2, the rate of absorption for singlet excitons is mostly around two orders 9 

of magnitude higher than that in triplet excitons in the BHJ OSCs considered here. This may be 10 

attributed to the fact that S
AR  depends on 3)-( LUMOHOMO EE  while T

AR  is linearly dependent on 11 

)-( LUMOHOMO EE . In all three OSCs, the singlet exciton diffusion length is about three orders of 12 

magnitude greater than the triplet exciton diffusion length as obtained by the Förster and Dexter 13 

transfer mechanisms. The experimental value for singlet excitonic diffusion lengths for PC61BM and 14 

pure ICBA are 5 nm [45] and 40 nm [46], respectively, which are about two to three orders of 15 

magnitude greater than their calculated values in Table 2. Also, the calculated rate of dissociation of 16 

singlet excitons ( S
DR ) is found to be 1 – 3.3 x 1014 s-1, which gives a dissociation time of 4 – 6 fs. This 17 

is in reasonable agreement with the experimentally measured forward transfer time (CT exciton 18 

formation time) of 45 fs by Brabec et al. [47]. 19 

The calculated S
DR  is about five orders of magnitude greater than T

DR  in PTB7:PC71BM, 20 

P3HT:ICBA and P3HT:PC61BM BHJ OSCs. As the diffusion length and rate of dissociation of 21 

singlet excitons are found to be higher (Table 2), one may conclude that in these three BHJ OSCs, the 22 

creation of singlet excitons may be regarded to be of better photovoltaic advantage than triplet 23 

excitons. However, the diffusion lengths in some other combination of BHJ OSCs are found be of 24 

similar magnitude for both singlet and triplet excitons [9,48]. 25 

Based on the above analysis, it may be concluded that the excitation of excitons in the 26 

acceptor material does contribute to the photovoltaic conversion efficiency in BHJ OSCs as has been 27 

found in previous reports as well [21,22,24,25]. For a comparative study, we have also calculated the 28 

rates of absorption and dissociation, and diffusion lengths in the three BHJ OSCs when the excitons 29 

are generated in the donor material and listed in Table 3. 30 

  31 
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Table 3 Calculated rates of singlet and triplet absorption and dissociation and diffusion lengths for 1 

excitations in the donor of PTB7:PC71BM, P3HT:ICBA and P3HT:PC61BM BHJ OSCs. 2 

Donor:Acceptor Absorption Rates Diffusion Lengths Dissociation Rates 
S
AR  (s-1) T

AR  (s-1) S
DL  (m) T

DL  (m) S
DR  (s-1) T

DR  (s-1) 
PTB7:PC71BM 8.47×109 4.55×107 1.67×10-6 1.18×10-8 3.18×1014 8.17×109 
P3HT:ICBA 1.09×1010 5.84×107 8.36×10-5 1.15×10-7 3.28×1014 8.98×109 
P3HT:PC61BM 1.09×1010 5.84×107 8.36×10-5 1.15×10-7 1.06×1014 3.77×108 
 3 

For PTB7:PC71BM BHJ OSC, the singlet and triplet absorption rates in PTB7 donor and 4 

PC71BM acceptor are of the same order. However, the singlet absorption rates for excitation in P3HT 5 

are an order of magnitude greater than the fullerene derivatives as shown in Tables 2 and 3. This may 6 

be attributed to the fact that the ε  in P3HT is lower and in fullerene derivatives [49]. 7 

The singlet and triplet diffusion lengths are about an order of magnitude larger when 8 

excitation occurs in the donor as compared to the acceptor. Finally for dissociation, the LUMO offset 9 

is sufficient to overcome the singlet and triplet binding energies and hence both CT excitons may 10 

dissociate efficiently into free charge carriers in the OSCs. Excitation in either donor or acceptor 11 

produces the same rate of singlet exciton dissociation in OSCs, however, the rate of triplet exciton 12 

dissociation in P3HT:PC61BM is an order of magnitude lower than other two BHJ OSCs because its 13 

LUMO offset is lower. 14 

Overall, most excitonic processes are comparable in magnitude when excitation occurs in 15 

donors or in acceptors in PTB7:PC71BM, P3HT:ICBA and P3HT:PC61BM BHJ OSCs. Excitations 16 

either in the donor or acceptor produce high rates of exciton absorption and dissociation and also 17 

comparable diffusion lengths so that singlet and triplet excitons could reach the donor-acceptor 18 

interface readily. The higher power conversion efficiency observed in the above BHJ OSCs may thus 19 

be attributed to the photovoltaic contributions from both donors and acceptors.  20 

 21 

4 Conclusions 22 

 23 

The contribution of excitons excited in the acceptor material to the photovoltaic performance of BHJ 24 

OSCs is calculated and compared with that when excitons are generated in the donor material. Most 25 

of the properties, including the rates of absorption and dissociation and diffusion lengths for singlet 26 

and triplet excitons are found to be almost of the same order of magnitude, whether excitons are 27 

generated in the donor or acceptor in the three types of BHJ OSCs considered here. The higher 28 

conversion efficiency observed in these BHJ OSCs may therefore be attributed to the added 29 

contributions of both the excitons generated in the donor as well as in the acceptor. 30 

 31 

Acknowledgements Authors are indebted to Professors Richard Williams and Andrey Vasiliev for 32 
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