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ABSTRACT 

In recent years, the study of exciton dynamics in semiconductor heterost

ructures has advanced considerably due to its important applications in electronic 

industries. As excitons have larger binding energies in quantum wells, they can be 

observed easily at room temperature absorption spectra. However the theoretical 

study of excitons in quantum wells is a difficult area as the space quantization in 

a quantum well destroys the translational symmetry of the crystal in the direction 

perpendicular to the quantum well plane. 

In this project, processes like the generation, scattering and decay of exci

tons are theoretically examined. First, we extend the theory of excitons developed 

in 3D systems to Quasi-2D systems. Then we present an approach to calculate the 

generation rate of heavy hole exciton at various quantum well widths and depths. 

A Quasi 2D exciton-phonon interaction operator applicable in quantum wells is 

derived and is used to calculate the transition rate of an electron hole pair to an 

exciton. We obtain an expression for the transition rate as a function of the quan

tum well width and binding energy. To obtain the binding energies of exciton at 

various well widths, we follow a method which uses the model of an exciton in a 

fractional-dimensional space. 

The rate of exciton generation is plotted as a function of the well width 

for different values of aluminium concentration, x, in GaAs-AlxGa1 _xAs quantum 

wells. The rate of exciton generation increases from 5 x 108 s-1 to 1 x 1010 s-1 
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when quantum well widths decreases from 200A to 25A, which agrees well with 

recent experimental results. Results indicate that the rate of exciton generation 

decreases sharply with quantum well width for the case of an infinite well, but the 

decrease becomes gradual for finite potential wells. 

Next we study the scattering of delocalised excitons due to acoustic phono

ns in quantum wells. We assume that the exciton scattering takes place due to 

exciton-phonon interactions. The rates of HH exciton scattering are obtained in 

the range of about 2 x 1011 s-1 to 20 x 1012 s-1 at temperatures ranging from lOK 

to 100K and for well widths varying from 25A to 200A. These results compare 

well with the experimental rates. At a given temperature our results indicate that 

the excitonic linewidths from wider wells are smaller than those from narrower 

wells. The results also predict scattering of the heavy hole (HH) exciton to be 

greater than the light hole (LH) exciton. 

We have also extended the study of scattering of an exciton to include its 

decay into an electron-hole pair by absorbing an acoustic phonon. Our results 

show that at small well widths, the rate of LH exciton decay is apparently larger 

than that of HH decay, but the difference diminishes at large well widths. This 

is consistent with recent experimental measurements which show that the decay 

time for the LH excitons is twice that for the HH exciton. 

Next, we present the theory of Quasi-2D polarons in semiconductor quan

tum wells. We have derived analytical expressions for the energy gap shift and 

effective polaron mass in the small well width limit. The analytical results agree 
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exactly with those obtained for an ideal 2D system in the limit of zero well width. 

For larger quantum well widths, we have numerically evaluated the values for the 

energy gap shift and effective mass of a polaron. 

The theory used for electrons interacting with phonons in quasi-2D systems 

is extended to study excitonic polarons in quantum wells. Numerical values for the 

energy gap shift and effective mass of an excitonic polaron in a GaAs-AlxGa1-xAs 

system are obtained. We find that the polaronic effect is more pronounced for 

excitonic polarons, particularly in the case of the LH exciton in quantum wells 

of small widths. Our results also show the importance of the inclusion of the 

exciton-phonon interaction in the calculation of the exciton ground state energy 

in semiconductor quantum wells. 

In conclusion, we have presented a study of the dynamics of excitons due to 

their interaction with acoustic and optical phonons in this thesis. All theories put 

forward here have been supported by known experimental results. This agreement 

validates the theory while offering an explanation for recent experiments. Hence 

we expect our results to have importance in the quantitative understanding of the 

present and future experimental work on semiconductor devices. 
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CHAPTER 1 

INTRODUCTION 
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1.1 Historical Development 

In 1969, Esaki and Tsu [1,2], initiated work on synthesized semicon

ductor heterostructures ( quantum wells, superlattices etc). Their aim was to 

study one-dimensional periodic structures which consisted of alternating thin 

layers of high and low bandgap semiconductor materials. This was the first 

attempt made at designing quantum well structures. At first, the fabrication 

of semiconductor heterostructures was difficult. The mid 1970s then brought 

the first high-quality quantum-well structures and subsequent steady improve

ments in thin-film growth techniques such as molecular beam epitaxy (MBE) 

(3] and metal-organic chemical vapour deposition (MOCVD) (4] made it possi

ble to design high quality quantum well structures. These quantum wells had 

dimensions exactly tailored to interatomic spacing and virtually defect-free in

terfaces. The fabricated quantum wells contained a series of confined states 

having energies and energy differences of the order of tenths of an electron volt. 

These levels have been observed in experiments [5,6] and form the basis for 

many quantum electronic devices like the modulators [7,8] and photodetectors 

[9,10]. Such devices are based on transitions occurring between quantum levels 

or between a quantum level and the continuum. Now study of the ultrathin het-

erostructures has become one of the most exciting, active and successful fields 

of semiconductor physics. The advantages of such novel semiconductors with 
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"custom designed " properties for a wide variety of devices are becoming more 

and more apparent. This is the main reason for the broadening of scope for 

research in this field. 

One area of intense current research is the study of exciton dynamics in 

semiconductor heterostructures. Since the pioneering work of Dingle [11], ex

citons in quantum wells have been studied extensively [12,13]. This is because 

of the interest in their fundamental physical properties which arise from the 

quantum confinement effects and their high sensitivity to electric and magnetic 

fields [11,14]. Also the optical properties of semiconductor quantum wells in 

the spectral region of the energy gap are dominated by excitons [12,13]. Most 

work so far has centered on the GaAsi-x/ AlxGaAs material system in which 

GaAs functions as a quantum well (QW) and AlxGa1-xAs functions as a barrier 

between wells. In such wells, excitons get compressed perpendicularly towards 

the quantum-well layers gaining a larger binding energy [15,16] and stronger 

oscillator strength [17] than those of excitons in bulk. Therefore the optical-

absorption spectra of excitons in quantum wells can be observed easily even 

at room temperature. This was first found in GaAs/ AlAs quantum wells by 

Ishibashi [18] and then Miller et al [19] and other groups [20,21] have similarly 

obtained well-defined exciton absorption spectra in III-V semiconductor quan

tum wells at room temperature. This behaviour of excitons provides the basis 
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for the development of novel electronic devices such as the self-electro optic 

effect device (SEED) [22] and optical logic gates [23 - 26]. 

Another important area of study is the effect of exciton-phonon interac-

tion on the dynamics of excitons in quantum wells. An exciton can be generated, 

scattered or get decayed ( dissociated) due to its interaction with acoustic or op-

tical phonons. In this thesis, we theoretically examine the dynamics of excitons 

interacting with acoustic and optical phonons in semiconductor quantum wells. 

1.2 Objective 

The dynamics of generation of excitons from an existing electron-hole 

-
pair has been experimentally observed, however a theoretical formulation of the 

problem is not well established [27]. The aims of this thesis are the following: 

a. To present a theory of generation of excitons from an existing electron-

hole pair and to compare results obtained from the theory with some 

known experimental results. 

b. To study the interactions of excitons with acoustic phonons in the low 

temperature range, using the case of a GaAs/ AlGaAs quantum well 

where the half-width at half maximum ( HWHM ) of the exciton line 

shape has been obtained as a function of temperature [28]. We focus 

our attention on the low temperature range where exciton interactions 

with acoustic phonons is dominant. Also at higher temperatures, the 
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exciton line shape is broadened to such an extent that the heavy-hole and 

light-hole exciton linewidths overlap which results in poor experimental 

accuracy. 

c. To calculate rates of exciton scattering and decay due to acoustic ph

onons using the theory developed in (b ), and to compare results obtained 

for the GaAs/ AlGaAs quantum well system with known experimental 

results. 

d. To address the issue of whether fluctuations due to interface scatter-

ing in the thickness of the quantum well contribute significantly to the 

exciton linewidth at low temperatures and to account for differences in 

experimental results on linewidths for the LH (light hole) and HH (heavy 

hole) exciton using the theory developed in (b ). 

e. To investigate how the properties of a polaron and excitonic polaron are 

modified due to their confinement in a quantum well and to compare 

results obtained for the GaAs/ AlGaAs quantum well system with known 

experimental results. The materials used to fabricate quantum wells are 

often polar semiconductors in which the electron is coupled to the optical 

phonon modes of the crystal and the polaron is the resulting excitation. 

The polarons or excitonic polarons are thus restricted to move in a very 

thin layer and behave as if their motion is being Quasi-two dimensional. 
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This gives rise to properties not observed for polarons in bulk. 

1.3 Thesis Layout 

A brief review of Quasi-two dimensional systems is presented in chapter 

2. We address the importance of heterostructures as Quasi-Two dimensional 

systems and describe the different types of heterostructures. Next, we examine 

the modifications in the electronic band structure due to reduction in dimen-

sionality in quantum wells. A method to obtain a simple analytical solution to 

the problem of an electron in a quantum well is shown. The difficulty in deal

ing with the problem of holes in Quasi-Two dimensional systems is highlighted 

and using the example of GaAs, the differences between heavy and light holes 

are explained. The difference in their energy levels when placed in a quantum 

well is also explained. A brief description of the GaAs-AlxGa1-xAs system as 

one of the most extensively studied compound semiconductors from the III-V 

families is also presented. At the end of chapter 2, we describe the basic princi

ples of Molecular Beam epitaxy (MBE), which is used to fabricate high quality 

quantum well structures. 

In chapter three, we present the theory of excitons in three dimensional 

crystals as already known. The aim is to extend the theory established in 

three dimensions to develop the theory of excitons in Quasi two dimensional 

systems. As this project is concerned with the exciton dynamics in inorganic 

6 



semiconductors, we present only the theory of Wannier excitons m detail in 

chapter 3. 

In chapter 4, we present the theory of excitons in quantum wells. We ob

tain a variational envelope function (product of the eigenfunctions correspond

ing to the electron, hole and exciton states) for excitons in the lowest sub band. 

It is known that the evaluation of exciton binding energy involves large com

putational times, especially in the case of finite depth quantum wells. However 

here, we use a simple analytical method to compute the exciton binding ener

gies at different well widths and well depths. The calculated binding energies is 

essential in evaluating the rates of exciton generation, scattering and decay. In 

the last section of chapter 4, we analyse some unpublished photoluminescence 

(PL) spectroscopic experimental results obtained by Prof. Emil S. Koteles, 

GTE Laboratories Incorporated, USA, who has kindly consented to the use 

of his results in this thesis. The experimental results are available for four 

GaAs/ AlGaAs single quantum wells (grown by molecular beam epitaxy) with 

well widths of 46, 64, 100 and 141A . The results are used to analyse some 

features in the photoluminescence spectra and to study the exciton linewidth 

in photoluminescence experiments. 

In chapter 5, we first give a brief account of the different phonon modes 

arising from the anisotropy of quantum wells. Next, we justify the use of the 
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simple bulk-phonon model in our work here. We show the derivation of the 

Quasi-Two dimensional exciton-phonon interaction operators for acoustic and 

optical phonons. This is done by calculating the matrix element of the the three 

dimensional electron-phonon interaction Hamiltonian between two Quasi-two 

dimensional exciton states and assuming the completeness relation for exciton 

states. Unlike previous works, we make use of the variational envelope func

tion obtained in chapter 4 to represent the lowest ls exciton state. The derived 

exciton-phonon interaction operators will be useful in evaluating the rates of ex

citon dynamics involving phonons. We have also compared the exciton-phonon 

interaction operators obtained here in Quasi two-dimensions with the operators 

applicable in three dimensions. 

In chapter 6, we describe a method of calculating the rate of formation of 

excitons from a free electron-hole pair by emission of a single acoustic phonon at 

low temperatures. We have calculated some generation rates of excitons for the 

GaAs-AlxGa1-xAs systems at different quantum well widths and well depths. 

We then compare our values with recent experimental results and discuss the 

factors which determine the exciton generation rate at low temperatures. 

In chapter 7, we present the study of scattering of excitons due to 

phonons as an important mechanism of transfer of both energy and momentum 

in semiconductor quantum wells. We calculate the rates of exciton scattering 
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due to acoustic phonons through several channels. These channels either in

volve emission or absorption of an acoustic phonon or no net change in the 

phonon number after the exciton has been scattered. For each possible chan-

nel, we have defined the eigenvectors of initial and final states. We assume 

that the transition from initial to final states takes place due to the Quasi-Two 

dimensional exciton-phonon interaction operator derived in chapter 5. Using 

the Fermi-golden rule, the transition rates are then calculated at finite temper

atures, for the the GaAs-AlxGa1-xAs system. In addition, we incorporate the 

calculation of the rate of decay of an exciton into an electron hole pair due to 

its interaction with acoustic phonons. 

Using physical parameters of the GaAs-AlxGa1-xAs system, we obtain 

numerical results of exciton scattering rates at different well widths and tern-

peratures. In addition to comparing these rates with recent experimental ones, 

we highlight the differences in exciton scattering rates results between HH and 

LH excitons. We suggest that the effect of interface roughness in exciton scat

tering at low temperatures may account for differences in our calculated and 

known experimental results. We have compared the results obtained here for 

delocalised excitons with those obtained for localized Quasi-Two dimensional 

excitons in InGaAs/InP alloy quantum wells and discussed the differences. We 

have also considered results of exciton scattering by optical phonons obtained 
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by previous authors and compared the results with ours. Finally, we have cal

culated numerical values for rates of HH and LH exciton decay as a function 

of the quantum well width for the GaAs-AlxGa1-xAs system. Our results are 

compared with those obtained from recent experimental measurements. 

In chapter 8, first the theory of polarons and excitonic polarons is briefly 

described, and then it is extended to the Quasi-Two dimensional systems to 

evaluate the effective mass and energy gap shifts of polarons and excitonic po

larons as functions of the quantum well width. The results of effective masses 

and energy gap shifts for various quantum well widths using known parame-

ters of the GaAs/ AlGaAs quantum well system are presented. Our results are 

discussed in the light of known experimental values. 

In conclusion, we have presented in this thesis the dynamics of excitons 

due to their interaction with acoustic and optical phonons. The results obtained 

in this thesis agree well with known experimental results. This agreement val

idates the theory while offering an explanation for recent experiments. We 

expect our results and predictions to have importance in future experimental 

work. 
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CHAPTER 2 

QUASI-TWO DIMENSIONAL 

SYSTEMS 
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2.1 Heterostructures as Quasi-Two Dimensional Systems 

Heterostructures are carefully fabricated semiconductor materials which 

consist of an alternating series of a thin slab of semiconductor of lower energy 

bandgap and a thicker slab of a semiconductor of higher energy bandgap. The 

material of lower energy bandgap is considered as the well material and that 

of higher energy bandgap as the barrier material. There are three main types 

of heterostructures as shown in Fig. 2.1 : a) single quantum well b) superlat

tice and c) single heterojunction. A superlattice has comparable widths for the 

well and barrier materials. A single quantum well and the heterojunction can 

be considered as special cases of the superlattice. If the width of the barrier 

material is large, a superlattice behaves like a single quantum well structure 

and if the width of the well material is large, it behaves like a heterojunction 

structure. In the first two cases, the motion of electrons or holes is approxi

mately two- dimensional. Hence heterostructures are generally considered as 

Quasi-Two Dimensional Systems. 

There are many pairs of materials, for example, GaAs / GaAlAs, Galn

AsP / InP, GalnAs / AllnAs, GaSb / AlSb etc., which are used to fabricate 

quantum well structures. As illustrated in Fig. 2.2 , generally the two materials 

chosen to fabricate the quantum wells have the same lattice constants. Other-

wise any lattice mismatch at the well boundaries can produce defects [l). One 
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option is to select the second material as one derivable from the first ( e.g. Al

GaAs from GaAs ). A second option is to choose materials like Cd Te and InSb 

which have very nearly the same lattice constants even though most of their 

physical parameters differ greatly. In particular GaAs and AlxGa1-xAs mate

rials are popular as they are lattice matched to each other and the well width 

and the barrier height of the quantum wells can be easily altered by chang

ing the concentration of aluminium. By growing such materials alternatively 

with thickness less than 500A., we can fabricate compositional heterostruc-

tures. This is different from strained layer heterostructures in which five or 

six monolayers of GaAs are grown over five or six monolayers of AlAs. The 

intermediate region then becomes a composite material as the intermediate lay

ers strain [2] themselves to maintain minimum strain so that there is not much 

mismatch. In this project, we only calculate numerical results based on the 

physical parameters of the compositional GaAs-AlxGa1-xAs system. 

2.2 Fundamental Aspects of Quasi-Two Dimensional Systems 

In order to analyse the electronic properties of quasi-two-dimensional 

systems, one has to study how the electronic band structure gets modified due 

to the reduction in dimensionality of such systems. The quantization of the 

electronic states in a system imposes restrictions on the allowed values of wave-

lengths of the charge carriers confined in a volume. In a bulk system (3D ), the 
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volume occupied by an electron ( or hole) is very large so that the allowed wave

lengths within a band form a continuum. When the dimension is reduced from 

3D to 2D, the difference between allowed wavelengths increases until the quan

tised wavelength approaches the deBroglie or characteristic wavelength of an 

electron. In semiconductors, for example, an electron has a large characteristic 

electron wavelength (""' 500A.). Thus the quantization becomes significant when 

the width of the reduced dimension becomes less than 500A.. Consequently, elec-

tronic states in such a quantum confined system will be different from those in 

a bulk semiconductor. The charge carriers ( electron or hole) are no longer free 

to move in one of the directions and thus have to be described by the wave

functions of a confined particle. The confinement of charge carriers within a 

quantum well is expected to significantly affect the allowed energy levels, the 

carrier density of states and other quantities ( e.g scattering mechanisms) which 

are dependent on the particle eigenstate. 

Fig. 2.3 shows a simple quantum well where the electrons ( and holes) 

are confined in the material of lower bandgap and behave as particles confined 

in a quasi-two-dimensional well; the electrons ( or holes) are free to move only 

within the two dimensional well but are restricted in the direction perpendicular 

to the well wall. Such a confinement leads to an increase in the total energy 

of electrons in the conduction band and holes in the valence band. As can 
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be seen from fig-2.3, the electrons have energies E 1 , E2 etc that are displaced 

upward from the conduction band edge in the well region. Likewise the holes 

have energies that are shifted downward from the valence band edge in the well 

region. In the next section, we show how Schrodinger's equation can be used 

to determine the energies E 1 , E2 etc. 

2.3 Electronic Properties of Quasi-Two Dimensional Systems 

Here we discuss the electronic band structure in some detail and look 

at the approximations needed to obtain a simple analytical solution to the 

problem of an electron in a quantum well. We first consider the energy levels 

of an electron which is confined in a quantum well of finite depth, V and width 

L. The potential that confines the electron can be described as: 

V(z) = { _oV 1z1:s;I½ 
lzl ~ ½ (2.1) 

We assume that the interface potential V(z) is well defined at the geometrical 

interface. The quantum mechanical motion of the electron can be described by 

a one-dimensional time independent Schrodinger equation: 

[
-t,,2 d2 l 
2m: dz2 + V(z) v;(z) = E v;(z) (2.2) 

where 'lj;(z) is the wavefunction of the electron and Eis its bound state energy. 

Let m; be specified by m;,w or m;,b which are the effective masses of the 
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electron in the well and barrier regions respectively. The interfaces are located 

at z = ± ½, and the following continuity conditions must be satisfied: 

VJ well ( Z) I = VJ barrier ( Z) I 
z=±½ z=±½ 

(2.3) 

1 ( dVJ) I 1 ( dVJ) I 
me w dz = me b dz 

' well z=± ½ ' barrier z=± f 
(2.4) 

Considering the centre of well as the origin, and using eqs.(2.3) and (2.4), the 

solution of eq.(2.2) can be found. Two types of eigenfunctions ( odd and even) 

within the quantum well can be obtained as 

VJ( z) = { A cos kwz for even states 
A sin kwz for odd states. 

(2.5) 

Outside the quantum well, the wavefunction decays exponentially on both sides 

so that: 

VJ(z) = { Bexp[-kb(z - ½)] 
C exp[kb(z + ½ )] 

z > k 
- 2 

z < _k 
- 2 

where kw and kb are the characteristic wave vectors of electron given by: 

and 

kb = J2me,b(V - E) 
ti 
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(2.6) 

(2. 7 a) 

(2.7b) 



A, B and C in eqs.(2.5) and (2.6) are normalization constants. Applying the 

boundary conditions (2.3) and (2.4) on (2.5) and (2.6), one obtains the well-

known transcendental equation [3,4]: 

kwL = 7f - 2 sin-1 
( ~ ) 
(-¥-++)½ ' 

me,w me,b 

(2.8) 

from which the bound state energies of the electron can be calculated by nu-

merical or graphical methods. For the important limiting case of the infinite 

potential well, the potential V(z) can be written as: 

V(z) = {: lzl ~ l½I 
lzl 21½1 

(2.9) 

Using eq.(2.9) in eq.(2.7b ), we get kb --+ oo in th~ region outside the quantum 

well so that the wavefunction in eq.(2.6) vanishes i.e ¢b . (z)J T = 0. Now 
arr1er z =± ~ 

using the boundary condition ( eq.(2.3)) for the wavefunctions within the quan-

tum well ( eq.2.5), we get kwL = mr where n = 1, 3, 5 .... for the even states and 

n = 2, 4, 6 .... for the odd states. Using kwL = nn in eq.(2.7a), we get simple 

analytical solutions for the allowed electron energies within the well: 

n = 1,2,3 ... , (2.10) 

By normalising the wavefunction in eq.(2.5) within the well and substituting 

kwL = mr, we get the normalized wavefunction of the electron within an infinite 

well as: 

{2 (n1rz) 1Pn ( Z) = y L COS L , n=l,3,5 ... , (2.lla) 
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for even states and 

(2 . (n7TZ) 
1n(z) = y L sm L , n=2,4,6 ... , (2.llb) 

for odd states. 

An important property of quasi-two dimensional structures is that the 

density of electron states is two dimensional [5,6]. The density of k
11 

states of 

the electron per unit area between the energies E and E + dE is given by: 

p2D ( E)dE = p2D ( k 11 )dk11 

1 
= 2 X ( 21r)2 X 21rk11 dku, (2.12a) 

Assuming parabolic bands, where the kinetic energy of an electron, E = r,,
2

2 

kl' , 
me 

the density of states of an electron can be obtained using eq.(2.12a) as: 

m* 
p2D(E) = t; 

7ra 
(2.12b) 

which can be seen to be independent of the width of the quantum well and 

the energy of the electron. A comparison between the two-dimensional and 

three-dimensional density of states is shown in Fig.2.4. It can be seen that the 

two dimensional character of the quantum well modifies the density of states 

from a parabolic variation to a step variation. When the energy of the electron 

reaches the bottom of the next band, more energy levels are added and the 

density of states increases by a step. Also the values of the density of states 
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for the two-dimensional case are less than those for the three-dimensional case 

except at energies which correspond to the subband minima. Hence for a given 

density, the electrons tend to fill the bands up to higher energies than in the 

three dimensional case. This means that the effect of degeneracy will be more 

prominant in a two dimensional case. 

So far we have considered the energies of an electron movmg m the 

z-direction only. When we take the other directions into account, the wave 

function of an electron in a quantum well material can be written as a product 

of the wavefunction of an electron confined in the z direction and that of a free 

electron in the XY plane as: 

(2.13) 

where Ku is the electron wave vector along the XY plane perpendicular to the 

interface. Since the motion of an electron in the XY plane is similar to that of 

a particle in bulk, its kinetic energy in the XY plane is given by: 

tiiq 
Exy = ---

2m; w , 

and then the total energy of an electron in a well becomes : 

1iI<iT n 2 ti 2 7r2 
E ----"--+----

tota1 - 2m* 2m* £2 
e,w e,w 

(2.14) 

The total energy of an electron given by eq.(2.14) then depends on the discrete 

quantum number, n, and the continuous wavevector Ku, Thus for each confined 
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state Ez,n, there exists a parabolic energy band called a subband and it 1s 

possible that subbands may overlap in energy. 

2.4 Heavy and Light Holes in Quasi-Two Dimensional systems 

While the problem of an electron in a quantum well is relatively easy to 

analyse, the problem of holes in Quasi-Two dimensional systems is extremely 

complicated. The valence bands in bulk III-V semiconductors are non-parabolic 

and anisotropic [7]. Therefore the inclusion of quantisation effects leads to a 

very complicated band structure for the hole valence subbands. 

To help explain the behaviour of holes in a quantum well, let us consider 

the case of GaAs which has a zinc blende structure. Here, since the valence band 

and conduction band edges accur at the same K-values (K=0), GaAs can be 

considered a direct band gap semiconductor. The lowest conduction band for 

GaAs is simple as it is just a single energy band. However the valence band is 

more complicated and different valence bands having the same energy at J{ =0 

are present (Fig. 2.5). The band with less curvature corresponds to a hole 

of larger effective mass, ffihh, and is called the heavy hole band whereas the 

band of larger curvature corresponds to a hole of smaller effective mass, m1h, 

and is called the light hole band. In the same way as for the electrons in the 

conduction band, we can describe the behaviour of the holes by means of the 
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equations for the free holes with effective hole masses: 

(2.15a) 

(2.15b) 

However the assumption of parabolic bands in the case of holes only applies 

when Ku is very near zero. At slightly higher values of the wavevector Ku, 

the assumption of parabolic bands is less exact due to interactions between the 

heavy hole and light hole bands. 

Equation (2.10) shows that the confinement energy Ez,n depends on 

the mass of a particle. This means that the heavy holes and light holes have 

different energy at I( = 0 when placed in a quantum well (fig 2.5). Thus the 

degeneracy of the two types of holes, light holes (LH) and heavy holes (HH) 

which is present in three dimensions at J{ = 0, is removed by the confinement. 

Hence the valence bands break up into various heavy and light hole subbands 

when confined within a quantum well. 

2.5 The GaAs - AlxGa1 -xAs quantum well system 

GaAs and AlxGa1-xAs have recently gained much attention in the elec-

tronics industry. Also the GaAs-AlxGa1-xAs alloy system is the simplest and 

most extensively studied of the III-V compound semiconductors families. High 

speed GaAs transistors are now used in satellite communication systems and 
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experiments have been carried out on the first GaAs computer logic [8]. GaAs 

is also known for its usefulness in making high speed microwave devices and 

light emitting diodes [9]. 

The GaAs-AlxGa1-xAs system is an excellent system with which to 

fabricate and test quantum well devices. Each gallium, aluminium or arsenic 

atom has four nearest neigbours. The lattice constants of GaAs and AlAs are 

5.6533A and 5.6611A respectively. The lattice constant of AlxGa1-xAs varies 

as 5.6533 + 0.0078x (10]. Thus the lattice mismatch between the well and 

barrier compounds is always less than 0.14 percent. It is then possible to grow 

GaAs on top of AlxGa1 -xAs with very little strain at the interface so that there 

is minimum distortion of the energy bands. Also as there are no dangling bonds 

in these materials, it is possible to obtain long carrier lifetimes which is very 

important in optical devices. 

GaAs has a direct bandgap of 1.42 e V at 300K while AlAs has an indirect 

band gap of 2.17 eV at the same temperature. The tenary AlxGai-xAs for 

x~ 0.45 is a direct gap semiconductor. Hence when GaAs is interfaced with 

AlxGa1-xAs, the conduction and valence bands align and the discontinuities of 

both conduction- and valence-band edges at the GaAs-Ga1-xAlxAs interfaces 

give rise to potential wells for elecrons and holes in the GaAs layers. The 

difference between the the bandgaps ~E 9 ( x) is a sum of the discontinuities 
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in conduction and valence band edges, 6Ec and 6Ev respectively (see fig 2.3). 

The parameters 6E9 , 6Ec and 6Ev depend on the alloy composition x, and are 

critical in determining the electrical and optical properties of heterostructure 

devices. A range of values exists in the literature for compositional dependence 

of bandgap in AlxGa1-xAs, below the direct-indirect alloy composition and the 

way this is apportioned between the conduction and valence band edges. This 

point has been raised by Giugni et al [11] who have suggested the following 

relationships between Al composition, x, and the band parameters : 

6E9 (x) = l.427x + 0.04lx2 eV (2.16a) 

6Ec(x) = 0.88x eV (2.16b) 

6Ev(x) = 0.55x eV (2.16c) 

From eqs.(2.16a)-(2.16c), it can be seen that the conduction band discontinuity 

f;:),.Ec :::::: 62 % of the total bandgap discontinuity whereas the remaining 38 % 

is taken up in the valence band discontinuity, f;:),.Ev. These values of f;:),.Ec and 

f;:),.Ev will be used in this thesis. 

2.6 Molecular Beam Epitaxy (MBE) 

Molecular Beam Epitaxy is one of the simplest [12,13] of the epitaxial 

growth techniques used to fabricate high quality quantum well structures. The 
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molecular beam epitaxy process refers to a technique in which several atomic 

or molecular beams impinge on a heated substrate under ultrahigh vacuum 

conditions (10- 10 Torr). A substrate, also called a wafer, is usually a crystal 

of GaAs about 500pm thick and cut along a particular orientation. Each layer 

of the semiconductor material is deposited (fig 2.6) as single crystalline layers 

on the substrate. The source materials (gallium, arsenic and aluminium) are 

placed in effusion cells and heated to emit a flux of molecules. Beams from each 

different effusion cell flow at thermal velocities onto the substrate. The beam is 

directed carefully so that it does not impinge on the walls of the chamber. This 

is to ensure that no constituent from the wall material is found on the substrate. 

The temperature of each of the effusion cells is individually controlled. Likewise 

the flow shutter corresponding to each effusion cell is individually monitored 

and carefully controlled by means of a computer. The input to the computer 

comes via a mass spectrometer which monitors the various flow rates from each 

effusion cell. The rate of growth on the substrate is controlled by varying the 

effusion cell temperatures and the flow shutters and usually proceed at about 1 

monolayer per second. 

Because of a high background vacuum, contamination from the sur

rounding gas phase is avoided in MBE. Thus layers which are prepared through 

this process are significantly cleaner than those prepared through other pro-
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cesses like Chemical Vapour Deposition or Liquid Phase Epitaxy (LPE). Also 

a high energy electron diffractometer (HEED) is used to monitor the smooth

ness of the layer deposited on the substrate. Hence it is possible to fabricate 

quantum wells with very sharp interfaces and accurate thicknesses using MBE 

techniques. 
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FIG 2.2 : ENERGY GAP VERSUS LATTICE CONSTANT FOR SOME 
SEMICONDUCTOR MATERIALS. . 
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CHAPTER 3 

THEORY OF EXCITONS IN 

THREE DIMENSIONAL SYSTEMS 
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3.1 Introduction 

When a photon of energy equal to or greater than the electronic energy 

gap is incident on a non-metallic crystal, an electron from its valence band may 

be excited to the conduction band leaving behind a positive charge vacancy 

called a "hole" in the valence band. If the energy of the incident photon is suf

ficiently high, a pair of a free electron and hole can be created in non-metallic 

crystals. However if the incident photon energy is not high enough, the excited 

electron and hole can be bound together by their attractive Coulombic interac

tion in an energy state like that of a hydrogen atom. Such a bound system of 

a pair of charge carriers ( electron and holes) is called an exciton. It carries a 

pseudo-crystal momentum equivalent to the vector sum of the individual mo

menta of the electron and hole, and the electron-hole relative momentum. While 

the pseudo-momentum enables an exciton to move throughout a crystal, the 

combined effect of the relative momentum and Coulomb interaction determines 

its internal structure. The internal exciton states are analogous to the s, p and 

d states of an hydrogen atom some of which may lie below the conduction band 

by an energy equivalent to the exciton binding energy in that state ( fig. 3.1 ). 

The concept of exciton was first introduced by Frenkel [1] in 1931 in 

connection with the transformation of excitation energy into heat in rare gas 

solids. Ever since the theory of excitons has been advanced and used for various 
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problems in solid state physics by Peierls [2], Wannier [3], Mott [4], Davydov [5] 

and Craig et al [6]. Recently there has been increased activity in the study of 

excitons in semiconductor quantum wells [7-9] as an exciton confined within a 

quantum well gives rise to interesting properties not observed in bulk crystals. 

Thus the range of problems in which the theory of excitons is applied is enor

mous, and the subject of exciton dynamics is prominent in almost all studies 

related to the spectroscopy and electronic conduction in semiconductors and 

insulators. 

Excitons can be categorised into two main types : 1) Frenkel excitons 

which are tightly bound excitons and 2) Wannier excitons which are weakly 

bound excitons. Two approaches are possible for deriving the energy eigenvalues 

and eigenfunctions of an exciton depending on whether it is a Frenkel exciton 

or Wannier exciton. The many body approach is generally applied to study 

properties of excitons. References [5-6, 10-13] provide excellent reviews on the 

theory of excitons. 

In this chapter, we present the theory of Wannier excitons in a three

dimensional crystal system which is relevant to the materials of heterostructure 

systems. The theory developed here will then be extended to discuss Wannier 

excitons in Quasi two dimensional systems in the next chapter. 
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3.2 Hamiltonian of an Ideal 3D Crystal 

We consider an ideal three dimensional crystal as a model for finding the 

eigenfunctions and eigenvalues of an exciton, although in practice experiments 

are carried out with crystals that have lattice defects and impurities. Because of 

the translational symmetry of the crystal, the problem can be tackled despite 

the fact that an ideal crystal is a collection of a large number ( about 1023 

cm - 3
) of identical atoms, ions or molecules arranged on a Bravais lattice. In 

what follows throughout this work, the spin-orbit interaction is neglected. 

The Hamiltonian fI for an ideal crystal consisting of identical atoms or 

molecules arranged on a Bravais lattice, and representing all interactions among 

electrons and nuclei can be written as: 

(3.1) 

where Mnucl and me are masses of an atomic nucleus and electron respec-

tively, Z is the atomic number and e the electronic charge. ri and Rn denote 

the electronic and nuclear coordinates respectively. Vi and V n represent the 

gradients with respect to ri and Rn respectively. The first and second terms 

in eq.(3.1) represent the total kinetic energy operator of electrons and nuclei 

respectively. The third and fourth terms represent the nucleus - nucleus interac-
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tions and electron-electron interactions respectively and the last term represents 

the nucleus-electron interactions. 

We need to solve the following time-independent Schrodinger equation 

for our model system: 

where cp(r1, r2, ... ; R 1, R 2, ... ) is the wavefunction of the Hamiltonian eq.(3.1) 

with the corresponding energy E. It is very difficult to solve eq.(3.2) exactly. 

First we use the Born-Oppenheimer approximation in which <p is written as a 

product of the electronic ¢( r1 , r2, . .. ) and nuclear x(R1 , R2, . .. ) wavefunctions 

so that 

Next we assume that all nuclei are fixed at a certain nuclear co-ordinate configu

ration in the lattice, and for convenience and without loss of any generality, the 

nuclear configuration may be considered to be that of the lattice equilibrium. 

One can then omit the kinetic energy operator term of nuclei and concentrate 

on solving only the Schrodinger equation for electrons at a particular nuclear 

configuration. The third term of the nucleus-nucleus interaction in eq.(3.1) 

then becomes just a constant energy operator for the electronic part of the 

Hamiltonian, and it can be taken into account together with the fourth term 

of electron-nucleus interactions. The electronic Hamiltonian He can then be 
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written: 

(3.4) 

where 

[ 
Ze

2 
1 z 2

e
2 l V(r·) - - - -1 

- L IR - r·I 2 L IR - R I n n I m#n n m 

We need to solve the following Schrodinger equation: 

(3.5) 

Even though we have simplified our problem greatly by making the above ap

proximations, it is still impossible to solve the Schrodinger eq.(3.5) for a crystal 

with about 1023 cm-3 atoms or more. Next we apply the independent parti-

de approximation in which electrons are assumed to move independently of one 

another. Using this approximation, VJ is written as an antisymmetrized product 

of orthonormal one electron wavefunctions as: 

(3.6) 

where A is an antisymmetrising operator. 

There are two standard forms of approximate one-electron wavefunctions 

in a crystal: ( 1) Bloch type wavefunctions which are of the form of propagating 

plane waves and hence delocalised and (2) one-electron wavefunctions obtained 

through the tight-binding approximation and which are localised in the real 
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crystal space. An electron represented by Bloch type wavefunctions is free 

to move throughout the whole crystal [12) whereas with the tight-binding type 

wavefunctions, electrons tend to remain localised at their respective nuclei. The 

Bloch functions are normally employed for studying the theory of Wannier ex-

citons applicable in inorganic semiconductors, and tight-binding functions are 

used for that of Frenkel or molecular excitons applicable in organic semicon-

ductors. 

3.3 Hamiltonian of a Wannier Exciton 

Since this project is mainly concerned with exciton dynamics in inor-

ganic semiconductors, we present here only the theory of Wannier excitons in 

detail. For this purpose, we will employ the second quantization method. 

The electronic part of the Hamiltonian of a three dimensional crystal 

of inorganic semiconductors where the inter-atomic overlap of the electronic 

wavefunctions is relatively large, can be written in the reciprocal lattice space 

as: 

He= Ho+ He , (3.7) 

where 

ti2v2 

Ho= ~(t, kl - -- + V(r)lt, k)aJ kat k 
~ 2m ' ' 
t,k e 

(3.8a) 
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He= i L L L L (t1k1; t2,k2IU(lr1 - r2l)lt3,k3; t4,k4) 
t1 ,k1 t2 ,k2 ta ,ka t4 ,k4 

(3.8b) 

and 

Ho represents the single particle energy operator and He the two particle 

Coulomb interaction energy operator. It, k) is the eigenvector of an electron 

with wavevector k expressed in terms of Bloch functions in the band t ( = 0 for 

-
valence band and = 1, 2, ... conduction band). The electron eigenvectors are 

orthonormal so that: 

(3.9) 

a;k and atk are, respectively, the creation and annihilation fermion operators 

of an electron with wavevector k in the tth energy band. The electronic Hamil-

tonian operator eq.(3.7) is the most general one as it takes into account the 

interactions between electrons of all one electron states in all the energy bands 

and sums over the whole k-space within the first Brillouin zone. 
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3.4 Defination of Vacuum state and hole operators for the theory of 

Wannier Excitons 

We consider an electronic state of a crystal where the valence band is 

fully occupied and all the conduction bands are completely empty. Let us define 

such an electronic state of a crystal as its ground or vacuum state and denote 

it by the ket JO). The fermion operators operating on the vacuum state obey 

the following relations: 

(3.10a) 

(3.10b) 

As shown in fig. 3.1, the minimum energy gap between the valence and 

the first conduction band is denoted by E9 • An incident photon of frequency 

hv = E 9 on the crystal can be absorbed by exciting an electron from the valence 

to the first conduction band. Let us assume that only the first conduction band 

denoted by t = 1 can be excited. When an electron from the valence band to 

conduction band is excited, an electronic vacancy of positive charge ( a hole) 

is created in the valence band. As illustrated in fig. 3.1 the absorption of a 

photon creates a pair of an electron and hole in the crystal. This pair of carriers 

can remain free and produce photoconduction in the crystal, or because of their 

attractive Coulomb interaction the electron and hole can form a bound energy 
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state just below the conduction band. Our aim here is to calculate the energy 

and eigenfunction of this bound state, called an exciton state. 

The annihilation of an electron at k from the valence band is identi-

cally equivalent to creating a hole at -k. Thus the hole creation (d~ -k) and , 

annihilation ( d0 -k) operators can be defined as: , 

dt -o,-k = ao,k (3.lla) 

d - t o,-k = ao,k (3.llb) 

so that 

do -klO) = 0 , (3.llc) 

3.5 Energy eigenvalue and eigenfunction of a Wannier exciton 

Let us assume that an exciton with wavevector K is created in a crystal 

by exciting an electron with wavevector k in the conduction band and a hole 

with wavevector K - kin the valence band, so that: 

k K-k K 
+ = (electron) (hole) (exciton) 

(3.12) 

The exciton wavevector can now be written as a linear combination of all eigen-

vectors of such possible pairs of free charge carriers created in a crystal as: 

JK, v) = LCv(k, K - k)Jk, K - k) (3.13) 
k 
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where v represents a quantum number of exciton's internal structure. Cv(k, K-

k) represents the coefficient of expansion which will be determined in section 

(3. 7). The eigenvector lk, K - k) is given by: 

(3.14) 

Here we consider only the first conduction band and valence band and the sum 

over k is performed within the first Brillouin zone only. The eigenvalue Wv(K) 

of the Hamiltonian in eq.(3.7) corresponding to the eigenvector in eq.(3.13) can 

be obtained by solving the following Schrodinger equation: 

HelK, v) = Wv(K)IK, v) (3.15) 

Eq.(3.15) is usually solved by operating on it by the conjugate of a typical vector 

term of eq.(3.14), from the left hand side. This gives the set of equations: 

(k',k"IHelK,v) = Wv(K)(k',k"IK,v) 

where (k', k" I = lk1, k") t. The left hand side of eq.(3.16) can be written: 

LCv(k, K - k)(Olab,_k,,al,k'Heal,kaO,k-KIO) 
k 

(3.16) 

(3.17) 

In eq.(3.17) we have converted all the hole operators into electron operators ac

cording to eq.(3.11). Using the anticommutation relations for fermion operators 

and eqs.(3.7) and (3.10), the left hand side of eq.(3.16) can be obtained as: 

LCv(k,K - k)(Olab,_k,,al,k'HeaI,kaO,k-KIO) 
k 
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Cv(k', k")[Wo + Ee - Eh] - LCv(k, K - k) 
k 

x [(1,k'; O,k-KIUIO,-k"; 1,k)-(1,k';0,k-KIUll,k;0,-k")], (3.18) 

where 

Wo =2LEo(k)+ L [2(0,k1;0,k2\UI0,k2;0,k1) 
k k1 ,k2 

(3.19) 

Eh(-k") = Eo(-k") + L [( (0, -k"; 0, k2 IUI0, k2, 0, -k") 
k2 

- (0,-k";0,k2IUI0,-k";0,k2))] , (3.20) 

and 

(3.21) . 

W0 represents the total electronic energy of a crystal before it is excited. The 

second term of W0 represents the scattering of two electrons, by the potential 

U(lr1 - r2I) from their initial states (0,k1) and (0,k2) to final states (0,k1) 

and (0, k2 ) respectively. That means their electronic states remain unchanged 

after the scattering. A sum over all such pairs of electrons gives the complete 

Coulomb interaction of all the electrons in the valence band of a crystal in its 

ground state. The third term of eq.(3.19) called the exchange interaction matrix 

element, is the contribution to the energy of an electron due to the interchange of 

identical particles as described by the antisymmetrized wavefunction (eq.(3.6)). 
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Eh (eq. (3.20)] represents the effective total energy of the hole created 

in the valence band excluding the energy of its interaction with the electron 

created in the conduction band. Likewise Ee ( eq.3.21) represents the effective 

total energy of the excited electron in the conduction band excluding the energy 

of its interaction with the hole excited in the valence band. The first term of 

eq.(3.20) gives the free hole energy, the second term of eq.(3.20) represents 

the Coulomb interaction between an electron in state (0, k2) and a hole in the 

(0, -k") state, so that the sum over all k2 gives the total interaction between 

one hole and the rest of the electrons in the valence band and the third term 

represents the total exchange interaction between the excited hole and the rest 

of the electrons in the valence band. The first and second terms within the 

square brackets in eq.(3.18) which are multiplied by Cv(k, K - k) represent the 

Coulomb and exchange interactions between the excited electron and hole in the 

crystal. Using eq.(3.18) in eq.(3.16), we finally obtain an equation in C11 (k', k") 

(Wo + Ee(k') - Eh(-k") - Wv(K)) Cv(k'' k") 

= LCv(k, K - k)(l, k'; 0, k - KIUI0, -k"; 1, k) 
k 

(3.22) 

In writing eq.(3.22), we have assumed that the short range exchange interaction 

between the excited electron hole pair is negligible, which is justified on the basis 

that the separation between the excited electron and hole in a Wannier exciton 
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is usually large. 

One needs to solve eq.(3.22) in order to determine the energy eigenvalue 

W11 (K) and eigenfunctions of exciton states. For this purpose, it is useful to 

transform eq.(3.22) from k - space to the real crystal space. To do this, we 

assume that k' and k" are close to the minimum of the first conduction band 

which is taken to lie at Ko and the maximum of the valence band at k = 0. k' 

and k" are measured from k = Ko and k = 0 respectively, as shown in fig. 3.2. 

Using the effective mass approximation for the energy of electrons and holes we 

can then write: 

(3.23a) 

(3.23b) 

where m: and mj; are the effective masses of an electron in the conduction 

band and a hole in the valence band respectively. In eq.(3.23) we can replace 

the wavevectors by the corresponding operators in the real crystal space as: 

k'---+ -iVrel and k" ---+ -iV 
rh 

(3.24) 

where re and rh are the electron and hole position vectors respectively. Using 

eqs.(3.23) and (3.24) in eq.(3.22) we get: 

( 
n-2 2 fl, 

2 
2 ( )) ( I II ) Wo +E9 (Ko)- -

2 
-V - -

2 
* V -W11 K C11 k ,k m; re mh rh 

= LC11 (k, K - k)(l, k'; 0, k - KjUjO, -k"; 1, k) , 
k 
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where E9 (Ko) = Ec(Ko) - Ev(O) is the energy gap between the minimum of 

the first conduction band and maximum of the valence band. 

Next we multiply eq.(3.25) from the right hand side by exp (ik'.re + 

ik" .rh) and then sum over all k' and k" within the first Brillouin zone to get: 

where 

and 

G(re,rh) = L Cv(k',k")eik'.r.eik".rh , 
k' ,k" 

F(re, rh) = LCv(k, K - k)eik.r. ei{K-k).rh x 
k 

""" (1 k'. 0 k - KIUIO -k" · 1 k)ei{k'-k).r.ei[k"-(K-k)].rh 
~ ''' ' '' 

k' ,k" 

(3.26) 

(3.27) 

(3.28) 

The matrix element (1, k'; 0, k - KIUIO, -k"; 1, k) in eq.(3.28) is difficult to 

evaluate due to lack of knowledge of the analytical form of the Bloch functions. 

However by assuming that the Bloch functions are orthonormal, the matrix 

element has been evaluated [12] as: 

where 

(1, k'; 0, k - KIUIO, -k"; 1, k) ~ Uk-k'OK,k'+k" , 

Uk-k' = ~o J U(lri)ei{k-k').r d3r 
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and 

Using eqs.(3.29) and (3.27) in eq.(3.28), F(re, rh) can be written as: 

F(re, rh) = :z=cv(k, K - k)eik.reei(K-k).rh :z=uk-k'ei(k'-k).(re-rh) 

k k' 

(3.30) 

and then, one can write eq.(3.26) as: 

(3.31) 

It can be seen that eq.(3.31) is in the form of a simple two particle Schrodinger 

equation in the real crystal space. 

The two particles in eq.(3.31) comprise a pair of an excited electron and 

hole which interact through their attractive Coulomb potential U(lre - rhl) as 

in the case of an hydrogen atom . In the case of an hydrogen atom the attractive 

Coulomb interaction is written by assuming that the electron and proton are in 

a vacuum unlike eq.(3.31) which is obtained in the presence of a many-particle 

field in a crystal. Thus one cannot assume that the electron and hole are in a 

vacuum. Haken [14] has suggested the use of the static dielectric constant e of 

the crystal. Hence eq.(3.31) can be written: 
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(3.32) 

Two different methods are used for solving eq.(3.32): a) Perturbation approach 

and b) Method of centre of mass coordinate transformation. We describe the 

pertubation approach here as a similar approach will be taken for the case of 

excitons in quantum wells. 

3.6 Perturbation Approach 

Here the coordinates of electron and hole are transformed in the follow-

mg way: 

(3.33) 

and the gradient operators are transformed as, 

(3.34) 

where 'v r and v'R are gradients with respect to r and R respectively. Substi-

tuting eqs.(3.33) and (3.34) in eq.(3.32), and replacing G(re, rh) by G(r, R) we 

I 

get the following Schrodinger equation: 

( 
ti2v'2 n,2\72 ti2 l 1 e2) Wo + E (Ko)- __ r - R - -(- - -)v'r.v'R - - G(r,R) 

9 2µ 8µ 2 m; m;;, er 

= Wv(K)G(r,R) , (3.35) 

48 



where 

1 1 1 -=-+-. 
µ m* m* e h 

It can be seen that no other operators on the left hand side of eq.(3.35) depend 

on R except the gradient, v'R . Thus one can choose G(r, R) as: 

(3.36) 

Using eq.(3.36), we can write eq.(3.35) as : 

( 
p

2 
e 

2 
1;,2 I KI 2 

in ( 1 1 ) ) Wo+E (Ko)+---+--+- --- K.p </Jv(r) 9 2µ c:r 8µ 2 m; mi;, 

(3.37) 

and p = -inv' r• 

In eq.(3.37) one can consider the term with K.p as a perturbation since 

K is usually small. The unperturbed eigenvalue problem becomes: 

(
p2 e2) 
2µ - er </J~(r) = Ev</J~(r), (3.38) 

where Ev is the energy of the internal structure of an exciton with principal 

quantum number v = 1,2,3 ... (s,p,d .. . ) as in the case of an hydrogen atom, 

4 

and </J~(r) is the unperturbed eigenfunction. Ev is given by - 2rilf;2 n 2 • As Ev 

is negative some exciton states (see fig. 3.1) may lie below the minimum of the 

conduction band. E 1 is the ground state or s-state and E 2 (p-state) is the first 
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excited internal state of an exciton. The binding energy of an exciton in its 

ground state is given by -E1 . 

Using perturbation theory, the second order energy and the first order 

eigenfunction are obtained as: 

( )

2 
1i2K2 1i2 1 1 

Wv(K) = Wo + E 9 (Ko) + -
8
- +Ev+ - - - -
µ 4 m* m* e h 

x L (vlK.plv')(v'IK.plv) 
,...1. Ev -Ev1 

V .,-V 

and 

,1.. ( ) = ,1..0( ) !!_ (~ __ 1 ) """' (v'IK.plv) ,1..0 ( ) 
'r'V r 'r'v r + 2 * * ~ E E 'r'v' r me mh ,...1. v - v' 

V .,-V 

Eq.(3.39) can be further simplified by using the f-sum rule [15]: 

Using eq.(3.41) in eq.(3.39) we find the exciton energy to be 

where 

1i2 J<2 
Wv(K) = Wo + E 9 (Ko) + Ev + 

2
M* 

(3.39) 

(3.40) 

(3.41) 

(3.42) 

The corresponding eigenfunction is obtained using eq.(3.40) in eq.(3.36). Wv(K) 

( eq. (3.42)) gives the total energy of a crystal with one Wannier exciton with 

wavevector K in a hydrogen atom-like internal electronic energy state v, and 
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effective mass M*. The form of Wv(K) as obtaind in eq.(3.42) will be useful 

when we consider excitons in quantum wells in chapter 4. 

3. 7 Determination of coefficients Cv(k, K - k) 

Cv(k, K-k) can be determined by comparing eq.(3.27) and (3.36) which 

gives: 

L Cv(k'' k")eik' .r1eik" .r2 = Vo-½ eiK.R<P~(r) (3.43) 
k',k" 

Multiplying eq.(3.43) by (V0-
1 e-ik.rie-i(K-k).r2) and then integrating over re 

and r h we find: 

(3.44) 

where R is obtained from eq.(3.33). For the case v = l of the exciton, we have 

where 

µ 
a=--

M*ao6 

and a0 is the Bohr radius. Thus using eq.(3.45) we get: 

5 

C (k K - k) = 4a2 1 1 
' (7rVo)½ [a2 + [k - (m;/M*)K]2]2 

(3.45) 

(3.46) 

A similar approach for determining the coefficients Cv(k, K - k) will be used 
: 

in the case of excitons in quantum wells in chapter 4. 
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3.8 The Wannier Exciton Energy Operator 

The exciton eigenvector given by eq.(3.13) can be written in terms of 

the Wannier exciton operator as: 

jK, v) = Bk vlO) 
' 

(3.47) 

where the operator Bk v is the creation operator of a Wannier exiton in its 
' ' 

internal energy state v, with wavevector K. The Wannier exciton operator is 

defined by: 

Bk)O) = LCv(k, K - k)jk, K - k) (3.48) 
k 

Assuming the completeness relation for exciton stat~s : 

LIK,v)(K,vl = 1 , (3.49) 
K,v 

and operating it on the electronic Hamiltonian He eq.(3.7) we get the Wannier 

exciton Hamiltonian Hex as: 

Hex= LL jK,v)(K,vlHelK',v')(K',v'I (3.50) 
K,vK',v' 

Using eqs.(3.7) and (3.47) - (3.49) in eq.(3.50), the Wannier exciton Hamiltonian 

can be obtained as: 

Hex = LW v(K)Bk,vBK,v (3.51) 
K,v 

In chapter 5, we will adopt the same procedure to obtain Hex to derive the 

Wannier exciton-phonon interaction operator applicable in quantum wells. 
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The annihilation operator of excitons BK v which appears in eq.(3.51) 
' 

is the compex conjugate of the creation operator defined in eq.(3.48). For 

most practical calculations the index v is not used. The simplified Hamiltonian 

involving a single conduction band is then written as: 

Hex = LW(k)BtBk , (3.52) 
k 

where the summation over k is usually within the first Brillouin zone. 

At low excitonic density the exciton operators obey the following com-

mutation relations of boson operators: 

(3.53a) 

(3.53b) 

(3.53c) 

It is to be noted that in writing eqs.(3.53) we have assumed that the exciton op-

erators correspond to the same energy band and have the same spin. Eqs.(3.53) 

can be verified easily using eqs. (3.48) and (3.49). 

It is to noted that the exciton states as derived here are strictly appli-

cable only for direct semiconductors where K0 = 0 (fig.3.2). The wavevector 

of incident photons, responsible for creating excitons, is negligibly small and 

therefore the exciton wavevector K is close to zero in a direct band semicon-

ductor. 
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CHAPTER 4 

EXCITONS IN QUASI TWO 

DIMENSIONAL SYSTEMS 
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4.1 Introduction. 

As mentioned in chapter 1, excitons in quantum wells get compressed 

perpendicularly towards the quantum-well layers and thus gain a binding en

ergy larger than those of excitons in bulk. This makes it easy to observe the 

optical-absorption spectra of excitons in quantum wells at room temperature 

[1-3]. However the theoretical study of excitons in quantum wells is relatively 

difficult. This is because the space quantization in a quantum well destroys 

the translational symmetry of the crystal in the direction perpendicular to the 

quantum well plane. The space quantization in a quantum well also generates 

a series of subband states and allows mixing among these new states which 

complicates the problem further. The confinement of holes and electrons in 

quantum wells requires one to take into account the different masses of the car

rier in the barrier and well regions. Also the forms of phonon modes in quantum 

wells are more complicated than those in bulk owing to the different lattice and 

dielectric constants of the layers. 

In this section we present a brief theory of excitons in quantum wells. 

We introduce a variational parameter"/ to the Hamiltonian of an exciton in a 

quantum well thus dividing it into two terms: an unperturbed term and a small 

perturbation. The unperturbed term corresponds to an exciton placed in a 

quantum well of zero well width, i.e. an ideal Two-dimensional system. Next, we 
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obtain the envelope function ( a product of the eigenfunctions corresponding to 

the electron, hole and exciton states) of the unperturbed term. We show that the 

perturbed term can be used to determine , , which is important in determining 

the binding energy of an exciton placed in a quantum well. However, clue 

to the large computational times involved in determining I in the case of finite 

depth quantum wells, we employ a simple analytical method which uses a model 

of fractional-dimensional space to describe an exciton placed in a quantum 

well. This method enables us to compute easily the exciton binding energies at 

different well widths and well depths. The calculated exciton binding energies 

are important in calculating the rates of exciton generation, scattering and 

decay in chapters 6 and 7. 

In the last section of this chapter, we analyse some unpublished photo

luminescence (PL) spectroscopic experimental results by Prof. Emil S. Koteles, 

GTE Laboratories Incorporated, USA. The experiments were done using four 

GaAs/ AlGaAs single quantum wells (grown by molecular beam epitaxy) with 

well widths of 46A, 64A, 100A and 141A. 

In this work we consider only excitons in type I quantum wells where 

both the electron and hole are localized within the same well. This is different 

from the type II quantum wells where the electron and hole can exist in different 

wells. 
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4.2 Theory of an Exciton in a Quantum Well. 

We extend the theory of excitons developed for the bulk case ( chap. 3) 

to that of excitons in quantum wells. As stated earlier, the effective masses of 

electrons and holes are usually different in the well and barrier regions, however 

for simplication, we assume here that the effective masses of charge carriers are 

the same in both the well and barrier material. The Hamiltonian of an exciton 

as an electron-hole pair in a quantum well can be written: 

( 4.la) 

where re= (xe, Ye, ze) and rh = (xh, Yh, zh) denoti position vectors of an elec-

tron and a hole in the well material respectively. The form of the Hamiltonian 

[eq.( 4.la)] is based on that of the exciton Hamiltonian derived in chapter 3. 

Without loss of generality, we choose the normal of the well layer to be in the 

z direction and the relative motion of electron and holes to be along the plane 

parallel to the quantum well. m; and mi; are the effective masses of an electron 

and hole respectively, and µ* is the effective mass of an exciton in the XY 

plane. c is the dielectric constant which is assumed to be the same in the well 

and barrier regions. The potentials Ve(ze) and Vh(zh) are assumed to be square 

wells as described in chapter 2. 

We introduce the electron-hole relative and centre of mass position and 
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momentum coordinates in eq.( 4.la). The position coordinates are given by: 

X = Xe - Xii 

Y = Ye -y1i 

* + * X = me Xe mh Xh 

m*+m* e h 

* + * y = me Ye mh Yh 
m* +m* e h 

Likewise, analogous expressions can be written for the momentum coordinates. 

We can then re-write eq.(4.la) as: 

~ [ n-2 a2 
] [ ti 

2 a2 
] H =- ---V.(z) - ---Vi1i(z1i) 

ex 2 * a 2 e e 2 * a 2 me Ze mh Z7i 

( 4.lb) 

The Hamiltonian in eq.( 4.lb) has been grouped into three terms: the first 

bracket contains the electron kinetic and potential energy terms; the second 

contains the hole kinetic and potential energy terms and the third contains the 

exciton kinetic and potential energy terms. It can be seen that the exciton 

kinetic energy terms for the transverse motion has been separated into two 

parts: the first part corresponds to the center of mass motion of the electron-hole 

pair in the XY plane and the second part corresponds to the relative in-plane 

motion of the electron-hole pair. Since the kinetic energy term corresponding 

to the center of mass motion of the electron-hole pair in the XY plane does 
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not influence the binding energy of an exciton, this term can be neglected when 

determining the binding energy of an exciton. 

It is to be noted that the assumption that both the well and barrier re

gions have the same dielectric constant simplifies the form of Coulomb potential 

in eqs.( 4.1) considerably. If the well material is placed in a barrier material of 

different dielectric constant, then image force effects [4] can become important, 

giving rise to dielectric confinement of the exciton. However for simplification, 

we will restrict our approach to the ideal case of the hole and electron inter

acting in a well material which has the same dielectric constant as the barrier 

material. 

It is well known that an exact analytical ei_genfunction of fI ex cannot be 

found. One way of treating this problem is to add and subtract a term k, 
e x2+y2 

to Hex and introduce a variational parameter 1 . Thus Hex can be considered 

to consist of an unperturbed part Ho ( 1 ) and a small perturbation term H' ('y) 

as: 

Hex =Ho(,)+ H'('y), (4.2) 

where 

Ho(,)= Hz.+ Hzh + Hxy, (4.3) 

with 

ti2 a2 
( 4.4a) Hz. = -~ a 2 + Ve(ze) , 

me ze 
n2 82 

( 4.4b) Hz,. = -2* a 2 + Vh(zh), 
mh zh 
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( 4.4c) 

and 

(4.5) 

Using perturbation theory, the energy perturbation series can be written as: 

En = Ei0)('Y) + 6.Ei1)( ,) + ..... , ( 4.6a) 

where 

Ho</>(o) = E(o) <p(o) 
n n n ( 4.6b) 

and 

6.E1
(,) = (</>~~)IH'(,)l</>~0

)) - ( 4.6c) 

<p~o) is called an envelope function which is the unperturbed eigenfunction, writ-

ten as a product of the three eigenfunctions ( eq. ( 4.3)) of the unperturbed 

Hamiltonian, Ho. It can be seen that although the original Hamiltonian Hex in 

eq.(4.lb) is independent of,, the value of, controls how Hex is divided into 

iI O (,) and H' (,). The optimum value of, is determined by minimizing l ~~(~i 1 

to ensure that the perturbation series in eq.( 4.6a) converges fast. 

Eigenvalues and eigenfunctions of the unperturbed Hamiltonian Ho(,) 

are exactly known. Hz. and Hzh are similar to the one-dimensional Hamiltonian 

of a charge carrier in a quantum well. Therefore the motion of a charge carrier 

along the z-direction is like that of a one dimensional square well potential 
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as discussed in chapter 2. Thus eigenfunctions of an electron and hole in the 

ground state in a quantum well can be written as in eq.(2.lla) : 

H (~Ze) 'l/J(ze) = cos -
Lz 

( 4. 7 a) 

and 

H (~Zh) 'l/J(zh) = cos Lz ( 4.7b) 

The transverse part H xy of the unperturbed Hamiltonian is similar to 

the Hamiltonian of a two dimensional hydrogen atom. The corresponding eigen-

functions and energy eigenvalues of Hxy which describes the relative in-plane 

motion of an electron and hole pair of an exciton _can be obtained as [5]: 

,I,. - A -2.1Jx2+y21 
'/'ex - e 2 

where A is the normalization constant, b = kL and 
aex 

E(O) = - /2 Rex 

n (n - ½)2 

where n= 1,2, ... and ae., is the exciton Bohr radius given by 

and the exciton Rydberg constant, Rex is given by 

µ*e4 
R =-

ex 2di2 
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(4.9a) 

( 4.9b) 

( 4.9c) 



m•A For the case of the GaAs-AlxGa1-xAs quantum well, ae:r: = 98.7 µ.; and Re"' 

= 5.83 ~ meV. 
1ne 

It is interesting at this point to look at the two kinds of excitons and 

how their radii compare using eq.( 4.9b ). The first type of exciton, called the 

heavy hole exciton, corresponds to the pairing between an electron and a heavy 

hole. Similarly, the second type which is the light hole exciton corresponds to 

the pairing between an electron and light hole. The exciton Bohr radius of a LH 

exciton is larger than that of a HH exciton according to eq.( 4.9b ). Thus at a 

certain well width, a LH exciton is extended more in the plane of the quantum 

well than a HH exciton. One can then expect the LH exciton to be closer to 

the two-dimensional limit compared to the HH exciton at any particular well 

width. 

The envelope wave function of a coupled electron-hole pair in a quantum 

well can then be expressed as a product of the electron, hole and exciton state 

eigenfunctions. Hence the envelope wave function of the unperturbed part for 

the lowest sub band exciton can be written using eqs.( 4. 7) and ( 4.8) as: 

(4.10) 

where A is the normalization constant. One form of the envelope wavefunction 

that is commonly used for excitons and that takes into account the relative 
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motion of holes and electron in the z direction is [6]: 

(0) ( b V ) 7rZe 7rZh ¢> 1 = A exp - 2 x2 + y2 + (ze - z1i)2 cos Lz cos Lz ( 4.11) 

In subsequent chapters we will assume eq.( 4.10) as the variational envelope 

function for the lowest (ls) exciton state. 

Using eqs( 4.5),( 4.6c), ( 4.7) and ( 4.8), the first order perturbation con-

tribution to the energy L:::..E1 ( 1 ), can be obtained as: 

2 100 100 e . 7r~ 7r~ 
L:::..E 1

(1) = A2 -(2b)2 dze cos2 L dzh cos2 L 
€ -oo z -oo z 

where we have used the following relation [7]: 

loo xe-ux /31r 
---;::::=====:;::dx = -[H1(/3u)- N1(/3u)] - /3 

o Jx2 + 132 2 

in arriving at eq.(4.13). H1(x) is a Struve function of order 1 and N 1(x) is the 

Neumann function of order 1 (see appendix). 

In the ground (ls) exciton state, n = l, the binding energy of an exciton 

state is obtained from eq.( 4.9a) as: 

(4.13) 

where 10 is the value of I determined by the following condition: 

( 4.14) 
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It is to be noted that the exciton binding energy can be calculated by this 

procedure quite easily for the case of an exciton in the infinite potential well. 

However for finite well depths, one requires large computational time to compute 

, . In order to avoid this difficulty, we will adopt a simple method which is 

independent of any variational parameter like, to compute the exciton binding 

energies at different well widths and depths. This will be discussed in section 

(4.2). 

It may be desirable here to look at how the binding energies of the 

two kinds of excitons, LH and HH, compare. Since the optimum value ,o is 

independent of the exciton mass, the ratio of HH exciton binding energy to the 

LH exciton binding energy is obtained as: 

(4.15) 

If we substitute µ;
11 

= 0.05me and µ~
11 

= 0.04me [8] in eq.( 4.15), we find 

that the binding energy of a LH exciton is about ~ ~ 1.275 times higher than 
µllH 

that of an HH exciton. Thus the light-hole exciton is more strongly bound than 

the heavy-hole exciton. This is consistent with experimental measurements 

made by Rogers et al [9]. 

The binding energy of an exciton in an ideal Two-dimensional system is 

4 times larger than that of an exciton in a 3D bulk case. Such a large increase 

in the binding energy or'an exciton in a quantum well is due to its confinement 
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which makes it easy to observe the excitonic effects in quantum wells even at 

room temperature. In bulk crystals however, a large binding energy is only 

possible if the exciton reduced mass is large. But a large exciton reduced mass 

leads to strong LO phonon coupling which can ionise excitons easily at room 

temperature. Therefore excitonic effects have not been clearly observed at room 

temperature in bulk semiconductors. 

In a semiconductor like GaAs, bulk excitons have a binding energy of the 

order of 4meV. The theoretical determination of this binding energy is relatively 

easy [10} because one can assume that the exciton momentum wavevector is a 

good quantum number due to the translational invariance of 3-D lattice space. 

However the theoretical calculation of the binding energy of excitons in quantum 

wells is complicated because the translational invariance of wavevectors in the 

direction perpendicular to the quantum well plane (z direction) is destroyed. 

Thus the momentum component of the exciton in the z direction is no longer a 

good quantum number. In the next section, we present a method of calculation 

of the exciton binding energy in quantum wells. 
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4.3 Calculation of Exciton Binding Energy 

Miller e tal [11] were among the first to calculate the exciton binding en-

ergy in quantum wells using variational functions and an infinite barrier model 

with averaged dielectric const~nt. Later, Bastard et al [12] employed a similar 

method with infinite barriers and isotopic masses, but used two trial wave func

tions instead of one. Shinozuka et al [13] also used the same procedure but used 

trial functions with two variational parameters. Greene et al [14] advanced the 

theory further by using finite barriers and a variational wave function which is 

a linear combination of three simple functions. Recently Grundmann and Birn

berg [15] presented a novel variational treatment for -the exciton in a quantum 

well problem, which can calculate the binding energy of quasi-Two-dimensional 

excitons at any quantum well width for the full width range from L = 0 to 

L ~oo. 

One common feature of all the works mentioned above is that the calcu-

lations are variational and require extensive computational times. The accuracy 

of the results also depend to a large extent on the form of the trial wave func

tion. Recently Leavitt and Little [16] have presented a simple method, using 

a scaling function with five numerical parameters, for calculating the exciton 

binding energy in quantum wells. Mathieu et al [17] have taken yet another 

step forward towards simplifying and generalising the method of determining 
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the binding energy of quasi Two-dimensional excitons. Here we follow a proce-

dure similar to Mathieu et al and present a simple analytical method which uses 

a model of fractional-dimensional space employed earlier to study the Wannier-

Mott excitons in anisotropic solids [18]. 

4.3 I Theory 

Using eq.( 4.la), the relative motion of a free exciton can be described 

by: 

[
_t,,2 e2] 
-\72 

- - <f>(r) = (E - E 9 )<f>(r) 
2µ* er 

(4.16) 

where r is the electron-hole relative coordinate and E9 is the energy gap. We 

have included the energy gap as a reference point :from which the exciton en-

ergy can be measured. For an isotropic material, eq. ( 4.16) is similar to the 

Schrodinger equation for an hydrogen atom for which the solutions can easily 

be found. However the case of an exciton in a quantum well can be considered 

as an intermediate case between a 2D and a 3D system. Thus neither the 2D 

nor 3D model is suitable for determining the binding energy of an exciton in 

a quantum well. It is difficult to solve eq.( 4.16) as an anisotropic model in an 

isotropic coordinate system. We have encountered this situation in the earlier 

section in which a perturbation-variational approach was used. However this 

approach gives solutions [e.g. eqs.4.12 - 4.14] which require intensive numerical 

computations for calculating the exciton binding energy at different well widths 
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and aluminium concentrations. 

Recently He [18] suggested the use of a fractional-dimensional space 

to simplify the mathematical calculation. This approach is appropriate for 

problems which lie between 2D and 3D. Using a fractional-dimensional model, 

He [18] has solved the Schrodinger eq.( 4.16) in a noninteger-dimensional space 

where the interactions take place in an isotropic environment. The problem 

of an exciton in a quantum well can be considered as an isotropic problem in 

a lower fractional-dimensional space ( (), where the dimension ( is determined 

by the degree of anisotropy. The problem becomes very similar to that of 

hydrogen-like atom. 

The exciton bound-state energies and wave functions are calculated as 

a function of the spatial dimension ( by solving eq.(4.16) in an (v space. The 

discrete bound-state energies and orbital radii are given by [18]: 

E E Re,, 
7l = g - _( ____ 2' 

n + (;3) 
(4.17a) 

[ ( -3] 2 
an = a.,, n + -

2
- , (4.17b) 

where n=l,2, ... is the principal quantum number, and ae,, and Re,, are given 

m eqs. (4.9b) and (4.9c) respectively. Using eq.(4.17a), the binding energy of a 

ls exciton is obtained as: 

E, = [(:JR ... (4.18) 
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For ( == 3 we get Eb == R.,, and for ( = 2 we get Eb == 4R.,,, both of which 

are well known results [19,20]. Howe_ver in a realistic quantum-well structure, ( 

changes continuously between 2 and 3 and it is important to define the fractional 

dimension ( which correctly describes the degree of anisotropy of the electron-

hole interaction of an exciton. In a quantum well of infinite depth, the degree 

of anisotropy of the system is described [17] by the ratio of the well width L, 

to the exciton diameter 2a,,,. Thus -
2
!' can be interpreted as the reduced 

ex 

well width which determines the anisotropy of the electron-hole interaction in 

an exciton. A reliable result can be obtained by choosing ( as: 

- L (=3-e -
2a.,, 

( 4.19) 

where L is the quantum well width. Thus in an ideal 2D system, when L == 0, 

( == 2 whereas for an ideal 3D case, L ---+ oo and ( = 3. 

By using eq.( 4.19) in eq.( 4.18), the binding energy of an exciton confined 

in an infinite quantum well can be calculated at any well width. In fig. 4.1, 

we have shown the binding energy as a function of the quantum well width 

using eqs.(4.18) and (4.19) for the HH exciton. It can be seen that the results 

obtained are in satisfactory agreement with those calculated using eqs.(4.12) -

( 4.14). 

In a quantum well of finite well depth, the computation of the binding 

energy of excitons is slightly different. Instead of using the fractional dimension 
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( given in eq.(4.19) for the infinite depth quantum well, a modified form of ( 

[17] is used for the case of finite depth quantum wells : 

L* 
(=3-e--

2a.,, 
( 4.20) 

where L* is the characteristic length of the motion of the electron-hole pair 

given by: 

and kc is given by 

L* = ~+L 
kc 

( 4.21a) 

(4.21b) 

kbe and kbh are respectively the electron and hole characteristic wavevectors in 

the quantum well. Both kb. and kbh can be determined by substituting kw and 

kb [eqs.(2.7a) and (2.76) of chapter 2]: 

kb = J2mb(V - E) ' 
1i 

into the following transcendental equation (eq. (2.8) of chapter 2]: 

[ ~ l . -1 m:;, 
kwL = 7T' - 2sm k2 k~ ½ , 

(~ + m•2) 
w b 

(4.22a) 

( 4.22b) 

( 4.23) 

and then solving for E. When solving for kbe ( kbh) we replace m'i; and m:V 

by the effective mass of the electron (hole) in the barrier and well materials, 
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respectively, and V, which appears in kb is replaced by Ve (Vh)- Ve and Vh 

are the potential barriers for electrons and holes respectively. The parameters 

Vh and Ve which are denoted 6.Ev and 6.Ec in chapter 2, depend on the alu-

minium composition x. Because an explicit dependence is usually not known, 

(mentioned in chapter 2), we assume the following relationship between the 

aluminium composition x and the parameters V,1 and Ve suggested by Giugni 

et al [21): 

Ve= 0.88x eV (4.24a) 

Vh = 0.55x eV ( 4.24b) 

It can be seen that for the infinite quantum well-, fb = kbe = kbh = 0 (from 

eq.(4.22a)); so that L* = L and eq.(4.20) then reduces to eq.(4.19). Using 

eq.(4.18) together with eq.(4.20), we obtain a simple analytical expression for 

the binding energy Eb of the confined exciton in a finite quantum well: 

( 4.25) 

It is to be noted that Mathieu et al [17) have used a modified form of the exciton 

Bohr radius a,., for the case of finite quantum wells. However, we have obtained 

reliable results by using the exciton radius as given in eq.( 4.9b ). To illustrate 

the simplicity of our method, we have calculated the dependence of the frac-

tional dimension ( on the well width for the HH exciton in GaAs-AlxGa1-xAs 
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quantum well systems with two different aluminium concentrations, x = 0.15 

and x = 0.30. We use the effective mass of electrons in the conduction band 

and that of light and heavy holes in the valence band denoted by m7h and mhh 

respectively as m; = 0.0665 me, m7h = 0.094 me and m:h = 0.34 me for GaAs 

; m; = 0.15 me, m7h = 0.18 me, m:h = 0.40 me for AlAs [22,23]. The effec

tive mass values in the barrier region with different Al concentration x for the 

electron, heavy and light holes are deduced using the following relations [22]: 

m:(x) = (0.0665 + 0.0835 x) me, ( 4.26a) 

m:h (x) = (0.34 + 0.06 x) me, ( 4.26b) 

m~h (x) = (0.094 + 0.086 x) me, ( 4.26c) 

In Fig. 4.2 we have shown the dependence of the fractional dimension 

( on the quantum well width for x = 0.15 and 0.30. Fig. 4.2 shows that ( 

first decreases with well width and reaches a minimum point before it starts to 

increase again. The minimum of ( is located at a well width of 39A for x = 0.3 

and 41A for x=0.15. 

Using the calculated values of ( at different well widths in eq.( 4.18), or 

using eq.( 4.25) directly, we can get the exciton binding energy at various well 

widths. In Fig. 4.3 we have shown the exciton binding energy thus calculated 

as a function of the well width for two different aluminium concentration. From 
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fig.4.3, it is clear that the exciton binding energy depends on x as well as the 

quantum well width. For x = 0.5, the exciton binding energy first increases 

with well width to a maximum at about 55A and then starts decreasing. For 

x = 0.3, there is similar behaviour and the maximum binding energy occurs at 

a well width of about 30A. This can be interpreted as follows: Consider the case 

of x = 0.15, which according to fig.4.3, shows a maximum binding energy at a 

well width of 55A. At this well width, the exciton can be regarded to be highly 

two-dimensional and the binding energy is at its maximum. At well widths 

less than 55A, the exciton wavefunction can be expected to penetrate into the 

barrier regions. This reduces the 2D character of the exciton and increases its 

3D character and consequently the binding energy decreases. Thus for very 

thin well widths, one can expect the exciton binding energy to be the same as 

in the 3D case. Similarly, at large well widths, the 2D character of the exciton 

decreases and thus its binding energy also decreases. 

It is important to compare our results with those of Greene et al [24], who 

have calculated the exciton binding energies for both the HH and LH excitons 

for the GaAs/ AlGaAs system, with x = 0.15 and 0.30. They obtained a binding 

energy curve which increased to a maximum at a well width of about 32A, after 

which it started to decrease with x = 0.3. A similar curve was obtained in the 

case of x = 0.15, where the maximum binding energy occurred at a well width 
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of 53A. Hence the values of the well widths corresponding to the maximum 

binding energy obtained by Greene et al agree well with our results. 

Also at any particular well width, the binding energy of the exciton 

in a GaAs-AlxGa1-xAs system increases with aluminium concentration, x, as 

shown in fig.3. This is because as the aluminium concentration x, increases, the 

potential barrier height increases (see eqs.(4.24 a) and (4.24b) ). A larger value 

of x then means that the exciton will be strongly confined leading to a larger 

binding energy. 

4.4 Localized and Delocalized Excitons in Quantum wells 

In this section, we introduce localized and de-localized excitons in quan

tum wells and examine some differences in their dynamics in semiconductor 

quantum wells. In chapter 7, we will study in detail the differences in their 

interaction with phonons. 

The wavefunction of an exciton in a quantum well may be localized or 

delocalized. A delocalized wave function in 3D space is a propagating wave 

while a localized one is centered at some fixed point and decays exponentially 

at distances away from that center. Mott [25] first suggested that the energy 

spectra of localised and delocalised states in bulk crystals must be separated 

by a sharp boundary called the mobility edge. The study of localization of 

exciton in quantum wells was initiated by Hegarty [26], who pointed out the 
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existence also of a similar mobility edge in a quantum well such that excitons 

with energies below this edge are localized at low temperatures. These localised 

excitons are responsible for luminescence at low temperatures. 

In a perfect GaAs layer an exciton moves freely. In practice however, it 

is impossible to fabricate quantum wells of exact width throughout its length 

due to non ideal growth processes which introduce interface roughness or well 

thickness fluctuations. Recent experimental results [27,28] show that a quan-

tum well interface has an island-like struct_ure with a height of one monolayer 

and a lateral size "' 50A. As the energy of an exciton depends strongly on the 

well width [see eq.(4.18) or eq.(4.22)], small well width fluctuations can result 

in a large change in the exciton energy. It therefore becomes very likely that an 

exciton can be localised at one of these island like structures which act as trap

ping centres. Excitons that are localized have low energy and the localization 

process takes place at low temperatures. Usually the localized excitons migrate 

to neighbouring islands by emitting or absorbing acoustic phonons to account 

for the energy difference [29]. Excitons in the high-energy region, on the other 

hand, are still delocalized. Hence at higher temperatures, localized excitons 

can be activated to delocalized states. Such processes have been observed in 

experiments [30). 

It is interesting to note that in an alloy quantum well system like In-
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GaAs/InP, all excitonic states seem to be localised and the mobility edge is 

not observed [31]. This can be attributed to strong localization due to alloy 

disordering in InGaAs/InP which prevents the presence of a mobility edge in 

this system. In a weakly delocalized region, the exciton is still mobile and un

dergoes many scattering processes like acoustic phonon scattering and interface 

roughness scattering[32]. 

4.5 Analysis of Experimental results of Exciton Linewidths in GaAs 

Quantum wells 

In this section, we analyse some unpublished results of photolumines

cence (PL) spectroscopic experiments carried out hy Prof. Emil S. Koteles and 

his group at GTE Laboratories Incorporated, USA [33). The experiments were 

done using four GaAs/ AlGaAs single quantum wells of well widths 46, 64, 100 

and 141A. The quantum wells were grown by molecular beam epitaxy in a Riber 

2300P MBE machine in a single run on an undoped semi-insulating GaAs sub

strate held at 650°C. Using the results, we look at the factors which affect the 

exciton linewidth in photoluminescence experiments. 

Photoluminesence experiments in semiconductor quantum wells involve 

the radiative recombination of electronic states after the material system is 

excited by light absorption. Fig. 4.4 shows schematically the principles of a 

photoluminescence experiment. The figure is limited to one electron subband 
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and one hole sub band. First a photon of specified energy hwe excites the system 

and then a non-radiative relaxation process occurs that transfers the electron 

(or hole) to the bottom (or top) of the conduction (valence) band. Then a 

radiative recombination occurs and a photon of energy hw L is released. It is 

possible to obtain results using a wide range of excitation powers even in a 

single quantum well of small width. This is because of the high sensitivity of 

the photoluminescence experiment and of the high efficiency in GaAs quantum 

wells. 

We have shown results of the photoluminescence experiments in Figs. 

4.5 and 4.6. Fig. 4.5 shows the photoluminescence spectra of single quantum 

wells of widths 64, 100 and 141A at five different temperatures ranging from 

5K. to 30K. The x-axis corresponds to photons of energy hw L released during 

radiative recombination. Fig. 4.5 shows that the single quantum wells which 

were prepared are of high quality. This is because one can see strong exciton 

peak emissions at low temperatures. The strong peaks can be attributed to 

intrinsic heavy-hole free-exciton recombinations [34]. 

It can be seen that at low temperatures only peaks due to the ground 

state of the heavy-hole exciton are observed in the photoluminescence spectra 

in fig.4.5. At higher temperatures, the LH excitons become visible. This is 

because at low temperatures, LH exciton states in quantum wells are not pop-
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. ulated enough to be visible. At high temperatures however, the LH exciton 

states become thermally populated so that they can be visible. This is good 

experimental evidence to show that at low temperatures, there are more HH 

excitonic states than LH excitonic states. 

At 5K, the PL spectra of the two widest wells show two peaks separated 

by a few meV. However as the temperature increases from 5K to 30K, the in

tensity of the smaller energy peak decreases rapidly. At about 30K, the lower 

energy peak has disappeared completely. However the intensity of the higher 

energy increases from 5K to 20K after which it starts to decrease. This can 

be explained by the fact that the smaller energy peak corresponds to bound 

excitons (free excitons trapped by defects or impurities) while the larger peak 

next to it corresponds to free or delocalised excitons. Hence as temperature 

increases, the bound excitons are freed from defects or impurities which trap 

them. The intensity of the smaller energy peak then decreases until the tem

perature approaches 30°C when the bound excitons are completely thermalised 

and the smaller peak disappears. The intensity of the larger peak on the other 

hand increases so that the population of bound and free excitons remains nearly 

constant. 

In Fig 4.6, we plot the experimental line width at half maximum (LW

HM) of HH excitons for four quantum wells as a function of temperature. The 
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line width at half maximum is an important parameter [35) that has been stud

ied extensively using photoluminescence (PL) and photoluminescence excitation 

(PLE) spectroscopies [36]. It can be seen in fig 4.6 that at a given tempera-

ture, exciton linewidths of wider wells are smaller than those of narrower wells. 

The main reason for this is well thickness fluctuations which are prominent in 

quantum wells of smaller well widths. It can be seen that as the temperature 

increases the exciton linewidth increases. This is due to increased scattering 

by acoustic or optical phonons and ionized or neutral impurities [37), which 

contribute to the the exciton linewidth. 

In fig. 4.6 we see that the exciton linewidth mcreases linearly with 

temperature in the low temperature regime. Since the exciton linewidth is pro

portional to the acoustic phonon population, this shows that exciton scattering 

by acoustic phonons is a dominant process at low temperatures. However at 

high temperatures exciton scattering by optical phonons is dominant, and the 

exciton linewidth increases non-linearly. In the next chapter we will study the 

exciton-phonon interaction process in greater detail. 
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CHAPTER 5 

EXCITON-PHONON INTERACTION 

IN QUASI TWO DIMENSIONAL SYSTEMS 
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5.1 Introduction 

There are two main reasons for considering phonons in studying the 

dynamics of excitons; firstly phonons form an intrinsic part of any solid and 

therefore their interaction with excitons cannot be ignored. Secondly, phonons 

play an important role in excitonic reactions in conservation of energy and 

momentum. For example, the participation of phonons is essential to form an 

exciton state from a free electron-hole pair in a crystal or vice versa. 

There has been considerable interest regarding the study of phonons in 

quantum well semiconductors [1] and several investigations have been reported 

on the study of acoustic and optical phonons in GaAs-AlxGa1-xAs quantum 

wells [2-5]. The quantum confinement of phonons, however, is still a topic of ac

tive investigation. Several researchers [6,7] have shown that there are a variety 

of phonon modes which arise from the anisotropy of quantum wells, e.g bulk-like 

phonon modes, slab modes and interface modes. In a double heterostructure, 

for example, there are six possible types of phonon modes, namely: (i) sym

metric interface modes, (ii) antisymmetric interface modes, (iii) confined LO 

modes, (iv) confined TO modes, (v) half space LO modes, and (vi) half-space 

TO modes. Fasol et al [8] and Watt et al [9] are one of the first to report ex-

perimental evidence of phonon confinement in semiconductor heterostructures. 

The theory of electron-phonon and exciton-phonon interaction in bulk 
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crystalline material is well developed [10,11]. Exciton-phonon interaction oper

ators are usually derived from the theory of electron-phonon interaction opera

tors. There are two main types of interaction operators depending on whether 

the exciton is interacting with acoustic or with optical phonons. The exciton

optical phonon interaction is important in polar crystals where not all atomic 

sites have the same charge. Thus an electron at a lattice site can polarise the 

electric field set up by the surrounding ions which in turn causes the ions to 

move from their equilibrium positions. This results in a long range electron

phonon interaction energy operator. The interaction operator involves only LO 

(longitudinal optical phonons) and not TO (transverse optical) phonons, be

cause only the LO phonons set up strong electric fields when they vibrate [12). 

These electric fields are in the direction of vibration, which at long wavelength is 

in the direction of the phonon wavevector. The exciton-acoustic phonon inter

action, on the other hand, arises due to translational and rotational vibrations 

of ions or molecules. Such an interaction is of short range in nature. 

It is difficult, to describe the interactions in semiconductor heterostruc

tures in which both electrons and phonons are confined in a quantum well. A 

rigorous treatment of the electron-phonon interaction in a quantum well in

volves an accurate determination of the various phonon normal modes which 

exist within the quantum well. In our work here we will consider only the 
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bulk-like phonon modes. This is justified in view of the fact that the inter

action of excitons with bulk-like phonons is the most important one, as the 

lattice and dielectric constants of GaAs and AlxGa1-xAs are nearly the same. 

Recently, Tsuchiya et al [13] have also shown that the sum of contributions 

of GaAs-like modes and AIAs-like modes is almost equal to that calculated 

in the bulk-phonon model. Mori et al [14] have also justified the use of bulk 

phonons by suggesting a sum rule, which states that in a simple material such 

as GaAs the sum of electron interaction with various phonon modes coincides 

approximately with the interactions with bulk phonon modes. Thus a simple 

bulk-phonon model is expected to give reasonable results. 

When a photon of an appropriate frequency, is incident on a semicon

ductor an exciton is usually created at the bottom of the conduction band (n=l 

and exciton wavevector, I( =0) since the wavevector of a photon is nearly zero. 

The exciton thus created may be scattered by acoustic or optical phonons. The 

processes of scattering involving acoustic phonons are shown on side A in fig 5.1 

where it can be seen that an exciton can be scattered only to the same bound 

state, e.g n= l ~ 1 (intraband scattering) due to the small velocity of sound. 

An exciton in quantum wells can be scattered by phonons either due to the 

deformation potential or due to the piezoelectric potential interaction. 

Exciton scattering processes involving optical phonons are shown on side 
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B of fig 5.1, which shows that an exciton can be scattered to the same bound 

state or to a higher energy state e.g n =l -t 2 (interband scattering) or to 

continuum states due to the higher energy of an optical phonon. As mentioned 

in chapter 4, exciton scattering due to the deformation potential with acoustic 

phonons can be regarded to be dominant at low temperatures (below 100 K). At 

higher temperatures however, exciton scattering due to optical phonons becomes 

important. 

In this chapter we derive the quasi-2D exciton-phonon interaction op

erator, first for acoustic phonons, and then extend results of the derivation to 

optical phonons. The interaction operators are obtained by calculating the ma

trix element of the three-dimensional Hamiltonian between two exciton states. 

Unlike in previous work [16-19], we make use of the envelope wave function 

( eq.4.10) obtained in chapter 4 to represent the exciton states. The derived 

interaction operators will be useful in obtaining quantitative results about ex

citon dynamics due to interactions with phonons, in chaps. 6 to 8. Instead of 

using the experimental dispersion relation between energy E and wavevector q 

of phonons, as shown in fig. 5.2, we use the following mathematical model to 

approximate the energy of optical and acoustic phonon branches for the present 

work: 

E( q) = hwo for optical phonons (Einstein model) and , 
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E(q) = nqu for acoustic phonons, 

where w0 is the frequency of the optical phonon mode and u is the group veloc

ity of sound associated with the acoustic mode. We found the use of the above 

models to be convenient in deriving a simplified form of the exciton-phonon 

interaction operator applicable in quantum wells. Also the use of these mod

els is justified, as the results obtained fr01n the theory developed here fit the 

experimental data quite well. 

5.2 Derivation of Exciton-phonon Interaction Operators in 3D sys-

terns 

The two forms of electron-phonon interaction -operators which are com

monly used are: (1) the Frohlich Hamiltonian of electron-phonon interactions 

and the (2) Deformation potential interaction. In the first case, the electrons 

are assumed to be scattered by the lattice vibrations or ionic motions of the 

nuclear lattice. The Frohlich Hamiltonian is derived by expanding the matrix 

element of the ionic potential about the lattice equilibrium [10,15,16]. Using 

the Born-Oppenheimer approximation, the electronic energy is calculated first 

and is expanded in a Taylor series about the position of lattice equilibrium. 

The first-order term of the expansion thus obtained gives the electron-phonon 

interactions that are linear in the lattice displacement vectors. 

To explain the interaction of electrons and holes due to the deformation 
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potential, we consider the effects of the longitudinal modes of vibration in a 

semiconductor. A longitudinal mode of vibration in a crystal causes compres-

sions and dilations in the longitudinal direction, so that atoms in the crystal 

are closer together in regions of compression and further apart in regions of 

dilation. This, in turn, alters the potential function in the crystal, reducing 

the width of the energy gap in a region of compression and increasing it in a 

region of dilation. Shockley and Bardeen [17] made a useful approximation of 

this effect. They assumed that the sinusoidal variation in the band gap could 

be roughly approximated by a square wave potential with a height related to 

the deformation potential. Shockley et al further assumed that the variation 

in the potential function caused by the longitudinal modes moved very slowly 

compared to the velocity of the electron (hole) present in the conduction ( va

lence) band. Thus the problem was simplified to a calculation of the effect of a 

series of vertical potential barriers upon the electron or hole. 

The three-dimensional electron-phonon interaction for the deformation-

potential (DF) coupling has been derived as [16,17] : 

(5.1) 

where D1 ( D0 ), p and u are the deformation potential for the conduction ( va

lence) band, the mass density, and the sound velocity of the acoustic phonon 
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mode respectively. q denotes the phonon wavevector and e( q) is the unit po-

larization vector. Since q.e( q) = 0 within the first Brillouin zone for the case 

of transverse phonons, there is no interaction term for transverse phonons. 

In order to derive the Wannier exciton-phonon interaction operator from 

eq.(5.1), we need to express it in terms of electron-phonon and hole-phonon 

interaction operators. For this we consider only the valence band for the case of 

holes and the conduction band for electrons. By converting the a operators into 

d operators for holes in the valence band according to eqs.(3.lla) and (3.llb) 

which appear in chap.3, we can transform eq.(5.1) to [16]: 

I 

HfxF_;f = L (~1;t) 2 

(D1aLk+qal,k - Dodi,-kdu,-k-q) (bq + b~q) (5.2) 
k,q 

The above equation can also be written in terms of a Wannier exciton by re-

placing (15] aI,k+qal,k and di,-kdo,-k-q by IK + q, v)(v, Kl in eq.(5.2). We 

thus obtain the Wannier exciton-phonon operator as: 

DF (3D) " ( nlql ) l/2 
t 

Hex-ph = L..J -V [D1 - Do]IK + q, v)(v, Kl(bq + b_q) 
K,q 2pu . 

(5.3a) 

Eq. (5.3a) has been obtained in the limit q--+ O, however for phonons of long 

wavelengths, the interaction operator can be expressed as [18]: 

x IK + q, v)(v, Kj(bq + b~q) 
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with 

ae 
and 

ah 
(5.4) be= -jqj b1i = -lql 

b b 

where 

m* m* 
ae = e and a - h 

(m; +mj;) h-( *+ *) me mh 

and m: and mh are the effective masses of electron and hole respectively. 

In the next section, we will obtain an analogous form of eq.(5.3b) for 

the case of excitons in quantum wells. 

5.3 Derivation of the Exciton-Phonon Interaction Operator for 

Acoustic phonons in Quasi-2D systems 

In this section, the interaction Hamiltonian between quasi-two-dimensio-

nal excitons and acoustic phonons is derived using the deformation potential 

coupling. In the case of GaAs-AlAs quantum wells, the electrons and holes of 

the excitons are considered to be well confined within a quantum well since the 

difference between the energy gaps of the well and barrier materials is quite 

large. We also assume that the lattice modes are close to the three-dimensional 

bulk modes so that the acoustic phonons which interact with the quasi-two 

dimensional excitons in a GaAs layer can be considered to have a three dimen-

sional character. Thus it is not necessary to consider the various phonon modes 

which exist in quantum wells. One can then derive the interaction Hamiltonian 
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of quasi-two dimensional excitons with acoustic phonons starting from the three 

dimensional electron-phonon interaction Hamiltonian. 

We can express a quasi-two-dimensional exciton state with a total wave 

vector K
11 

as: 

IKu,v) =? L eiK11,R11cv(re11 -rhu,Ze,Zh) aLredb,rhlO,n) (5.5) 
re,rh 

where v0 is the volume of a unit cell and L is the quantum well width, ai,re is 

the creation operator of an electron in the conduction band, denoted by 1, and 

di,ri. is the creation operator of a hole in the valence band, denoted by 0, at 

positions re and rh respectively. In eq.(5.5), ID, n) is given by: 

ID, n) = ID) In) , (5.6) 

where ID) is the electronic vacuum state of the system representing completely 

filled valence bands and empty conduction bands and 

where nq is the occupation number of phonons with wavevector q. R
11 

is the 

coordinate of the centre of mass of an exciton defined by: 

(5.7) 

and Cv(r 11 ,ze,zh) is the envelope function for an exciton in the vth state in 

a quantum well and the argument r 11 = re 11 - rhu· All position vectors or 
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wavevectors can be decomposed into components parallel and perpendicular to 

the quantum well interface as r = (r
11

, z) and k = (k 11 , kz ). 

Using the Fourier transform one gets the well-known relations: 

i L 'k a - -- ei ,rh a 
1,rh - JN 1,k , 

k 

(5.8) 

where N is the number of unit cells related to L by N v 0 =L3
• By using eqs.(5. 7) 

in eq.(5.5) and transforming the discrete sum over the lattice sites into a spatial 

integral using: 

(5.9) 

we get: 

IK 11 , v) = L cv(k, k'; K 11 ) 8k 11 -k
11
,K 11 a!,kdtk' IO, n) (5.10) 

k,k' 

where 

(5.11) 

In obtaining eqs.(5.9) and (5.10) we have used the following relation: 

(5.12) 

where S is the area of quantum well in the XY plane. We rewrite the three-

dimensional electron-phonon interaction for the deformation - potential (DF) 
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coupling obtained in eq.(5.1) as: 

Hf!;1i = I)B1 ( q)ai,k+qal,k + Bo( q)ai,k+qao,k)(bq + b~q) (5.13) 
k,q 

where 3 1 and 3 0 are coupling functions which can be easily deduced from 

eq.(5.1). 

The interaction Hamiltonian of the quasi two dimensional excitons with 

acoustic phonons for the deformation-potential coupling is obtained by calculat-

ing the matrix element of Hf !;1i between two exciton states !Ku, v) and IK(
1

, v') 

where a change of the electron-hole internal state v is not taken into account 

[19] for simplification. We thus obtain: 

(v, K;, IHf!;1i !Ku, v) = LL L 31 ( q) c:(l, I'; K;
1

) cv(k, k'; Ku) 
k,k' 1,1' k* ,q 

+LL L 3o(q) c:(l, I'; K;,) cv(k, k'; Ku) 
k,k' 1,1' k* ,q 

(5.14) 

The fermion operators at,k and a;,k(t = 0, 1) obey the anticommutation rela-

tions of Fermi operators: 

(5.15) 
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Using eq.(5.15), the first term in eq.(5.14) can be simplified to: 

LL 31 (1- k)c:(l, l' r K;
1 
)cv(k, k'; K 11 ) 

k,k' 1,1' 

x81 11 K' 8k k' K 8k1 11 

11- 11' 11 11- 11' II ' 
(5.16) 

By substituting the expression for cv(k, k'; K
11

) from eq.(5.10) and converting 

the discrete sum over k into an integral using: 

one can reduce eq.(5.16) to: 

(5.17) 

By using the relation: 

one can further reduce the expression in (5.17) to 

L31(K
1
; - K11,qz) j d2

r11 j dze j dzhlCv(r11,ze,zh)l
2 

qz . 

(5.18) 
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In eq.(5.17), the first argument of 3 1 is the component of the phonon 

wave vector parallel to the quantum well interface and the second argument 

is the component perpendicular to the quantum well interface. Likewise the 

second term in eq.(5.14) can be obtained as: 

- L3o(K(i - K11,qz) j d2
r11 j dze j dzhlCv(r11,ze,zh)l

2 

qz . 

(5.19) 

Using eqs.(5.18) and (5.19), the Quasi-two dimensional exciton-phonon interac-

tion Hamiltonian H~~Pi2D can then be expressed as: 

H~~~,;D = L [31(K;
1 
-K11,qz)Tv(-a1i(K11 -K;1),qz)

J(II ,Ku ,qz 

xlK'11 ,v)(v,K 11 l(bK' -K
11 

q + bk -K' ) II , z II 11 'qz 

where the function Tv(Q 11 ,Qz) is given by 

(5.20) 

(5.21) 

By specifying the envelope function ICv(r
11

, Ze, Zh )I, we can obtain an explicit ex

pression for H~~Pi
1

2
D. For the lowest (ls) exciton state, we use the variational 

envelope function which we obtained in chap.4 (eq.4.10) as: 

(5.22) 
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where A is the normalization constant and b is a variational parameter which 

is obtained by minimizing the binding energy of the exciton. The form of the 

wavefunction in eq.(5.20) has been obtained by assuming that the quantum well 

is of an infinite barrier height within the region of lzel ~ ½ and lzhl ~ ½- Thus 

outside this region, the wavefunction becomes zero. Also the relative motion of 

electrons and holes along the z-direction is neglected in the wavefunction. The 

normalization constant, A can be determined by using the equation: 

L L 

2 J 2 12 12 2 7rZe 2 7rZh 1 = A d r 11 _1,_ dze _1,_ dzh exp(-br 11 ) cos L cos L , 
2 2 

(5.23) 

We obtain for A.: 

(5.24) 

Using the envelope function C1 8 (re - rh, ze, zh) in eq.(5.21), the function 

Tv(Q
11
,Qz) can be calculated as: 

2 7r Ze 2 7r ZJi (. . ) 
X cos L cos L exp iQ zZe + zQ 11 .r 11 (5.25) 

By rescaling the variables 1·
11 
,ze and ZJi to be dimensionless, we can reduce 

eq.(5.25) to: 

(5.26) 

102 



The integration over r 11 in eq.(5.26) cannot be evaluated directly. In order 

to perform this integration, we use two-dimensional polar coordinates and the 

following decomposition formula [20]: 

00 

eizcos0= I: ln(z)exp[in(0+i)], (5.27) 
n=-oo 

where ln(z) is the n
th 

order Bessel function. Using eq.(5.27) in (5.26) we get: 

X cos2 
7rze COS

2 1rZh exp(iQzLZe - 7'11) (5.28) 

We simplify the integral in eq.(5.28) using the formulfl. [20]: 

1
00 1 

dxl0 (ex)exp(-ax)x = 3 , 

o (e2 + b2 )2 

and then use eq.(5.23) in eq.(5.28), to obtain Tv(Q 11 ,Qz) as: 

(5.29) 

where G(QzL) is given by: 

(5.30) 
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Using eqs.(5.20) and (5.29), we finally obtain the quasi-two dimensional 

exciton-phonon interaction for the deformation-potential coupling as: 

(5.31) 

For the exact 2D case, the quantum well thickness, L = 0 and eq.(5.31) 

reduces to: 
1 

DF 2D = ~ (1i[(K;, - Ku)2]½) 
2 

Hex-ph L..J 2puS 
Kj1,Ku 

(5.32) 

where G(x) ~¼,is used for small values of x. Comparing eqs.(5.3b) and (5.31), 

one can see that the exciton-phonon interaction operators in the two- and three-

dimensional cases are different due to different powers in the terms (1 + be 2 ) 

and ( 1 + b1/). Hence the difference in the interaction operators in the two

and three-dimensional cases is small for long wavelength phonons where be and 

b1i can be neglected. For short wavelength phonons, the difference would be 
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significant and is expected to give rise to major differences in the transport 

properties of excitons in 3D and Quasi-2D systems. In the next two chapters 

we will use eq.(5.31) for the Quasi-2D exciton-phonon interaction operator to 

investigate exciton generation, scattering and decay due to acoustic phonons. 

So far we have considered only the deformation-potential coupling be-

tween the exciton and acoustic phonons. In materials like GaAs which lack 

inversion symmetry, the piezoelectric interaction which arises due to electro-

static coupling between electrons ( or holes) and acoustic phonons needs to be 

considered. However the piezoelectric interaction will be neglected in this study 

as its strength is much lower than the strength of other interactions. This point 

will also be addressed in the next chapter. 

5.4 Exciton- Phonon Interaction Operator for Optical Phonons m 

Quasi-2D systems 

The three dimensional electron-phonon interaction involving longitudi-

nal optical phonons is described by the Frohlich Hamiltonian [21,22]: 

fI = ~ (V b eiq.r + V* bt e-iq.r) 
op L....t q q q q , (5.33) 

q 

where 

( 
n )½ 

2m;w ' 
(5.34) 
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and a E is a dimensionless coupling constant given by: 

(5.35) 

where c= and c 0 are the high- and low-frequency values of the dielectric function 

of the well material. m! is the electron band mass and w is the frequency of the 

LO phonons. Usually one makes the approximation w = wL 0 , where wL 0 is the 

frequency of LO phonons at the phonon wavevector q = 0. It can be seen that 

aE depends on the material of the quantum well and works out to be about 

0.68 for GaAs. This relatively small value for the polar optical case means that 

the electron-phonon or exciton-phonon interaction can be regarded as a small 

perturbation of the ionic and free carrier Hamiltonian. 

The derivation of the exciton-optical phonon interaction for the case of 

a quasi-two-dimensional exciton can be performed using the same procedure as 

used for the exciton-acoustic phonon interaction operator from the deformation 

potential given in the previous section. The quasi-2D exciton-optical phonon 

interaction operator can thus be obtained as: 

I 

Hop Q2D = 4 ~ ( 27re21iwLo ) 2 (2- - ]_) G(Q L) 
ex-ph D V( 2 2) z 

I\.., K q qll + qz c= co 
11' II• z 

xlK'11 ,v)(v,K 11 l(bK'-Kiiq +bk-K' ) 
II ' z II 11,qz 

(5.36) 
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In chapter 8, we will use the form of quasi-2D exciton-optical phonon 

interaction operator given in eq.(5.36) to investigate the formation of excitonic 

polarons in semiconductor quantum wells. 
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Fig. 5.1 Exciton Scattering by Acoustic 

and Optical Phonons. 
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CHAPTER 6 

GENERATION RATE OF 

QUASI TWO DIMENSIONAL EXCITONS 

IN QUANTUM WELLS 
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6.1 Introduction 

Although the area of exciton dynamics is well studied in bulk [1], not as 

much theoretical work has been done on excitons in quantum wells, especially 

on the important aspect of generation of excitons [2] by the photoexcitation 

of electron-hole pairs. A pair of photoexcited electron and hole can form an 

exciton through the interaction with acoustic or optical phonons. The exciton 

can be formed in the ground as well as the excited states, and in the singlet 

as well as the triplet spin states. Although there are different forms of the 

state in which an exciton can be formed, the approach of solving the problem 

of exciton generation remains the same in all cases. Ip. this chapter we present 

the theory of generation of a heavy-hole exciton (Quasi-2D exciton) from an 

electron hole pair in a semiconductor quantum well (QW). Experimental results 

[3] have shown that HH excitons are closer to the absorption edge. Thus the 

process of generation of excitons at the band edge applies more for the HH 

exciton. 

We consider the fact that energy is conserved during exciton generation 

by emission of an acoustic phonon in the final state. The rate of generation 

is then calculated using the quasi 2D exciton-phonon interaction operator ob

tained in chapter 5. We consider the case in which the exciton is formed in its 

internal ground state, and spin will be ignored in our calculations. 
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The process of generation of heavy hole excitons in a GaAs-AlxGa1-xAs 

quantum well may be regarded as proceeding as follows: Initially an existing 

electron-hole pair relaxes to the corresponding sub band edges and then a Quasi-

2D exciton may be generated by emitting an acoustic phonon to conserve the 

excess energy. It is to be noted that the electron and hole are assumed first to 

relax to the bottom of their corresponding subband edges before binding into 

an exciton state. However earlier work by Darnen et al [2] have supposed that 

the electron-hole pair first form an exciton which then relaxes to the bottom 

of its band. As the exciton states usually lie within the energy band gap, 

below the conduction band [1], it is meaningful to suppose that an exciton state 

cannot be formed from an electron-hole pair which have energies higher than 

that of the conduction and valence bands respectively. We therefore believe 

that the exciton state is formed from an electron hole pair which is at the 

bottom of their respective bands. It is highly probable that an exciton can 

autoionize just as easily as it is formed. We thus consider the process of exciton 

generation occurring at low temperatures where the kinetic energy of the exciton 

is much less than its binding energy so that the reverse process of exciton 

dissociation may not occur instantaneously. We also assume that the formation 

of exciton occurs by emitting a single acoustic phonon; multiphonon emission 

is not considered here. The reaction of exciton generation reaction can thus be 
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described as: 

e 

e 

e + h --+ I + nw 
h 

(6.1) 

where e, h and h represent, respectively, an electron, a hole and a heavy-hole 

exciton formed in the lowest Quasi-2D exciton band, and nw is the frequency 

of an acoustic phonon. 

6.2 Theory of generation of Quasi-2D excitons 

As mentioned in chapter 4, the exciton wave functions in quantum well 

systems differ from those in bulk because of the effects of confinement within 

the potential well. The wave function of the exciton _in a single quantum well 

will be defined within the two-band approximation i.e only the lowest electron 

subband and highest heavy-hole subband are included. We neglect any interac

tion between the light and heavy holes. The exciton state vector IK) can then 

be written as: 

IK,v) = :r>v(K,k) aI,(K+k)/2 ao,(K-k)/210) 
k 

(6.2) 

where v denotes the internal energy states (ls, 2s ... ) of the exciton and K is 

its wavevector in the plane of the quantum well. ID) is the vacuum state of the 

system: all the valence-band states are filled and those of the conduction band 

are empty. cv(K, k) is analogous to the expansion coefficient given in eq.(5.11) 
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of chapter 5. 

The process of formation of excitons considered here represents a transi-

tion from an initial state with an electron-hole pair in a quantum well, to a final 

state with one HH exciton and an acoustic phonon [eq.(6.1)]. The eigenfunction 

of the initial state can be written as: 

Ii) = L ai,k ao,K-klO; n) ' (6.3) 
k 

and that of the final state can be written with the help of eq.(6.2) as: 

If) = L cv(K, k) aLK+k-q)/2 ao,(K-k-q)/2 b~IO; n) . (6.4) 
k,q 

Having defined the eigenvectors of initial and final states we assume 

that the transition from initial to final state takes place due to a Quasi-2D 

exciton-phonon interaction operator as derived in chapter 5 ( eq.5.31 ): 

HDF(2D) = '°' ( 1ilql ) l/
2 

( D1 _ D 0 ) 

ex-ph ~ 2pu V [l + b7J3/2 [l + b~]3/2 

(6.5) 

where D 1 and D O are the deformation potentials for the conduction and va-

lence bands, p is the mass density and u the sound velocity of the longitudinal 

acoustic (LA) phonon mode, b1t = 7f-lql and be =Tlql where bis a variational 

parameter. However in our calculation we will take b to be the effective inverse 

Bohr diameter of the exciton [4]. 
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In eq.(6.5), we have considered only the interaction of excitons with 

acoustic phonons due to the deformation potential. The piezoelectric interaction 

which arises due to the electrostatic interaction between the acoustic phonons 

and the polarisation field has been ignored here as its strength is considered to 

be lower [5,6] in comparison to the interaction due to the deformation potential. 

Using eqs. (6.3),(6.4) and (6.5), the transition matrix element can be 

written as: 

(JIHDF(2D) Ii) = ~ ( filql ) l/
2 

( D1 _ D 0 ) 

ex-ph L; 2pu V [1 + b2] 3/2 [1 + b2) 3/2 
K,k ,q h e 

x(v,K- qi k' + q,v)(v,k'latk ao,K-klO) 

From eq.(6.2), one finds that: 

(v', K'IK, v) = I)cv(K, k)l2 8k,k' bv,v' 
k 

Using eq(6.7) in eq.(6.6), we get: 

(f lHDF(2D) Ii) = ~ ( nlql ) 
112 

( Dl _ Do ) 
ex-ph L-: • 2puV [1 + b2)3/2 [1 + b2)3/2 

K,q,k ,k h e 

(6.6) 

(6.7) 

Using the anti-commutation relations for fermion operators, eq.(6.8) then sim-

plifies to: 

1/2 ( ) (JIHDF(2D) Ii) = ~ ( nlql ) Dl _ Do 
ex-ph ~, 2puV [1+b2)3/2 [1+b2)3/2 

K,q,k h e 

X lcv(K - q, k')l22)cv(K/2, k*)l8K/4,q (6.9) 
k* 
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If we assume that the excitons thus formed have K = 0 and are in their 

internal ground energy state (v = ls), we can express: 

. 
C1s(K, k) = C1 8 (K = 0, k) = C(k) 

The summation over k* in eq.(6.9) can be evaluated using [7,8]: 

LC(k) = b fs 
k v~ (6,10) 

where Sis the area of quantum well. Using (6.10) in (6.9) we get, 

UIHD~(2D)li) = (2-)3/2 b3~ (~)1;2 s3/2 
ex ph 27r L 2puV 

q 

( 
D 1 Do )-

x [1 + b7J3/2 - [1 + b~]3/2 
(6.11) 

In order to evaluate the summation over q in eq.(6.11), we convert it into an 

integration which can be evaluated only numerically. It is difficult to obtain 

an analytical expression because of terms like [ 1 + b;J 312 and [ 1 + b;] 312 which 

appear as denominators of D1 and Do respectively. 

The calculation of the rate of exciton quantum transition can be done 

using the Fermi-golden rule given by : 

R = 
2
;~LIUIH1 li)l\5(Ei - Et), 

t 
( 6.12) 

where Ii) and If) represent the initial and final states with energy Ei and Et 

respectively and H 1 is the interaction operator. 8 ( Ei - Et) conserves the energy 

116 



of the crystal before and after the transition. The sum over J takes into account 

all the possible final states. Replacing H 1 with H1/x~~2f) and using eq.(6.11) in 

eq.(6.12) we get the transition rate for the formation of an exciton from a free 

electron-hole pair as: 

R = 4 (0.418D 1 - 0.045Do)
2
b

2 
N- 1 " ti ( ) fJ(E· _ E ) 

3iiLpu2 L.t iw q i f ' 
• q 

(6.13) 

where the pre-summation factor is obtained from the numerical integration of 

eq.(6.12). In order to evaluate (6.14) we have replaced 8(Ei-Ef) by 8(tiw-Eb), 

as an approximation, where Tiw is the energy of the emitted acoustic phonon to 

conserve the exciton binding energy during the transition process. The values 

of the exciton binding energy (Eb) and the corresponding quantum well width 

used here are obtained using the method discussed in chapter 4. Converting the 

summation over q into an integral in energy space and using the Debye model 

for the density of phonon states given by: 

3N(tiw )2 

p(iiw(q)) = (iiwv)3 ' (6.14) 

where tiw D is the De bye cutoff frequency, we obtain the transition rate per 

second as: 

R = 4 (0.418D1 - 0.045D0 )2 Eb 3 b2 

tiu2 pL(iiw v )3 

117 

(6.15) 



6.3 Results and discussion 

The rate of generation of an exciton with emission of an acoustic phonon 

from an electron-hole pair is calculated for GaAs-AlxGa1-xAs quantum wells. 

Using eq.(6.15) and taking D 1 = -6.5 eV, D 0 = 3.1 eV, u = 4.8 x 105 cm s-1 , 

fiwv = 40 cm-1, b = 20 x 106 cm-1 , p = 5.3 g cm-3 [4] the rate of generation is 

found to be in the range of about 10 x 109 s-1 to 5 x 108 s-1 for quantum well 

widths ranging from 25A to 200A respectively for three different well depths 

- two corresponding to aluminium concentrations of x = 0.3 and 0.15 and the 

third one corresponding to an infinite potential well. 

Darnen et al [2] have measured the time of-formation of excitons in 

GaAs-AlGaAs quantum wells and found it to be about 20 ps, which gives a 

rate of 5 x 1010s-1. In a separate experiment, Kusano et al [9] have measured a 

generation rate of 0.5 x 1010 s-1 in GaAs superlattice structures. Thus the results 

calculated here are of the same order of magnitude as the experimental ones. 

This supports further the neglect of piezoelectric electron-phonon interactions 

in our calculations as stated above. The inclusion of such an interaction may 

only change the calculated rates by some fraction which will not affect the orders 

of their magni tucles. 

It is, however, to be noted that a direct comparison of our results with 

experimental ones may not be possible because of the various assumptions in-
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valved in our calculations which may not match exactly with experimental con-

ditions. For example, we have considered the case of a single quantum well 

whereas experimental results are obtained over many quantum wells. Therefore 

the interaction between excitons or charge carriers in neighbouring quantum 

wells, which is neglected in our calculations, may be important to consider es-

pecially at very small well widths. Also at small well widths, some weighted 

average of the dielectric constants of well and barrier materials can be expected 

to give more accurate values of R instead of using only the dielectric constant 

of the well material as we have done here. 

Figure 6.1 shows the variation in binding energy with quantum well 

width for both infinite and finite potential wells. In the case of the infinite 

potential well, the binding energy decreases with L whereas in the case of finite 

potential wells the binding energy reaches a maximum at a certain quantum well 

width before it starts to decrease with L. The binding energies are calculated 

as a function of the aluminium concentration x and the GaAs quantum well 

width L. 

Figure 6.2 shows that the rate of exciton generation R decreases sharply 

with quantum well width for the case of an infinite well, but this decrease 

becomes gradual for finite potential wells. This effect is due to the fact that the 

exciton binding energy decreases sharply with the quantum well width for an 
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infinite potential well but it decreases only gradually for finite quantum wells. 

The rate R decreases with Lin all the cases as can be seen from eq.(6.15). 

Our expression for the transition rate R derived in eq.(6.15) shows that R 

varies with the binding energy Eb as El. This means that for a particular crystal 

with' fixed tiw D, the rate of exciton generation will increase with the binding 

energy. This can be justified on the basis that higher binding energy means 

a lower exciton state energy which will be favoured energetically to generate 

excitons in the final state. 

It is should be noted that though the generation rate depends on 

( ti~n) 3 , the rate does not change greatly due to the small change in Eb for well 

widths ranging from 25A. to 200A.. Consider for example the x = 0.15 curve in 

fig. 6.1, where the binding energy changes from 8.25 meV to 6.5 meV for well 

widths ranging from 25A. to 200A. respectively. The corresponding generation 

rates are 4 x 109 s-1 and 5 x 108 s-1 at this range which are not significantly 

different. 

Although we have considered here only a process in which energy is con

served by emitting a single acoustic phonon, the number of phonons emitted 

would obviously depend upon the internal energy state of the exciton, initial 

density of electron-hole pairs, the surrounding temperature and wavevector as-

sociated with the phonon modes. Multiphonon processes have not been consid-
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ered here due to very involved calculations but they are known to play important 

roles at low temperatures [10,11]. 

We have not considered exciton-exciton interactions here because we 

have assumed the presence of only one free electron-hole pair to generate only 

one exciton. Such an assumption is not uncommon in the theory of excitons 

[1,12]. 

In conclusion, we have presented here a method of calculating the rate 

of formation of excitons from a free electron-hole pair by emission of a single 

acoustic phonon. Our rates depend on quantum well widths and depths. Some 

numerical results are calculated and compared with experimental ones. 

121 



._.. 
t--, 
t--, 

Fig. 6.1 Variation of the binding energy,Eb ,of a HH exciton as 
a function of the GaAs quantum well width for Al cone., 
x = 0.15, 0.30 and for an infinite potential well. 

11 .5 

11.0 

10.5 . --
INFINITE WELL 

I " 10.0 

> 9.5 
Q) t---..._ ~ ,,,, X = 0.30 

.§ 9.0 
.c 
w 8.5 

8.0 

7.5 

7.0 

6.5 
25 45 65 85 105 125 145 165 

0 

WELL WIDTH A 

185 



f-' 
tv 
c,, 

10 

9 ·-

8 . 
0 w 7 •-
(1) - 6 I-m 
+ w 

Fig. 6.2 Variation of Exciton generation rate,R ,as a function 
of GaAs quantum well width L for Al conc .. x = 0.15, x = 0.3 
and for an infinite potential well. 

\ INFINITE WELL 

o 5 I ~ - "\ \ ------ X=0.3 >< 4 -
a: 

3 I- ~'( X=0.15 

2 

1 •-

0 
25 50 75 100 0 125 150 175 

WELL WIDTH/ A 
200 



CHAPTER 7 

SCATTERING AND DECAY OF 

QUASI TWO DIMENSIONAL EXCITONS 
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7.1 Introduction 

In this chapter we investigate the decay and scattering of free ( delo

calised) excitons due to acoustic phonons in quantum wells. As discussed earlier, 

the interaction of excitons with acoustic phonons is dominant at low temper

atures whereas at higher temperatures the interaction of excitons with optical 

phonons becomes important. In general, exciton scattering in semiconductors 

is caused by imperfections in the periodic lattice potential. These imperfec

tions can arise due to lattice vibrations, external impurities (both ionised and 

neutral) and presence of excess charge carriers. The process we are going to 

consider here is essentially the scattering of an exciton from an initial state 

of wavevector K 11 to another state of wavevector K(
1 

by emitting or absorbing 

an acoustic phonon. Such scattering of excitons due to phonons provides an 

important mechanism of transfer of both energy and momentum in condensed 

matter. In addition we will calculate the rate of decay of an exciton into an 

electron hole pair due to interaction with acoustic phonons. We also compare 

the rates of scattering and decay of the heavy hole exciton with that of the light 

hole excitons. 

7.2 Wavefunctions of Initial and Final Exciton States in a QW. 

Here we use a wavefunction for an exciton in a single quantum well ob-
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tained within the the two-band approximation. Assuming no coupling between 

the light and heavy holes, the exciton state vector can be written in the form 

given by eq.(5.5) of chapt. 5: 

IK 11 ,v) = ~ L exp(iK 11 .R11 )Cv(re
11 

- rh
11
,ze,zh) 

re,rh 

(7.1) 

Here we suppose that the exciton is in its lowest (ls) state for which we use the 

variational envelope function as obtained in eq.( 4.10) of chapter 4: 

where A is the normalization constant and bis the variational parameter. The 

form of the wavefunction in eq.(7.2) is obtained by assuming that the QW is 

of an infinite barrier height, and by neglecting the relative motion of electrons 

and holes along the z-axis. Writing the operators of eq.(7.1) in the Bloch 

representation and converting the summation over re and rh into corresponding 

integrations, one gets: 

IK 11 , v = ls) = L c1s(k, k', K 11 ) 8k
11
-k 11 ,Ku al,k ao,k' IO, n) (7.3) 

k,k' 

where k and k' are the wavevectors of the electron and hole respectively. and 

(7.4) 

126 



where 

For the calculation of rates of both scattering and decay of excitons, we will 

consider the form of the initial state wavefunction of an exciton as given in 

eq.(7.3). 

For calculating the rate of scattering, we suppose that an exciton is 

scattered from its initial state of wavevector Ku to a final state through the 

following three channels: 

(1.) Exciton (K
11 

) --+ Exciton (K[
1 

) + virtual phonons 

(2.) Exciton (Ku ) --+ Exciton (ku ) + Acoustic phonon emitted (Ku - ku ), 

and 

(3.) Exciton (Ku ) --+ Exciton (ku ) + Acoustic phonon absorbed (ku - Ku) 

The term virtual phonons as used for channel 1 refers to exciton scat-

tering in which the number of phonons remain unchanged. For example an 

exciton can get scattered first by absorbing a phonon and then scattered again 

by emitting a phonon. In this way, there is no net change in the actual phonon 

population although the phonon number changes during the transition. There-

fore as it appears that phonons do not seem to take part in the exciton scattering 

process, the term "virtual" phonons is used. 

The wavefunctions corresponding to the three types of final states de-
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scribed above can then be written as: 

lfo) = IK;
1

, ls), 

If+) = L bku-ku lk11 , ls), 
ku 

If-)= L bku-Ku lk11 , ls). 
ku 

(7.5a) 

(7.5b) 

(7.5c) 

For the decay process, we consider that initially an exciton with waveve-

ctor K
11 

decays into an electron hole pair by absorbing an acoustic phonon. Thus 

the wavefunction of the final state of the decay process can be written as: 

lfd) = L aLku ao,ku bku-Kn ID, n), 
ku 

7.3 Matrix Element for Exciton Scattering 

(7.6) 

Having defined the eigenvectors of initial and final states we assume 

that the transition from initial to final states takes place due to a Quasi-2D 

exciton-phonon interaction operator which has been derived in chapter 5 as: 
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HDF(2D) = 4 ~ 
ex-ph ~ 

(
D1G(qzL) DoG(qzL)) 

X [1 + b~]3/2 - [1 + b~]3/2 

x IK;1, ls)(ls, K 11 l(bq + b~q) 8K
11
-K

11 
,q

11 
, (7.7) 

The delta function conserves the momentum of the scattered exciton and :phon-

on in the XY plane. For small values of x, the function G(x) is obtained as: 

7r2 

G(x)=4 2 2 
7r - X 

(7.8) 

Using the wavefunctions of the final state given in eq.(7.5a), the matrix 

element for the transition from one excitonic state jls, K
11

) ( eq. 7.3), to another 

state jls, K;
1
) (eq.7.5a), when there is no net change in the actual phonon pop-

ulation is obtained as: 

HDF(2D) _ 4 ~ ex-ph - ~ 

where + and - correspond to the emission and absorption of a phonon re-

spectively. For simplication, we have used G(x) = ¼, which is valid for very 

small values of x. rig is the thermalised average number of phonons given by: 

1 

exp(fiw(q)/KBT) -1 ' 
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where tiw(q) is the energy of an acoustic phonon with wavevector q. The acous-

tic phonon energy tiw(q) involved here is assumed to be smaller than the thermal 

energy, KBT and hence ~~~~ ~ 1. Using this inequality in eq.(7.10), we can 

approximate: 

(7.11) 

Thus it is important to note that at low temperatures and for nw(q) << KsT, 

the acoustic phonon population varies linearly with temperature. This is not 

expected to be so in the case of optical phonons. 

The matrix elements for the second and third scattering processes de-

scribed by (7.5b) and (7.5c) can be derived in a similar way using (7.3), (7.5b ), 

(7.5c) and (7.7) as: 

( I 
DF(2D)I ) J± Hex-ph ls, Ku = 4 

1 1/2 

(

ti((K 11 - k 11 )
2 + q;) 2

) 

2puV 

(7.12) 

where e; = nq + l corresponds to the scattering of excitons involving emission 

of a phonon (7.5b) and t;; = nq corresponds to that involving absorption of a 

phonon (7.5c). It is to be noted that the expression for the matrix element in 

(7.12) depends linearly on the ·phonon number nq whereas that in (7.9) depends 

on the square root of the phonon number. This would account for any differences 
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obtained in the temperature dependence of exciton scattering rates through 

different channels. 

7 .4 Matrix Element for Exciton Decay 

Using (7.3), (7.4), (7.6) and (7.7), the matrix element for the exciton 

decay process of transition from an initial state of a free exciton to a final state 

of an electron-hole pair by absorbing an acoustic phonon can be obtained as: 

(7.13) 

where S is the surface area of quantum well. Also the exciton wavevector in 

the initial state is assumed to be at K 11 = 0. Using the approximate expression 

obtained for the phonon number in (7.11) in (7.13), the latter can be further 

simplified as: 

DF(2D) (871")½ ( ](BT )
112 

(fdlHex-ph IK11 = 0, ls) = S 2v 
2pu 

b2 
x[D1 -Do] L a 

q (b2 + q2)2 

The summation over q in (7.14) gives: 
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Using (7.15) in (7.14) we get: 

. DF(2D) "-n (},rT)1/2 
(idlHex-ph JKu = 0, ls)= 1rpu 2 L [D1 - Do] b (7.16) 

It is to be noted that the matrix element in eq.(7.16) is inversely proportional 

to the square root of the quantum well width, L. 

7 .5 Transition Rates of Exciton Scattering. 

Calculations of the transition rate, W, can be done using : 

(7.17) 

Here we first consider the case of exciton scattering from an initial state of 

an exciton with wavevector Ku to a final exciton state with wavevector K(
1 

involving virtual phonons. The energy of initial and final states are: 

(7.18a) 

(7.18b) 

where Eex is the exciton energy and µ* is the effective exciton mass. The last 

terms of both (7.18a) and (7.18b) are the energies acquired by the exciton due 

to its confinement in quantum wells. Using (7.9) and (7.18) in (7.17), we get 
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(7.19) 

and by converting the summation over K;
1 

and qz into integrals we obtain an 

expression for the rate of exciton scattering as: 

3b
6

I< Tµ* 12
1r ( D D )

2 

Ws(I<11) = / i / - o / 
4nn pu2 L o [1 + b~] 3 2 [1 + b~] 3 2 

X ( 1 - cos 0)d0 , (7.20) 

where q 11
2 = 4K

11

2 sin(0/2) and 0 is the angle between K 11 and K;
1

• To obtain 

(7.20), we have considered the exciton scattering to be elastic during the tran-

sition, so that initially an exciton with wavevector K
11 

emits a virtual phonon 

of wavevector q 11 and then reabsorbs a phonon of identical wavevector to get 

to the final state of wavevector K;
1

• As bh and be depend on q 11 which in turn 

depends on 0, it is difficult to solve the integral in (7.20) analytically. It can 

however be evaluated using the approximation b ~ be, bh, which gives: 

where 

(7.22) 
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It is to be noted that W8 (0), which represents the rate of scattering at the 

bottom of the exciton band (K11 = 0) is independent of the variational parameter 

b. 

Next we consider the case of exciton scattering from an initial state of an 

exciton with wavevector K 11 to a final exciton state by emission or absorption of 

an acoustic phonon. The energy of the initial exciton state would be the same 

as in (7.20a), whereas that of the final state can be written as: 

t:.2k2 1i2 2 n II i 71" 
Ej = Eex + ~ +? * LZ ± liw(q), ~µ ~µ 

(7.23) 

where the phonon energies +liw and -liw correspond to emission and absorption 

of an acoustic phonon respectively. Thus using (7.12), (7.18b) and (7.23) in 

(7.17), the rate is obtained as: 

w± = 9wD J±(T)µ* [D - D ]2 
s 1i2 2L 1 o , 

i pu 
· (7.24) 

where 

(7.25a) 

for the scattering of an exciton with absorption of an acoustic phonon, and 

(7.25b) 

for the scattering of an exciton with emission of an acoustic phonon.The inte-

grals in (7.25a) and (7.25b) are later evaluated numerically to obtain values for 

the scattering rates. 
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7 .6 Transition Rate of Exciton Decay. 

To evaluate the exciton decay rate, we replace 8(Ei - Et) in (7.17) by 

8(nw - Eb) where Eb is the binding energy of the exciton and nw is the energy 

of an emitted acoustic phonon [1-3]. Using (7.16) and (7.17), the exciton decay 

rate can be obtained as: 

W _ 6b2 [D1 -DoJ2KnTEl 
D - nLpu2 (tiwD )3 

(7.26) 

In order to derive (7.26), we have converted the summation of phonon wavevec-

tors into an integration in energy space where the Debye model for the density 

of acoustic phonon states as given in eq.(6.14) of chapter 6 is used. 

7. 7 Results and Discussion 

We have presented here a method of calculating the rates of 2D ex-

citon scattering and decay of 2D excitons in quantum wells through various 

channels. We will give the calculated results for the case of HH excitons in 

GaAs-AlxGa1-xAs quantum wells but our calculations can easily be extended 

to the case of LH excitons as well. The rates are calculated using (7.21), (7.24) 

and (7.26) with values [5] for D1 = -6.5 eV, Do = 3.1 eV, u = 4.8 x 105 cm s-1 , 

Fig. 7.1 shows the rate of HH exciton scattering involving virtual 

phonons as a function of the quantum well width calculated using (7.21) and 
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(7.22) at three different temperatures of 10 K, 50 K and 100 K and for two 

selected exciton wavevectors of I K II I = 0 and I K II I = 3 x 10 7 m - l • As can be 

seen from Fig.7.1, the rates of scattering for exciton wavevectors IK 11 I= 0 and 

IK
11 
I =/= 0 do not differ from each other appreciably. This, in conjunction with 

eq.(7.21), suggests that the rate of scattering at IK 11 I= 0 is dominant. The rate 

of scattering through channel 1 increases linearly with temperature as can be 

seen from eq.(7.21). 

Our calculated rates of HH exciton scattering are obtained in the range 

of about 2 x 1011 s-1 to 20 x 1012 s-1 at temperatures ranging from 10 K to 

100 K and for well widths varying from 25A. to 200~. These results compare 

well with the experimental rates [5] of 3 x 1011 s-1 to 3 x 1012 s- 1 obtained for 

the HH exciton at temperatures ranging from 5K to 100K and for well widths 

varying from 40A. to 140A. taking into account the difference in temperature 

and the well width range. 

Experimental results [5] also indicate that at a given temperature, exci

tonic linewidths from wider quantum wells are smaller than those from narrower 

quantum wells. This also agrees very well with the scattering rates obtained in 

eqs.(7.21) and,(7.22). The numerical calculation of the rate in eq.(7.21) show 

that the exciton scattering of the HH exciton is several times ( of the order of 

M H II/ MLH) greater than that of the LH exciton. It is thus possible to use this 
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result to calculate the distribution of HH and LH excitons in semiconductor 

quantum wells. It is however to be noted that experimental results indicate 

slightly higher scattering rates for LH excitons in comparison with that for HH 

excitons but our calculations show that it is the other way around. This may 

be due to the fact that the scattering by the effect of interface roughness [6,7] 

which is not taken into account here can be expected to influence the LH exciton 

more than the HH exciton. 

Fig.7.2 shows the variation of the rates with temperature of HH- exciton 

scattering with emission and absorption of a single acoustic phonon. The rates 

are calculated at a quantum well width of 100 A. The :7ariation of rates with the 

quantum well width is not shown here because it is found to be the same as that 

shown in Fig.7.1 for exciton scattering involving virtual phonons. Both rates 

of exciton scattering with emission and absorption of acoustic phonons increase 

nearly linearly with temperature (Fig. 7.2). From Figs 7.1 and 7.2, it can be 

seen that the rate of exciton scattering through channel 1 (involving virtual 

phonons) is higher than that for the other two channels (involving emission and 

absorption of an acoustic phonon). One can therefore conclude that exciton 

scattering through channel 1 is more efficient in comparison with that through 

channels 2 and 3. 

Takagahara [8] has also studied the exciton dynamics in quantum wells, 
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and it is desirable to compare the results obtained here with those obtained by 

Takagahara for localized quasi-2D excitons in InGaAs/InP alloy quantum wells. 

In the localized regime, the rates of phonon-assisted migration of excitons among 

localised sites within a quantum well layer is found to be sensitive to the exciton 

energy. It may be attributed to the fact that an exciton of higher energy is more 

likely to migrate than that of lower energy. However for delocalised excitons, 

the rate of scattering by acoustic phonons is independent of the exciton energy 

as can be seen from eqs.(7.21) and (7.24). Our calculated rate of migration of 

a delocalised exciton is found to be an order of magnitude higher than those 

calculated by Takagahara. Since a localised exciton is less likely to be scattered 

than a delocalised exciton, a higher rate of migration the for delocalised exciton 

is apparently justified. 

For the case of delocalised excitons, Takagahara has found that the 

rate of scattering of delocalized excitons by a single phonon depends linearly 

on the temperature. In our case, such a linear dependence is found only for 

exciton scattering through channel 1 ( where there is no net change in the phonon 

population). However for channels 1 and 2 involving emission and absorption of 

an acoustic phonon respectively, we have found a non-linear dependence of the 

exciton scattering rate on temperature in the low temperature region (:::; 30K). 

This can be justified on the basis of the expression for the average number of 
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phonons given in eq.(7.10) which is then used in eq.(7.13). As rig (7.10), the 

average number of phonons used in the transition matrix element (7.13) depends 

non-linearly on temperature, such a non-linear behaviour in the transition rate 

of scattering can be expected. 

Nash et al [9] have discussed exciton scattering by optical phonons where 

there are more than the three specific channels considered here for the case of 

acoustic phonons. Exciton scattering by optical phonons, which is dominant 

at higher temperatures, also includes exciton transitions to higher subbands 

and 'the continuum states. Specter et al [10], for instance, have found that the 

main contribution to the transition rates involving optical phonons were from 

the continuum states and the ls bound state. This explains the higher rates 

(- 1.0 x 1013 s-1 ) obtained [9] for exciton scattering by optical phonons for well 

widths ranging up to 300A . 

In Fig. 7.3, we have plotted decay rates of both HH and LH excitons as a 

function of the quantum well width at 60 K. The exciton binding energy Eb and 

the corresponding quantum well width values used here are obtained using the 

method discussed in chapter 4. At small widths, the rate of LH exciton decay 

seems to be larger than that of HH decay, but the difference nearly diminishes 

at large well widths. This is expected, as the decay rate in eq.(7.26) depends on 

the exciton mass through the exciton binding energy. Since the binding energy 
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of the LH exciton is generally higher than that of the HH exciton, the decay rate 

of the LH exciton is (Etu / E;1
1 

)
2 times higher than that of the HH exciton. 

This is consistent with recent experimental measurements [11] which show that 

the decay time for the light exciton is twice as much as in the case of the HH 

exciton. 

The rate of exciton decay into a free electron hole pair calculated using 

eq.(7.26) is found to be 1.5 x 1014 s-1 for the HH exciton at 300K and well width 

of lO0A which agrees reasonably well with the inverse of the ionization time [12] 

of 300fs measured for excitons in 65 periods of GaAs quantum wells 96A thick, 

alternated with Al0 .3 Ga0 .7As barrier layers 98A. thic!( at 300K. Experimental 

results [13] also indicate that the exciton lifetime decreases significantly with 

temperature and increases with well width, which agrees well with the decay 

rate expression in eq.(7.26). 

It is to be noted that for exciton scattering and decay processes, we 

have considered only the exciton interaction with acoustic phonons due to the 

deformation potential. The piezoelectric coupling which arises due to electro

static interactions between the acoustic phonons and the polarisation field has 

been ignored [14,15] here as well, for the same reason as in chapter 6. How

ever the inclusion of scattering via piezoelectric coupling is expected to change 

the calculated rates only by factors which will not affect the orders of their 
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magnitudes. 

In conclusion, we have calculated in this chapter the scattering and decay 

rates of excitons due to their interactions with acoustic phonons for various 

quantum well widths and temperatures. It is expected that our results will 

provide insight into the understanding of the exciton dynamics in quantum 

wells in the low temperature regime. 
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CHAPTER 8 

POLARONS AND EXCITONIC POLARONS 

IN QUANTUM WELLS 
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8.1 Introduction 

As mentioned in chapter 5, phonons form an intrinsic part of any solid 

and thus an electron moving in a crystal is in inevitable interaction with 

phonons. An electron accompanied by phonon is called a polaron [1-5]. The 

subsequent behaviour of the electron is then modified depending on the strength 

of interaction with phonons. The electron-phonon coupling is known [1-5] to 

change the energy and effective mass of the electron. For instance the effective 

mass of a polaron is larger than that of a free electron in bulk crystals. Experi

mental evidence for this behaviour has been observed [6] in cyclotron resonance 

measurements. Also the ground state energy of a polaron gets lowered below the 

bottom of the conduction band leading to an energy gap shift. Polarons can be 

formed with electrons interacting with both optical and acoustic phonons and 

in the ground as well as excited states [5]. 

The observation of polaronic effects in two dimensional systems has re

cently been a topic of extensive research activity [7-11]. In particular, Devreese 

[11a] and Liang et al [11b] have made important contributions to the study of 

polaronic effects in Quasi-two dimensional systems. In quantum wells the trans

port of polarons essentially becomes Quasi-two dimensional which gives rise to 

new characteristics not exhibited in bulk semiconductors. It is thus desirable 

to study the properties of a polaron modified by its confinement in a quantum 

well and compare it with those of a polaron in bulk. 

One main difficulty in solving the problem of an electron interacting with 
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phonons in 3D or 2D systems is that the Hamiltonian consisting of electron, 

phonon and electron-phonon interaction energy operators is not diagonal in k

space or in real crystal space. Once the Hamiltonian is diagonalised, it is easy 

to obtain the energy eigenvalues and eigenfunctions of the electron interacting 

with phonons. Various methods have been adopted in the past to solve the 

problem of an electron interacting with phonons in bulk crystals (3D systems). 

Frohlich [3] applied perturbation theory to calculate the energy of an electron 

interacting with optical phonons in polar crystals. This method is appropriate in 

the weak coupling limit of the electron-phonon interaction because the electron

phonon or exciton-phonon interaction can be regarded as a small perturbation 

of the unperturbed Hamiltonian. Later Lee, Low and Pines [12-13] applied 

first a unitary transformation to diagonalise the Hamiltonian, and then used 

variational methods to calculate the energy. They obtained results which are 

valid up to the intermediate coupling range. Then Feynman [14] used path 

integral methods which gave results valid for the whole range of electron-phonon 

coupling. Since then, many advancements [15] have been made to the polaron 

problem aiming at increasing the accuracy of theoretical calculations over a 

wide range of coupling limits. 

In this chapter we present the theory of polarons in quantum wells. By 

considering an electron interacting with optical phonons in a quantum well and 
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using the Lee, Low and Pines me~hod [12], we calculate the effective mass and 

energy of a polaron as a function of the quantum well width. Using a unitary 

transformation, first we try to diagonalise the electron-phonon interaction op

erator in a Quasi-Two dimensional system as far as possible and then calculate 

the energy of a polaron using the variational method. We have thus derived 

analytical expressions for the energy and effective mass of a polaron in the small 

well width limit. The analytical results agree exactly with those obtained for 

an ideal-2D system in the limit of zero well width (16]. For larger quantum 

well widths, analytical expressions are difficult to obtain and therefore we have 

numerically evaluated the values for the energy gap shift and effective mass of 

a polaron for the GaAs-AlxGa1-xAs quantum well system. The percentage in

crease in the polaron mass decreases monotonically from 1.9 % to 1.18 % when 

well widths increase from lOA to 150A . Likewise the energy gap shift of the 

electron due to its interaction with optical phonons decreases monotonically 

from about 3.5 meV to 2.6 meV when well widths increase from lOA to 150A . 

We have also studied excitonic polarons ( excitons interacting with -

phonons) in this chapter by calculating their effective mass and energy, when 

confined in a quantum well. The theory used for electrons interacting with 

phonons in Quasi-Two dimensional systems is extended to study excitonic po

larons in quantum wells. However now, we apply another transformation which 
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was used earlier by Singh [5) to diagonalise the Hamiltonian in bulk systems. 

This enables us to use the form of the exciton-phonon interaction operator de

rived in chapter 5. We have numerically evaluated the values for the energy gap 

shift and effective mass of an excitonic polaron in a GaAs-AlxGa1-xAs system. 

We find that the percentage increase in the mass of an excitonic polaron mass 

also decreases monotonically with increasing well width for both the LH and 

HH excitonic polarons. It decreases from 15% to 3.5% for well widths values 

from lOA to 120A for the LH excitonic polaron and from 3.5% to 1.5% for 

the same range in well widths for the HH excitonic polaron. Likewise the en

ergy gap shift of the excitonic polaron decreases from 9 meV to 6 meV for well 

width values from lOA to 100A for the LH excitonic polaron and from 7.5meV 

to 5.0meV for the same range of well widths for a HH excitonic polaron. By 

comparing the results here with that obtained in the case of the polaron, it is 

clear that the polaronic effect is higher for excitonic polarons, particularly in 

the case of quantum wells of small well widths. 

As mentioned in chapter 5, a rigorous treatment of the electron-phonon 

or exciton-phonon interaction involves an accurate determination of the various 

phonon normal modes which exist within a quantum well. However for reasons 

stated in chap. 5, we consider here only the bulk-like phonon modes. We 

will not consider the process of self-trapping [5] of electrons or excitons here 
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as interactions with optical phonons in polar crystals will not give rise to self-

trapping mechanisms. Also we will consider only the case of an electron or 

exciton interacting with optical phonons. 

8.2 Optical Polaron in a quantum well. 

The state vector of an electron interacting with phonons in a quantum 

well can be expressed as IK11 , m; n( q)) where m denotes the electronic energy 

state of an electron with momentum nK
11 

in the XY plane and interacting with 

optical phonons. In( q)) = lnq
1

, nq
2

, ... ) is the phonon state vector where nq is 

the occupation number of phonons with wavevector q. Here again, we suppose 

that the XY plane is the plane of confinement and all vectors in this plane are 

denoted by a subscript II-

The energy of a Quasi-Two dimensional polaron can be calculated by 

solving the following Schrodinger equation : 

HI K11 ,m;n(q)) = E(K11 ,m) IK
11
,m;n(q)), (8.1) 

where the Hamiltonian His given by 

(8.2) 

H el is the energy operator of a free electron: 

2 2 

H = E!L._ + ~ + V(z) 
el 2 * 2 * ' me me 

(8.3) 
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where p
11 

and Pz are the linear momentum operators in the XY plane and in 

the z direction respectively and m! is the effective mass of a free electron. V ( z) 

is the potential energy operator which confines the electron in the z direction 

within the quantum well. Hph is the optical phonon energy operator given by: 

(8.4) 

where 1iw is the energy of an optical phonon and for simplification the zero 

point energy term is omitted in eq.(8.4). H1 is the electron-optical phonon 

interaction energy operator in a Quasi-Two dimensional system involving LO-

phonon modes, and is given by [5]: 

where 

H1 = L (Vq bq eiqu,ru+iqzz + v; b~ e-iqu,ru-iqzZ)' 
q 

( 
1i ) ½ 

2m;w ' 

(8.5) 

(8.6) 

and a E, S and L are the electron-phonon coupling constants which depend 

on the material of the quantum well, the surface area and well width of the 

quantum well respectively. In an exact 2D case, qz =0, and 1Vql2 is given by 

[17]: 

(8.7) 

As the interaction operator H1 in eq.(8.5) is not in a diagonal form, it 

is difficult to solve the Schrodinger eq.(8.1). First of all, we try to eliminate 
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the dependence of iI 1 on the electronic co-ordinate r
11 

by applying a unitary 

transformation U1 similar to the Lee, Low and Pine type transformation [12] 

applied to bulk crystals: 

(8.8) 

The transformed electron and phonon operators are thus obtained as [18]: 

u-1 b~ U = b~ exp( q 11 .r 11 ) , 

U11 
p 11 U1 = Pu - i L 1iq11 b~ bq . 

q 

(8.9a) 

(8.9b) 

(8.9c) 

Using eqs.(8.9a), (8.9b) and (8.9c) we can transform the Hamiltonian in eq.(8.2) 

in the following form: 

HA, u-1 HA u = 1 1 

2!: [P, -~ liqn bt bql 
2 

+ V(z) + 2~; 

+""" nw bt b +""" (V b eiqzz + V* bt e-iqzz) 
~ qq ~ qq qq (8.10) 

q q 

By expanding the first term in (8.10), H' becomes: 

(8.11) 
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The last two terms in eq.(8.11) are not diagonal but these can be partially 

diagonalised by applying a second unitary transformation given by [12): 

(8.12) 

where f( q) is a variational parameter to be determined later on. Using eq.(8.12), 

we get [12, 18): 

P11 (8.13a) , 

bq + f(q) (8.13b) , 

(8.13c) 

We obtain the transformed Hamiltonian, U21 H' U2 ~s: 

u-1 H'U2 = ll_ +""" nw + ~ - Pu·qll (bt + f*(q))(b + f(q)) 2 ( t,,2 2 n, ) 
2 2m* L..J 2m* m* q q 

e q e e 

2 

+ L v; (b~ + f*(q)) u1e-iqzz1m) + 2~* 
e q 

t,,2 
+ 2m* L qll .q;I (bq + f( q)) 

e q,q' 

X (bq, + f( q1
)) (b~ + j*( q))(b~, + j*( q')) , (8.14a) 

The energy eigenvalue of the ground state Epol( 0) (with zero phonon population, 

i.e. n( q) = 0) can be evaluated using the transformed Hamiltonian obtained in 

eq.(8.14a) as: 

-1 A/ Epo1(0) = (n(q);l,K11IU2 H U2I K11,m,n(q)) 
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= p~ +"' (tiw + 1i2q~ - 1ipu,qu) f(q) f*(q) 
2m* ~ 2m* m* e q e e 

+ L v; f*( q) (lle-iqzzlm) + Ez,m 
q 

+ 
2
~* I: q".q;, J(q)J(q')f*(q)f*(q'), 

e q,q' 

(8.14b) 

where Ez,m is the energy of the discrete electron state for the electron motion in 

the z direction. By minimizing Ep 0 1(0) with respect to J*(q), we can determine 

the parameter f ( q) : 

f(q) = - ( ) ' 
1iw + 2~:. q11 2 - i:. Pu,qu (1 - 11) 

e e 

(8.15) 

where 77 is a fraction defined by: 

77 Pu= L lf(q)j2 1i qu, (8.16) 
q 

Substituting f( q) eq.(8.16) in eq.(8.14b ), we obtain Epa1(0) as: 

(8.17) 

where 

By converting the summation into an integration using the relation 
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we can rewrite I as: 

To simplify calculations, we consider the infinite well approximation in which 

the electron wave function has the well-known expression [19] : 

eK11.r11 ff (m1rz) '¢; (z)=-- -sin -
m VS L L 

for O:::; z::; Land the energy Ez,m given by 

m 1, 2, 3 ... 

(8.19) 

(8.20) 

Using the electron wave function Im)= l'l/Jm(z)) in eq.(8.20), l(lle-iqzzjm)f in 

eq.(8.19) can be evaluated for the case of l = m = l : 

7r2 (-iqzL) sin ( ¥) 
= 7r2 - (qzL)2 exp 2 ( q2L) (8.21a) 

Using eq.(8.2la) and the relation: 

f 2
1r d0 - 271' 

} 0 ( a + b cos 0) J a2 _ b2 ' 
(8.21b) 

we can evaluate the integral over 0 in eq.(8.18) by assuming, without the loss 

of any generality, that p 11 is parallel to the z-axis. We thus evaluate eq.(8.18) 
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as: 

where Fe ( q
11

, L) is given by: 

(8.23) 

Next, by assuming nw + .'..'.:.2tl
2 

• ~ 4p11 q11 (1- ry), we can expand the denom-
( 

ti2q
2

) 

1ne 1ne 

inator of the integrand in eq.(8.22) and then split integral l into two terms: 

(8.24) 

where 11 and 12 are given by 

1 

11 = 0:E (nw)2 (-(I,-) 2 

1r 2m;w 
(8.25) 

and 

l 2 
12 = 0:E (nw)2 (-n,-) 2 (n,pll(l - 'fJ)) 

21r 2m;w m; 
(8.26) 

The integrals in eqs.(8.25) and (8.26) can only be evaluated numerically for any 

particular value of L. However one can evaluate these analytically for a very 

small quantum well width L by using: 

(8.27) 
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which is known to be a good approximation [20] with an error of about 5% for 

values of q
11 

upto q
11 
= 4/ Lo where Lo = ~2 ". • Using eq.(8.27) in eqs.(8.25) y 2m:w 

and (8.26), 11 and 12 can be evaluated analytically to give: 

a 1iw ( 1!. + L * ln L *) 
11 = E 2 

(1 + L* 2
) ' 

(8.28) 

and 

2 ( L*) Pu 2 7r 12 = -Q'. (1 -17) - - -
2m; E 8 2 

(8.29) 

where L* = 4fo ·. 
Using eqs.(8.24), (8.28) and (8.29) in eq.(8.17), the ground state energy 

of a Quasi-Two dimensional polaron at small well widths is thus obtained as: 

l(E 

Epo1(0) = Epol + Ez,m - 6.E, (8.30) 

where 

-t.2;,,.2 ( L* ) I<E n 1 11 2 2 7r 
E 1 = -- (1 -17 ) - a (1 - 17) ( - - -) , po 2m* E 8 2 

e 

(8.31) 

and 

(1!. + L* lnL*) 
6.E = aE1iw 2 2 ' 

(1 + L* ) 
(8.32) 

l(E 
where Epol and 6.E represent the kinetic energy and energy gap shift for a 

1 . 1 w . . El(E 112 I(" po aron respective y. ntmg pol = 2 • , we get the effective mass of the 
nip 

Quasi-Two dimensional polaron from eq.(8.31) as: 

m* m*= ______ _..c...e _____ _ 

p ((1 -172 ) - O'.E(l -17)2 (¾ - ~• )) (8.33) 
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It is obvious from eqs.(8.32) and (8.33) that both t:i.E and m; depend on the 

quantum well width explicitly. The kinetic energy term E;'
0

~ of the polaron is 

less than that of a free electron and the total polaron energy gets lowered by an 

amount t:i.E. The decrease in the kinetic energy is accounted by the increase in 

its effective mass as given in eq.(8.33). 

8.3 Excitonic Polarons in quantum wells 

The Hamiltonian of an exciton interacting with phonons in a quantum 

well of width L can be written as a sum of the exciton energy operator H~2D, 

· h · t' H 0 P Q2D d h h exc1ton-p onon mterac 10n energy operator ex-ph an t e p onon energy 

operator Hph ( eq.8.4), as: 

fI = fIQ2D + fI + Hop Q2D 
ex ph ex-ph 

where 

A Q2D ~ e:c t A 

Hex = ~E (kn)BknBkn + Hz, 
kn 

where the energy Ee"' (k 11 ) of the exciton in a quantum well is given by: 

e:c ti2k~ 
E (kn) = E9 + -

2
- + Eb 
µ* 

(8.34) 

(8.35) 

(8.36) 

Here E 9 is the GaAs band gap, kn is the exciton wavevector in the XY plane, 

µ* is the effective exciton mass, Eb is the binding energy of the exciton. 
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Hz is the exciton Hamiltonian for the motion of an exciton in the z direction 

and its eigenvalue is obtained as: 

fl,27(2 

2µ* £2. 
(8.37) 

We rewrite the form of the exciton-phonon interaction operator derived in chapt. 

5 ( eq.5.36) : 

fI;;_~2
hD = L vq~,"',qz G( qzL )Btll +qn Bku ( bqn ,qz + b~II ,qz) (8.38) 

k11 ,qu,qz 

where Bl
11 

(Bk
11

) is the creation (annihilation) operator of an exciton with 

wavevector k
11 

and G(qzL) is given by: 

(8.39) 

(8.40) 

It can be seen that the interaction operator, fI;;_~2f, in eq.(8.38) is not diagonal 

in both exciton and phonon operators. Thus we try first to diagonalise the 

Hamiltonian using a modified form of the unitary transformation Uex used by 

Singh [5]: 

where 

iS Uex = e 

S = L Bt11+q11 Bku u:x(ku, qll )b~q + fex(ku, qll )bq) 
k11,q11 
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and fex(k11, qll) is a function given by: 

(8.43a) 

and 

(8.43b) 

The transformed Hamitlonian iIT = u;;/ HUex is obtained as: 

HT = HQ2D + H + Hop Q2D + H' 
ex ph ex-ph I (8.44) 

h HA op Q2D. · b w ere ex-ph 1s given y: 

(8.45) 

H1 represents terms of the interaction operator that cannot be diagonalised 

by this method. Thus the transformed Hamiltonian in eq.(8.44) is diagonalised 

only if we neglect H1. For the calculation of the energy of the excitonic polaron, 

we let H1 = 0. 

The energy eigenvalue of the exciton in the ground state E;:1(0) (with 

zero phonon population, i.e. n( q) = 0) can then be obtained using the. trans-

formed Hamiltonian as: 
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(8.46) 

where 

t"(ku) = L IVq~,",qzl 2G2(qzL) 
k

11 
,q11,qz 

x [ E .. (k
11 
+ q) - ~"'(k,) - tiw(q) - E .. (k

11 
+ q) - ~ .. (k

11
) + liw(q)] (S.4

7
) 

We convert the summation in eq.(8.47) into an integration, so that r·" (k
11

) can 

be expressed as: 

(8.48) 

Using eq.(8.21b ), and substituting the expression for Vq~;",qz given in eq.(8.40) 

in eq.(8.48), we obtain r·" as: 

( 
1i 

) 
1100 ex Cl'. E 2 i 2 

I = -(1iw) -
2 

* dqll qll Fex(q11,L) 
71" mew o 

1 1 
X 

(8.49) 
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where Fex(q 11 ,L) is given by: 

(8.50) 

( 
ti2q2

) t . ex Here again, we assume that, nw + 2µ} ~ µ: k 11 q11 , and the mtegral I can 

be approximately written as: 

(8.51) 

1 

Jex = aE (nw)2 (_!!:_) 2 
{

00 

d F, ( L) 
1 7f 2m;w Jo qll qll ex qu, 

X (8.52) 

and 

( t )1 (t2k)21oo ex a E 2 ,i 2 ft II 3 
12 = -(nw) -- -- dq 11 q

11 
Fex(q 11 ,L) 

21r 2m*w µ* e 0 

X 
1 1 

( 

h2 2 ) 
3 

2µq11 + nw 

(8.53) 

The integrals in eqs.(8.52) and (8.53), which from now will be denoted by M1 (L) 

and M2 ( L) respectively, can only be evaluated numerically for any L. It is 

difficult even to obtain a close approximate analytical expression for a very small 

quantum well width L, which was possible in the polaron case [see eq.(8.27)). 
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Using eqs.(8.51), (8.52) and (8.53) in eq.(8.46), the ground state energy 

of a Quasi-Two dimensional polaron is thus obtained as: 

(8.54) 

where 

(8.55) 

and 

(8.56) 

where E;:tE (0) and 6.Ee" represent the kinetic energy and energy gap shift 

£ . . 1 . 1 w·. Eex](E(O) h2K" h or an exc1tomc po aron respective y. ntmg por = zµ; , we get t e 

effective mass of the Quasi-Two dimensional excitonic polaron from eq.(8.55) 

as: 

µ* µ; = -------------
( 1 - ~(1iw)2 (-ti ) ½ M (L)) rrµ• 2m: w 2 

(8.57) 

so that the increase in the excitonic polaron mass can be written as: 

(8.58) 

By evaluating M1(L) and M2(L) for various L values, and using eqs.(8.58) and 

(8.56), we can calculate the change in the increase in excitonic polaron mass 

and energy gap shift for various values of the quantum well width. 
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8.4 .Results and Discussion (For Optical Polarons) 

We have calculated here the energy and effective mass of an optical 

polaron in 2D quantum wells. As in the case of bulk crystals, the energy of 

a polaron as obtained in Epo1(0) [eq.(8.30)] is less and the effective mass more 

than those· of a free electron. However there are some notable differences found 

in the properties of polarons in quantum wells and bulk crystals. The energy 

of a polaron in bulk (3D) is obtained as [5]: 

(8.53) 

which gives the polaron effective mass as: 

(8.54) 

where 'IJ3D is defined for bulk material in the same way as 'I] in eq.(8.16). The 

essential difference between E;~, in eq.(8.53) and Ep 0 1(0) in eq.(8.17) is that 

the latter depends not only on aE and 'IJ, but also on the quantum well width. 

The expression for r7 in eq.(8.16) cannot be evaluated analytically for a general 

quantum well width. However for an ideal 2D system with zero quantum well 

width, eq.(8.16) gives 772D = rr~E. On the other hand, for bulk crystals, 7lav 

is obtained approximately as [12] 773 v ~ ~ . It is interesting to note that 
1+ 6 

although 'IJav is never greater than unity, 772D may become larger than one for 

aE ~ 2.5. This means that 772D = rr~E is valid only for very weak coupling 
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with o:E s; 2.5. This agrees very well with the values of o:E ~ 0.5 known for 

semiconductor materials. 

For any general quantum well width, the energy gap shift tlE and in-

A • • 
crease in polaronic mass given by 

11
:P = ( m! -1) x 100% can only be calculated 

· 1n. ni. 

numerically using eqs.(8.25) and (8.26). For numerical evaluation, we consider 

the case of electrons in a GaAs-AlxGa1-xAs system and the values of the phys-

ical parameters are taken as m; = 0.067me, o:E = 0.068, and nw =36.8 meV 

[21]. The energy gap shift tlE is plotted as a function of the quantum well 

width in Fig. 8.1 which shows that tlE decreases monotonically with increas-

ing well width. For example tlE decreases by 23% at a well width of 30A , 

33% at a well width of about 90A and by approximately 35% at well widths 

~ 200A. From fig. 8.1, it is also obvious that in the two limiting situations of 

L -+ 0 and L -+ oo, tlE approaches the well known values for an ideal 2D 

and 3D (bulk) systems respectively. 

In Fig. 8.2, the increase in polaron mass Ar~; is plotted as a function 
m. 

of the quantum well width. Like tlE in fig. 8.1, t:.n:; decreases monotonically 
1n. 

with increasing well width. Here we find that the decrease in polaron mass 

is 50% at a well width of 30A and nearly 44% for well widths ~ 180A. The 

polaron mass also approaches its values for ideal 2D and 3D systems for L-+ 0 

and L -+ oo respectively. The approximation used in eq.(8.27) is very useful, 
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because it enables one to get an analytical expression for for the energy gap 

shift and increase in the polaronic mass at small quantum well widths. 

From our calculation it is found that the analytical values and numeri-

Am" A cally computed values for 6.E and 7 agree very well for L ~ 30 . Moreover 
e 

as stated above, 17 ~ rr~ E for an ideal 2D system and as expected for such a 

system, 1J is very small (7/ ~ 1). Using this result in (8.33), we find that: 

which leads to an increase in polaron mass according to: 

6.m* __ P ~ 

m; 

(8.55) 

(8.56) 

The energy gap shift can also be estimated for an ideal 2D system in a similar 

way, which gives: 

(8.57) 

The expressions obtained in eqs.(8.37) and (8.38) are well-known for an ideal 

two-dimensional system [I 7, 22] .. 

Recently Mori et al [23] have measured A~; and found it to be about 
me 

13% for a well width of lOOA. This value is much larger than even the maximum 

possible value of rr°'
8

E for A,~; obtained in the exact 2D case as shown in fig. 
nie 

8.2. In order to explain such a large discrepancy between experimental and 

theoretical results, we have calculated the increase in polaronic mass A~; as a 
me 
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function of rJ, using eq.(8.33) for a particular value of L=lOOA, and obtained 

fig. 8.3, which shows that ~n~; = 14% for L=lODA and rJ = 0.35. This is a 
1ne 

much larger value for rJ than that obtained from 1r~E for aE ,-,,,Q,068 [21]. Hence 

the analytical result rJ ,...., 1r~E obtained by assuming parabolic electron bands 

may not be applicable for quantum wells. The point that the above discrepancy 

may be due to the non-parabolic characteristics of the electron energy bands in 

quantum wells has also been suggested earlier [24]. 

In conclusion, we have obtained expressions for the the energy gap shift 

and increase in polaronic mass in quantum wells. It is shown that for small well 

widths, one can get analytical expressions for ~E and ~n:;, however for larger 
m, 

quantum well widths, these values can only be obtained numerically. We have 

also addressed the problem that the assumption of a parabolic electron energy 

band may not be very suitable for quantum wells. 

8.5 Results and Discussion (Excitonic Polarons) 

We have evaluated an expression for the energy and effective mass of an 

excitonic polaron in Quasi-Two dimensional systems. As in the case of optical 

polarons in bulk and in quantum wells, the energy of an excitonic polaron as 

obtained in E;:1(0) [eq.(8.54)] is less, and the effective mass, more than that of 

an exciton which is not interacting with phonons. Hence the formation of an 

exc~tonic polaron state is energetically more favourable than exciton states. 
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For any general quantum well width, the energy gap shift ~Ee"' and 

D. * * 
increase in polaronic mass given by * = ( 4 - 1) x 100% can only be calcu-

l'e µe 

lated numerically using eqs.(8.56) and (8.58). For the numerical evaluation, we 

consider the case of excitons in the GaAs-AlxGa1-xAs system and the values 

of the physical parameters are taken as m; = 0.067 me, µLH = 0.05 me, µHH = 

0.04 me, aE = 0.068 and hw =36.8 meV [21). The energy gap shifts ~Ee.,, 

for both the LH and HH excitons, are plotted as functions of the quantum well 

width for L values up to lOOA in Fig. 8.4. It can be seen that ~E:: and 

~E:.,H decrease monotonically with increasing well width for both the LH and 

HH excitonic polarons. However the decrease for both types of excitons gradu

ally slows down and reaches a constant value for L 2: 75A. For the LH excitonic 

polaron, this constant energy gap shift is about 6.3 me V whereas for the HH 

excitonic polaron, it is about 5.12 meV. A point to note here is that for both 

the LH and HH excitonic polaron, this minimum possible value of the energy 

gap shift is at least two times that of the minimum possible value of about 2.56 

meV obtained for the case of a polaron (see fig. 8.4 ). This is not unexpected 

as both the electron and hole are coupled with phonons in the case of excitonic 

polarons so that the polaronic effect on excitons is expected to be larger than 

that on a single charge carrier. The energy gap shift is thus more pronounced 

in the case of excitonic polarons. 
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It is interesting to compare the energy gap shift values calculated here 

with that of two free two-dimensional polarons ( electron and hole interacting 

separately with optical phonons). Using the expression we obtained in the ideal 

2D system: 

we can write an expression for the total energy gap shift of two free ideal 2D 

polarons as: 

(8.59) 

Substituting the values for aE = 0.068,aLH = 0.173 and aHH = 0.096 (25], we 

e,: L=O ex L=O 
8.4, we can extrapolate ~EHII ~ 8.0 meV and ~ELH ~ 9.52 meV. 

Thus our extrapolated values of the energy gap shift for the ideal 2D excitonic 

polaron are about 20 - 30 % less than the total energy gap shift of a pair of free 

2D electron and hole interacting with phonons. 

The percentage increase in excitonic polaron mass .ci.;.; is plotted as a 

function of the quantum well width ( L) in Fig. 8.5. It can be seen that .ci.~; 
µ 

decreases monotonically with increasing well width for both the LH and HH 

excitonic polarons. It decreases from 15% to 3.5% for well widths ranging from 

lOA to 120A for the LH excitonic polaron. In the case of the HH excitonic 

ll.µ* 
polaron, 7 decreases from 3.5% to 1.5% for the same range of well widths. 
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Fig. 8.5 shows that the decrease is more gradual for the HH excitonic polaron 

compared to that for the LH excitonic polaron. Also for a given well width, 

the percentage increase in excitonic polaron mass is larger for the LH exciton. 

This is because the LH exciton mass is higher than the HH exciton mass in the 

plane parallel to the quantum well. 

It is possible to obtain even higher values of the energy gap shift and 

increase in polaronic mass than the ones calculated here because an exact diag

onalisation of the Hamiltonian [eq.(8.44)] was not possible. Thus it was diago

nalised first to a certain extent and then the remaining off-diagonal terms were 

treated as perttirbation. It is likely that the off-dicJ-gonal terms may enhance 

the polaronic effect. 

Within the extent of the approximations used here, the binding en

ergy Eb of an exciton remains unaffected by the polaronic effect. However the 

polaronic contribution to the exciton binding energy can become important, 

especially in the limit of thin layers of GaAs for the LH exciton as can be seen 

from the high value of A::; at small L values in Fig 8.4. With the large increase 

in the change in excitonic polaron mass with decreasing L, one can expect a 

corresponding increase in the exciton binding energy. This point has also been 

raised by Degani et al [26] who numerically calculated !:::.Eb = I (E;~Eb) I x 100 

% where Et and Eb are binding energies with and without the electron- and 
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hole- phonon coupling for several values of the well width L for the LH and HH 

exciton. Degani et al found ~Eb to be high(~ 35%) for L :=:; 5A in the case of 

the LH exciton. 

Finally our results explicitly show the importance of the inclusion of the 

exciton-phonon interaction in the calculation of the exciton ground state energy 

in semiconductor quantum wells. Our results also show that the polaronic effect 

is pronounced for quantum wells of small well widths and for the case of the 

LH exciton. 
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Appendix : Bessel, Neumann and Struve functions 

Bessel functions of order n, ln(z ), are linearly independent solutions to 

the differential equation: 

d2y dy 2 
z2 

- + z- + ( z2 
- n )y = 0 

dz2 dz 

Neumann functions are special types of Bessel functions and are known as Bessel 

functions of the second kind. The Neumann function of the first order, N 1 ( x), 

can be expressed [1] as: 

2 X 2 1 ~ ( -1 )P X 2 + 1 
N1(x) = -(, + log-)J1(x)- - - - ~ ---(-) P 

7r 2 7rX 7r p=O p!(p + 1 )! 2 

1 1 1 
X [2(1 + -

2 
+ ... + -) + -

1
] 

p P+ 

where 1 is Euler's constant 0.5772157. 

The Struve function of the first order denoted by H1(z) is defined [2] as: 

To evaluate both N1(x) and H~(x), we used the special built-in functions of a 

powerful software "Mathematica". In "Mathematica", the built-in function for 

N 1(x) is BesselY[l,x]. Thus for example an exact value for N1(l.O) is obtained 

as follows: ln[6]:= 

Bessel Y ( 1, 1. O] 
Out[6J= 

-0.781213 
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We can also obtain a series representation of the Neumann function at x = 0 

up to three terms: 

ln[12]:= 

Series[BesselY[l,x],{x,o,3}] 
Out[12J= 

-2 -(1 - 2 EulerGamma) 
+ (-------------------

Pix 2 Pi 

1 
Log[-] + Log(x] 

2 

+ ---------------) 
Pi 

2 
X + O(X] 

The EulerGamma which appears above is the same as Euler's constant It is 

also possible to use "Mathematica" to plot the first order Neumann function 

for values of x up to 12: 

Plot[BesselY[l,x],{x,i,12}] 

0.4 

0.2 

-0.2 

-0.4 

-0.6 

-a.a 
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Likewise for the Struve function, we can express H1(x) as power series of, in-

stance, 8 terms: 

ln[21]:= 

Series(StruveH[l,xJ,{x,0,8}) 
Out[21J= 

2 4 
2 8 8 X 8 X 

X (---- - + ------- -
3 Pi 45 Pi 1575 Pi 

6 
8 X 

--------) 
99225 Pi 

-------------------------------------- + 
4 

9 
o[xJ 

or plot a struve function for values of x up to 12: 

Plot[StruveH[l,x],{x,0,12}] 
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