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The Dirac-Coulomb equation for the helium atom is studied under the restrictions of the Poet-Temkin
model which replaces the 1/r12 interaction by the simplified 1/r> form. The effective reduction in the
dimensionality made it possible to obtain binding energies for the singlet and triplet states in this
model problem with a relative precision from 10−8 to 10−10. The energies for the singlet state were
consistent with a previous configuration interaction calculation [H. Tatewaki and Y. Watanabe, Chem.
Phys. 389, 58 (2011)]. Manifestations of Brown-Ravenhall disease were noted at higher values of nu-
clear charge and ultimately limited the accuracy of the Poet-Temkin model energy. The energies from
a no-pair configuration interaction (CI) calculation (the negative-energy states for the appropriate
hydrogen-like ion were excluded from the CI expansion) were found to be different from the unre-
stricted B-spline calculation. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4823486]

I. INTRODUCTION

The non-relativistic energies of the helium atom have
been determined to an amazing degree of accuracy. Corre-
lated Hylleraas basis sets have achieved energies precise to
21 significant digits,1 and the variational expansion with ran-
domly chosen exponents obtain the energies with 25 effective
figures.2 Up to 46 digits have been achieved by using more
mathematically complicated basis sets.3, 4 Relativistic correc-
tions to the basis sets are usually incorporated using perturba-
tion theory.

That same startling degree of precision has not been
achieved for Hamiltonians based on the Dirac equation. One
can identify very few relativistic calculations using correlated
basis sets for members of the helium iso-electronic series.5, 6

There have been a number of relativistic configuration inter-
action (CI) type calculations,7–9 but the accuracy associated
with these calculations is relatively low when compared to the
accuracies that could be expected with correlated basis sets.

One potential problem was the Brown-Ravenhall (BR)
disease or continuum dissolution that can potentially occur
for any system with at least two electrons.10 One can con-
struct a state consisting of a negative-energy electron and
a positive-energy electron in the continuum that is degener-
ate to a two-electron physical state. In practice, the impacts
of the Brown-Ravenhall disease have been less severe than
expected.11, 12 One of the suggested cures is to solve the Dirac
equation using only the positive-energy states of an appropri-
ate mean-field model.13 However, this imposes constraints on

a)Electronic mail: lytang@wipm.ac.cn
b)Electronic mail: ybtang@whu.edu.cn
c)Electronic mail: tyshi@wipm.ac.cn
d)Electronic mail: jim.mitroy@cdu.edu.au

the variational flexibility of the basis which might lead to in-
correct energies being obtained.14 Besides the examples men-
tioned above, there have been many other discussion about the
potential problems of the BR disease over a period of many
years.15–20

Another reason for the distinctly poorer level of accuracy
for the Dirac based calculations lies in the many problems as-
sociated with applying basis set approaches to the Dirac equa-
tion. Spurious low entry intruder states can appear among the
low-lying states that have physical significance.11, 21–24

The approach adopted herein is based on the experience
gained from decades of research on the electron-hydrogen
problem. The electron-hydrogen scattering problem at inci-
dent energies above the ionization threshold has been a no-
toriously difficult problem to solve. The source of the diffi-
culty was how to incorporate the ionization continuum into
the finite channel space. The development of the convergent
close coupling approach (CCC) constituted a major break-
through to the solution of this problem.25 Of crucial im-
portance to these developments was the introduction of the
Poet-Temkin model. In the Poet-Temkin model, one replaces
the full 1/r12 Coulomb interaction by the simplified interac-
tion, 1/r>, where r> = max (r1, r2).26–28 The removal of the
higher multipole terms of the Coulomb interactions leads to
an equation that effectively has no angular dependence and
the single electron states used to construct the wavefunc-
tion only need to include those with � = 0. This eliminated
one of the spatial dimensions of the system and thereby re-
duced the calculation to a tractable size. In effect, the Poet-
Temkin model has most of the formal difficulties associated
with the ionization problem, but is contained within a compu-
tational model which permitted close to exact numerical solu-
tions. In 1992, Bray and Stelbovics demonstrated by explicit

0021-9606/2013/139(13)/134112/8/$30.00 © 2013 AIP Publishing LLC139, 134112-1
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calculation that the scattering observables in the Poet-Temkin
model, including the ionization cross section, converged to
stable values as one expanded a large pseudo-state basis to-
wards completeness.29 Subsequently, the first CCC calcula-
tion was performed, and this calculation gave an almost per-
fect fit to the electron-hydrogen ionization cross section for
incident energies ranging from 13.6 to 500 eV.25 Since then
the R-matrix method with pseudo-states and exterior complex
scaling has also been applied to the electron-hydrogen ion-
ization problem. The Poet-Temkin model has proven to be an
ideal prototype for testing scattering theoretical methods prior
to their application to the full electron-hydrogen problem.29–40

The Poet-Temkin simplification to the Dirac-Coulomb
two-electron Hamiltonian can be written

H = HD(r1) + HD(r2) + 1/r> , (1)

where HD(ri) is the sing-electron Dirac Hamiltonian,

HD(ri) = cα · pi + βmic
2 − Z

ri

. (2)

The advantage of this Hamiltonian is that the numerical cal-
culations required to produce precise energy eigenvalues (e.g.,
about 10 significant digits) are not computationally intensive.

The Dirac-Coulomb system for helium-like ions from
Z = 2 to Z = 100 in the Poet-Temkin model is solved us-
ing the B-spline Galerkin method with Notre Dame (ND)
boundary conditions.21 B-spline basis sets have been the un-
derlying numerical engine for many large scale relativistic
calculations.21, 41 The resulting energies can serve as refer-
ence values for attempts to give more complete solutions of
the two-electron Dirac-Coulomb problem. Calculations in the
no-pair approximation in addition to the unrestricted B-spline
approach make it possible to estimate energy change associ-
ated with the commonly employed no-pair approximation.13

All results are reported in atomic units and the value of
fine structure constant, 1/α = c = 137.035 999 07442 was used
in all calculations reported in this work.

II. FORMULATION

A. B-spline Galerkin method for single-electron
Dirac equation

The Dirac equation for a single-electron atom is

HD(r)ψ(r) = Eψ(r) . (3)

The expression of HD(r) refers to Eq. (2). In Eq. (2), m
is the electron mass, c is the light velocity, p is the mo-
mentum operator, Z is the nuclear charge, α and β are
4 × 4 matrices of the Dirac operators.43

The single-electron wavefunction ψ(r) can be written as

ψ(r) = 1

r

(
iPnκ (r)�κm(r̂)

Qnκ (r)�−κm(r̂)

)
, (4)

where Pnκ (r) and Qnκ (r) represent the large and small com-
ponents of the radial wavefunction, respectively, and �κm(r̂)
and �−κm(r̂) are the spherical spinors. The quantum number
κ can be written as the function of total angular momentum j

and angular momentum �,

κ = �(� + 1) − j (j + 1) − 1/4 . (5)

Substituting Eqs. (2) and (4) into Eq. (3), and separating
the radial and angular components, the radial single-electron
Dirac equation can be written in the matrix style,44, 45

(
V (r) c

(
d
dr

− κ
r

)
−c

(
d
dr

+ κ
r

)
V (r)−2mc2

) (
Pnκ (r)

Qnκ (r)

)
= ε

(
Pnκ (r)

Qnκ (r)

)
,

(6)

where V (r) = −Z/r is the potential between the electron and
nucleus. The radial wavefunctions, Pnκ (r) and Qnκ (r), are in-
dependently expanded in a N-dimensional B-splines basis of
order k,

Pnκ (r) =
N∑

i=1

piB
k
i (r), (7)

Qnκ (r) =
N∑

i=1

qiB
k
i (r). (8)

The B-spline functions Bk
i (r) only take values for the knot

intervals ti ≤ r ≤ ti + k. The ND boundary conditions, P(R)
= Q(R), where R is the radius of confining cavity, and
P(0) = 0, are used.

In the present work, the k = 7-order B-spline with the
endpoints of multiplicity 7 is used, and an exponential knot
distribution for the B-splines46 is adopted, e.g.,

ti+k−1 = R × exp
(

γR(i−1)
N−k+1

) − 1

exp
(

γR(N−k)
N−k+1

) − 1
, (9)

where i = 1, 2, · · · , N − k + 2. The exponential adjustable
parameter γ is optimized to minimize the energy in a con-
fining cavity of fixed radius, R. The details of the B-splines
and ND boundary conditions have been discussed in detail
elsewhere.21, 24

B. Poet-Temkin model for helium

For helium, the electron-electron interaction V (r12) can
be written in a multipole expansion,

V (r12) = 1

r12
=

∞∑
�=0

4π

2� + 1

r�
<

r�+1
>

�∑
m=−�

Y ∗
�m(r̂1)Y�m(r̂2),

(10)

where r> = max (r1, r2) and r< = min (r1, r2). Under the re-
strictions of the Poet-Temkin model, the electron-electron in-
teraction reduces to

V (r12) = 1

r>

. (11)

This leads to the simplified Dirac-Coulomb Hamiltonian for
helium-like ions given by Eq. (1).
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The wavefunction for the singlet(triplet) states of he-
lium can be written as the product of single-electron basis
wavefunctions,

�(r1, r2) = C√
2

∑
IJ

[φI (r1)φJ (r2) + β1φI (r2)φJ (r1)], (12)

where C is a normalization factor, and β1 describes the sym-
metry due to the exchange of two electrons. The single-
electron functions, φ(r), can be a B-spline basis function or
a function comprised of a linear combination of B-splines.
The present wavefunction is most succinctly defined as a CI
wavefunction.

C. Matrix elements for electron-electron interaction

The electron-electron interaction for the Poet-Temkin
model Hamiltonian for electrons occupying orbitals is writ-
ten, φi(r1), φI(r1), φj(r2), φJ(r2),∫ R

0

∫ R

0
φi(r1)φj (r2)

1

r>

φI (r1)φJ (r2)r2
1 r2

2 dr1dr2

=
∫ R

0

∫ R

0
[Pi(r1)PI (r1) + Qi(r1)QI (r1)]

1

r>

[Pj (r2)PJ (r2)

+Qj (r2)QJ (r2)]dr1dr2. (13)

When P(r) and Q(r) components are expanded according to
Eqs. (7) and (8), the above integration can be parted into four
basic Slater integrations,

S(i, I, j, J ) =
∫ R

0

∫ R

0
Bi(r1)BI (r1)

1

r>

Bj (r2)BJ (r2)dr1dr2

=
∫ R

0
Bi(r1)BI (r1)

1

r1
dr1

∫ r1

0
Bj (r2)BJ (r2)dr2

+
∫ R

0
Bi(r1)BI (r1)dr1

∫ R

r1

1

r2
Bj (r2)BJ (r2)dr2.

(14)

These integrations can be calculated to high accuracy.

III. CALCULATIONS FOR HELIUM

A. The no-pair approach

In this approach the Dirac equation is diagonalized by
utilizing only the positive-energy states of an appropriate
mean-field model.13 The single-electron orbitals used in the
two-electron CI expansion were restricted to the positive-
energy (and physical bound) states obtained by diagonal-
izing the single-electron Dirac equation with the same Z
value. This is the approach adopted in a previous investiga-
tion that used a kinetic balance gaussian basis to diagonalize
the Dirac-Coulomb Hamiltonian for members of the helium
iso-electronic series.14

The energies obtained from the no-pair calculations were
validated by an independent cross-check calculation. The no-
pair eigenstates were transformed back into the program that
diagonalized the helium atom using the original B-spline ba-
sis, and the resulting energies are compared with the original

energies from the no-pair program. CI calculations using the
no-pair basis are denoted as CINP calculations.

B. Non-relativistic calculations

There have been a number of non-relativistic calculations
of the helium ground-state energy in an s-wave model47–49 in-
cluding one using a B-spline basis.47 Preliminary calculations
on the helium system were used to test aspects of the numeri-
cal procedures before applying them to the Dirac equation.

The following conclusions were drawn. First of all, the
convergence rate had a weak dependence on the order, k, of
the B-spline. A high-order B-spline offers no particular ad-
vantage in dealing with the discontinuity in the 1/r> interac-
tion. The fastest convergence rate achieved seems to be about
O(1/N6).47 The position of the B-spline knots needs to be opti-
mized to achieve this convergence rate. An N = 160 B-spline
basis achieved an energy of −2.879 028 767 289 a.u. The best
energy for helium in the Poet-Temkin model is −2.879 028
767 319 214 4 a.u.48 The non-relativistic energy of the helium
ground state without making the Poet-Temkin approximation
is −2.903 724 377 034 119 6 a.u.1, 2

C. Dirac-Coulomb calculations

Table I shows the ground state 1Se energy of the helium
atom as a function of N, the number of single-electron B-
spline basis sets. The dimensions of the CI calculation are
2N(2N + 1)/2 and 2N(2N − 1)/2 for singlet and triplet states,
respectively. The radius of the B-spline box for helium was
set to Rmax = 30 a0. 〈T〉 presents the summation of kinetic
and spinor energy expectation values,

〈T 〉 = 2〈cα · pi + βmic
2〉 (15)

and 〈V 〉 is twice of the expectation value of single-electron
potential energy,

〈V 〉 = 2

〈
−Z

ri

〉
. (16)

The expectation values of the total Hamiltonian, 〈H〉,
computed with the appropriate eigenvector, as opposed to the
eigenvalue, E coming from the solution of the secular equa-
tion, are also listed. The difference between 〈H〉 and E gives
an estimate of the impact of round-off errors in the calcu-
lation. The convergence of the energies in Table I suggests
that the largest calculation is converged to 10 significant dig-
its. The large dynamic range of the energy eigenvalues (from
−106 a.u. to 106 a.u.) for the largest basis sets limits the pre-
cision of the He ground-state energy that can be computed
using double precision arithmetic. Increased precision would
require resorting to quadruple precision arithmetic.

The energies in Table I suggest that extending the calcu-
lation beyond N = 50 leads to no overall increase in accuracy.
The fluctuations in the energy are dominated by round-off er-
ror. It should be noted that round-off error also occurs in the
calculations of the He+ ground state and it was also not pos-
sible to achieve better than 11 digits precision for double pre-
cision arithmetic.
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TABLE I. The convergence of the ground-state 1Se energy (in a.u.) for the helium atom as the dimension, N, of the B-spline basis set was increased. The radius
of the confining cavity is Rmax = 30 a.u. with the parameter γ = 0.22. The B-spline CI energy computed using the no-pair method is denoted as ENP.

N 〈T〉 〈V 〉
〈

1
r>

〉
〈H〉 E ENP

10 2.878 977 971 308 90 −6.744 538 057 170 09 0.986 550 700 849 60 −2.879 009 204 483 95 −2.879 009 204 514 88 −2.879 009 627 393 95
15 2.879 432 699 777 11 −6.745 316 555 488 40 0.986 721 885 491 17 −2.879 161 984 178 21 −2.879 161 984 135 82 −2.879 162 013 752 29
20 2.879 435 596 710 64 −6.745 318 311 860 65 0.986 718 556 429 47 −2.879 164 162 367 34 −2.879 164 162 320 63 −2.879 164 169 587 44
25 2.879 436 013 811 85 −6.745 318 538 252 05 0.986 718 074 921 63 −2.879 164 455 891 14 −2.879 164 455 859 83 −2.879 164 460 218 91
30 2.879 436 095 920 38 −6.745 318 583 775 25 0.986 717 967 736 74 −2.879 164 520 609 80 −2.879 164 520 617 60 −2.879 164 523 940 47
35 2.879 436 121 191 02 −6.745 318 597 221 06 0.986 717 937 531 37 −2.879 164 538 766 46 −2.879 164 538 657 24 −2.879 164 541 619 04
40 2.879 436 129 172 44 −6.745 318 601 461 05 0.986 717 927 786 15 −2.879 164 544 600 57 −2.879 164 544 520 07 −2.879 164 547 192 97
45 2.879 436 131 951 95 −6.745 318 602 958 56 0.986 717 924 455 77 −2.879 164 546 595 47 −2.879 164 546 424 94 −2.879 164 549 030 69
50 2.879 436 132 878 48 −6.745 318 603 460 95 0.986 717 923 338 68 −2.879 164 547 261 79 −2.879 164 547 173 38 −2.879 164 549 597 18
55 2.879 436 133 178 10 −6.745 318 603 667 38 0.986 717 923 051 85 −2.879 164 547 441 93 −2.879 164 547 003 12 −2.879 164 549 708 54
60 2.879 436 133 185 23 −6.745 318 603 679 81 0.986 717 923 050 64 −2.879 164 547 441 57 −2.879 164 546 913 17 −2.879 164 549 664 66
65 2.879 436 133 089 88 −6.745 318 603 624 09 0.986 717 923 149 03 −2.879 164 547 379 73 −2.879 164 546 961 79 −2.879 164 549 566 73
70 2.879 436 133 025 28 −6.745 318 603 624 17 0.986 717 923 289 49 −2.879 164 547 302 11 −2.879 164 546 940 95 −2.879 164 549 471 74

The energies ENP coming from a diagonalization of the
no-pair Hamiltonian are also given in Table I. The CI dimen-
sion of any no-pair Hamiltonian is roughly 4 times smaller
than that of the corresponding B-spline CI calculation. The
no-pair basis consisted of the positive-energy states arising
from a diagonalization of the He+ system.

The energies of the no-pair Hamiltonian were numeri-
cally more stable than the B-spline energies. The fluctuations
at the 10−11 level that were presented in the B-spline calcu-
lations were largely absent from the no-pair calculations. An-
other feature was the apparent violation of the variational the-
orem. The no-pair energies decreased until N = 55, but then
started to increase. The no-pair energies lacked the monotonic
decrease often associated with a series of successively larger
basis sets, because the N = 60 is not a strict superset of the
N = 55 basis due to the intervening matrix diagonalization
of the He+ Hamiltonian. Therefore, one cannot insist upon a
monotonically decreasing no-pair energy as N increases.

The energies of the B-spline CI and CINP calculations are
different by about 3 × 10−9 a.u. for the largest calculations. It

is not possible to definitively assert that there is a difference
due to the fluctuations in the B-spline energies and the lack of
convergence in the no-pair energies.

The convergence of the lowest energy triplet state of he-
lium is given in Table II. The overall convergence of the triplet
state was faster than the singlet state. For all practical pur-
poses, the energy was converged by N = 45.

IV. ENERGIES FOR THE HELIUM ISO-ELECTRONIC
SERIES

A. Z = 50

Table III shows the convergence of the ground-state en-
ergy for the helium-like ion with Z = 50 as a function of the B-
spline dimension. One interesting feature of this table is the ir-
regularity at N = 30. The energy at N = 30, 0.000 114 hartree,
is more tightly bound than any of the energies from larger ba-
sis sets. There was also an irregularity in the sequence of 〈T〉
and 〈V 〉 expectation values. An examination of the eigenvalue

TABLE II. The convergence of the energy (in a.u.) for the triplet state 1s2s 3Se of the helium atom as the dimension, N, of the B-spline basis set was increased.
The radius of the confining cavity is Rmax = 35 a.u., with the adjustable parameter γ = 0.1. The B-spline CI energy computed using the no-pair method is
denoted as ENP.

N 〈T〉 〈V 〉
〈

1
r>

〉
〈H〉 E ENP

10 2.174 666 613 413 88 −4.618 077 557 205 90 0.269 035 304 378 73 −2.174 375 632 800 28 −2.174 375 632 820 46 −2.174 375 665 184 30
15 2.174 612 794 485 48 −4.617 985 122 921 68 0.268 992 461 889 15 −2.174 379 865 821 93 −2.174 379 865 805 61 −2.174 379 867 242 54
20 2.174 610 596 508 32 −4.617 981 536 858 60 0.268 990 938 759 01 −2.174 380 001 067 61 −2.174 380 001 041 41 −2.174 380 001 900 46
25 2.174 610 401 390 75 −4.617 981 214 132 79 0.268 990 798 425 30 −2.174 380 013 823 75 −2.174 380 013 773 08 −2.174 380 014 637 59
30 2.174 610 370 805 52 −4.617 981 162 362 72 0.268 990 774 924 68 −2.174 380 016 175 34 −2.174 380 016 025 27 −2.174 380 016 938 92
35 2.174 610 364 360 89 −4.617 981 150 904 29 0.268 990 769 231 22 −2.174 380 016 881 12 −2.174 380 016 721 07 −2.174 380 017 601 81
40 2.174 610 362 506 22 −4.617 981 147 324 76 0.268 990 767 218 43 −2.174 380 017 193 85 −2.174 380 016 997 35 −2.174 380 017 871 65
45 2.174 610 362 418 60 −4.617 981 146 744 21 0.268 990 766 568 43 −2.174 380 017 371 70 −2.174 380 017 397 07 −2.174 380 018 013 12
50 2.174 610 362 793 17 −4.617 981 147 044 24 0.268 990 766 394 52 −2.174 380 017 490 83 −2.174 380 017 202 47 −2.174 380 018 097 42
55 2.174 610 362 920 34 −4.617 981 147 018 50 0.268 990 766 171 57 −2.174 380 017 578 26 −2.174 380 017 298 21 −2.174 380 018 154 15
60 2.174 610 363 137 61 −4.617 981 147 172 85 0.268 990 766 057 52 −2.174 380 017 645 76 −2.174 380 017 130 70 −2.174 380 018 194 60
65 2.174 610 363 203 06 −4.617 981 147 105 72 0.268 990 765 885 30 −2.174 380 017 700 19 −2.174 380 017 334 50 −2.174 380 018 223 03
70 2.174 610 363 445 44 −4.617 981 147 366 05 0.268 990 765 872 36 −2.174 380 017 744 72 −2.174 380 017 027 26 −2.174 380 018 243 99
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TABLE III. The convergence of the ground state 1Se energy (in a.u.) for the helium-like system (Z = 50) as the dimension, N, of the B-spline basis set was
increased. The radius of the confining cavity is Rmax = 2 a.u., with the adjustable parameter γ = 5.5. The B-spline CI energy computed using the no-pair
method is denoted as ENP.

N 〈T〉 〈V 〉
〈

1
r>

〉
〈H〉 E ENP

10 2648.131 367 905 10 −5225.225 717 505 14 31.539 117 890 50 −2545.416 526 879 68 −2545.416 526 879 67 −2545.405 493 915 82
15 2742.257 815 310 88 −5330.707 621 825 04 32.595 421 014 47 −2555.854 040 577 73 −2555.854 040 577 76 −2555.853 086 072 82
20 2744.569 564 418 47 −5333.667 027 526 94 32.642 036 773 26 −2556.455 445 927 99 −2556.455 445 927 83 −2556.455 975 964 83
25 2744.559 615 126 55 −5333.670 363 704 19 32.642 440 235 02 −2556.468 297 941 68 −2556.468 297 941 67 −2556.468 965 618 43
30 2744.561 702 603 54 −5333.672 492 654 15 32.642 412 375 99 −2556.468 501 813 88 −2556.468 501 813 87 −2556.469 162 029 79
35 2744.558 501 658 45 −5333.669 426 519 92 32.642 435 768 87 −2556.468 487 180 20 −2556.468 487 180 51 −2556.469 165 451 70
40 2744.558 493 970 66 −5333.669 419 966 18 32.642 437 859 28 −2556.468 486 682 51 −2556.468 486 682 56 −2556.469 165 567 76
45 2744.558 498 620 31 −5333.669 425 061 10 32.642 439 284 72 −2556.468 486 305 58 −2556.468 486 305 68 −2556.469 165 552 27
50 2744.558 496 076 54 −5333.669 422 668 85 32.642 439 491 09 −2556.468 486 418 75 −2556.468 486 419 06 −2556.469 165 527 05
55 2744.558 500 468 20 −5333.669 427 088 59 32.642 439 962 28 −2556.468 486 338 91 −2556.468 486 339 58 −2556.469 165 503 49
60 2744.558 513 514 93 −5333.669 439 750 43 32.642 440 252 23 −2556.468 486 322 64 −2556.468 486 322 94 −2556.469 165 484 02
65 2744.558 532 043 09 −5333.669 457 965 70 32.642 441 064 47 −2556.468 486 030 09 −2556.468 486 030 55 −2556.469 165 468 07
70 2744.558 555 448 42 −5333.669 480 644 35 32.642 441 418 68 −2556.468 485 954 86 −2556.468 485 955 77 −2556.469 165 451 98

spectrum revealed that this was most likely a manifestation of
Brown-Ravenhall disease. One of the eigenenergies consist-
ing of an electron in a positive-energy state with the other
electron in a negative-energy state was anomalously close
to the energy of the physical state for the N = 30 basis.
Smaller Brown-Ravenhall fluctuations of the order of 10−7

were apparent when examining the convergence of the energy
with N.

The energy of the B-spline CI and CINP calculations is
different by about 7 × 10−4 a.u. for the largest calculations.
In this case it is possible to assert a definite difference in
energy between the two calculations. The no-pair energies
again do not follow a strict monotonic decrease as the ba-
sis dimension is changed. The maximum energy occurs at
N = 40 and thereafter there is a slow increase at the level
of 10−7 a.u. The gaussian based calculation of Tatewaki and
Watanabe14 also reported a distinct difference, in this case
4 × 10−4 a.u., between no virtual pair approximation (NVPA)
and virtual pair approximation (VPN) calculations.14

The convergence of the lowest-lying triplet state 1s2s 3Se

of the Z = 50 helium-like ion was similar to that of the sin-
glet state. The energy had converged to the 8th digit by N
= 30 and the largest calculations were accurate to 9 signifi-
cant figures. The convergence pattern is not presented in tab-
ular form for reasons of brevity but final energies are given in
Sec. IV B.

B. The helium iso-electronic series

Table IV gives the comparison of the ground-state energy
arising from four different calculations. The Dirac-Hartree-
Fock (DHF) energies were computed with the General Rel-
ativistic Atomic Structure Program (GRASP).50 The ener-
gies of the CI and CINP calculations are listed. The B-spline
energies have uncertainties due to the fluctuations in the en-
ergy as the basis dimension was increased. Energies from cal-
culations that use the full 1/r12 interaction5, 9, 18, 51, 52 are not

TABLE IV. Energies of the 1Se ground state for selected helium-like ions. All the tabulated digits of the present B-spline CI calculation are insensitive to
further enlargement of the basis.

B-Spline CI
Z DHF B-spline CI B-spline CINP GCI14  (DHF)+GCI 1/α = 137.035 989 5

2 − 2.861 813 322 − 2.879 164 547 4(2) − 2.879 164 549 − 2.879 164 − 2.879 164 − 2.879 164 547(1)
5 − 21.993 149 19 − 22.008 442 012(3) − 22.008 442 219 − 22.008 442 − 22.008 442 − 22.008 442 00(2)
8 − 59.159 794 06 − 59.174 721 681(3) − 59.174 722 583 − 59.174 722 − 59.174 722 − 59.174 721 70(1)
10 − 93.982 799 60 − 93.997 625 927(3) − 93.997 628 021 − 93.997 626 − 93.997 626 − 93.997 625 92(2)
16 − 246.940 200 3 − 246.954 935 51(2) − 246.954 948 025 − 246.954 935 − 246.954 935 − 246.954 935 6(1)
20 − 389.666 763 2 − 389.681 519 53(2) − 389.681 547 857 − 389.681 519 − 389.681 519 − 389.681 519 8(1)
30 − 892.074 287 0 − 892.089 249 1(1) − 892.089 368 404 − 892.089 251 − 892.089 249 − 892.089 251(1)
32 − 1018.054 049 − 1018.069 072(1) − 1018.069 223 49 − 1018.069 076 − 1018.069 074 − 1018.069 072(4)
40 − 1609.905 282 − 1609.920 633(1) − 1609.920 952 11 − 1609.920 637 − 1609.920 632 − 1609.920 638(1)
50 − 2556.452 547 − 2556.468 487(1) − 2556.469 165 48 − 2556.468 501 − 2556.468 488 − 2556.468 500(1)
60 − 3750.975 927 − 3750.992 73(1) − 3750.993 974 14 − 3750.992 751 − 3750.992 722 − 3750.992 75(2)
70 − 5221.020 394 − 5221.038 42(1) − 5221.040 541 81 − 5221.038 477 − 5221.038 417 − 5221.038 48(1)
80 − 7006.446 748 − 7006.466 58(2) − 7006.469 995 72 − 7006.466 687 − 7006.466 572 − 7006.466 69(2)
90 − 9166.883 040 − 9166.905 61(2) − 9166.910 981 − 9166.905 814 − 9166.905 603 − 9166.905 81(1)
100 − 11796.85 971 − 11796.886 81(3) − 11796.895 167 − 11796.887 187 − 11796.886 792 − 11796.887 2(1)
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listed in Table IV since they will be different from energies
computed in the Poet-Temkin model.

The non-monotonic convergence pattern of the CINP en-
ergy did not lend itself to making a reasonable estimate of
the final uncertainty in the energy, so in this case the energy
of the largest calculation is given without an indicative un-
certainty. Also tabulated are the energies from a large basis
configuration interaction calculation using a kinetic balance
gaussian basis that only included s-state orbitals.14 The num-
ber of basis functions used in the gaussian CI (GCI) calcula-
tions in some cases was as large as 136. The value adopted
for the speed of light in the GCI calculation was the 1986
CODATA (Committee on data for science and technology)
value, namely, 137.035 989 5.

The use of a relatively old value for the speed of light, re-
sulted in the GCI energies being slightly more negative than
the B-spline CI energies in Table IV. This would also reveal it-
self in DHF energies that were different from those computed
using the most modern value for the inverse fine structure con-
stant. Some DHF calculations with the GRASP program using
c = 137.035 989 5 were done, and resulted in DHF energies
in agreement with the energies in Tatewaki and Watanabe.14

The simplest way to compensate for the different values of
the speed of light was to include a simple additive correction
to the GCI energies. The energy difference between the nu-
merical DHF and the DHF energy obtained from the gaussian
basis,14 (DHF), was computed and applied as a correction to
the GCI energy. The size of the (DHF) correction was typ-
ically smaller than 10−4 a.u. The DHF energy makes a con-
tribution of at least 99% of the total energy for all systems
and, therefore, can be expected to incorporate the bulk of the
relativistic contribution to the energy.

The (DHF) + GCI energies are listed in Table IV. Once
the correction is made, there is good agreement between the
B-spline CI and (DHF) + GCI energies in Table IV. As a
typical example, the energies of these two calculations agree
to within 1 × 10−6 a.u. for Z = 50. Comparison with the un-
corrected GCI energy would give a difference about ten times
larger. We have also repeated the B-spline calculations using a
value of 137.035 989 5 for the inverse fine-structure constant
and energies are listed in Table IV. The present conclusion
is that the energies of two completely different calculations
based on the unrestricted Dirac-Coulomb Hamiltonian are in
good agreement.

The good agreement between the B-spline CI and the
(DHF) + GCI energies for helium-like ions is directly rele-
vant to the debate about whether to invoke no-pair basis sets
when solving the Dirac-Coulomb problem for two-electron
systems.13, 14, 53, 54 The use of a no-pair projector means that
the Brown-Ravenhall disease can be avoided. However, there
is a problem that the use of the projector, defined with re-
spect to some related mean-field Hamiltonian, implies a mod-
ification of the effective Hamiltonian. For example, the no-
pair energy for Z = 50 is 0.000 68 a.u. lower than the CI
energy.14

While the present B-spline and gaussian CI energies are
in agreement, this does not apply to the CINP energies. At
Z = 100, the present calculation gave 0.009 a.u. as the dif-
ference between the unrestricted and no-pair energies. This

FIG. 1. The ground-state energy difference E (in a.u.) as a function of Z1.5.
The blue line is the difference E = ENP − E for the present B-spline CI cal-
culation. The red line presents the difference E = CEs(VPA)−CEs(NVPA)
from the work of Tatewaki and Watanabe.14

difference was 0.005 a.u. for the Tatewaki and Watanabe
calculation.14 This difference cannot be explained by the us-
age of different numerical values for the speed of light. The
specific source of this difference cannot be determined un-
ambiguously. However, the NP correction does rely on the
use of a set of positive energy states produced by the diag-
onalization of the Dirac Hamiltonians in a square integrable
basis. The question is whether the positive energy states pro-
duced by the diagonalization of two different basis sets span
the same function space. It should be noted that we have made
two independent calculations of the no-pair energies with the
B-spline basis and the energies are consistent. There is ad-
ditional evidence that the set of states produced by the diag-
onalization of a B-spline basis is correct. Certain oscillator
strength sum rules, for which an analytic answer is exactly
known, are satisfied by B-spline basis sets to more than 15
significant digits.44 It is not clear whether such validations of
calculational methodology have been achieved for gaussian
basis sets.

Figure 1 plots the ground-state energy difference between
the CI and CINP calculations, E, as a function of Z1.5. The
blue line represents the energy difference for the B-spline ba-
sis. The red line is the energy difference from gaussian basis
of Tatewaki and Watanabe.14 The energy difference is scaled
by 1/Z2 to remove the expected Z2 non-relativistic energy
variation. The roughly linear behaviour of E/Z2 with Z1.5

gives a rough estimate of the energy shift arising from the in-
corporation of the projection operators into the no-pair Hamil-
tonian. For the blue line, a rough expression for the difference
would be

E ≈ 7.8 × 10−10Z3.5 . (17)

There are differences of up to 30%–40% between the B-
spline no-pair energies and the gaussian basis no-pair ener-
gies. Other work5, 55 suggests that the energy difference due
to the no-pair projection is E ∝ Z3.

The energies of the lowest triplet state are given in
Table V. These energies represent the only attempt to give
precise energies for this state under the Poet-Temkin approx-
imation to the Dirac-Coulomb Hamiltonian. The correlation
energy for the triplet state, i.e., the difference between the B-
spline CI energy and the DHF energy, is much smaller than
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TABLE V. The comparison of the metastable-state 1s2s 3Se energy for some
selected helium-like ions. All the tabulated digits of the present B-spline CI
calculation are insensitive to further enlargement of the basis.

Z DHF B-spline CI B-spline CINP

2 − 2.174 366 − 2.174 380 017(1) − 2.174 380 018
5 − 14.737 223 − 14.737 254 07(3) − 14.737 254 14
8 − 38.576 678 − 38.576 713 3(1) − 38.576 713 57
10 − 60.750 444 − 60.750 481 6(1) − 60.750 481 73
16 − 157.599 055 − 157.599 095 5(1) − 157.599 095 5
20 − 247.667 870 − 247.667 912 6(2) − 247.667 912 7
30 − 564.049 468 − 564.049 513 9(2) − 564.049 515 9
32 − 643.318 185 − 643.318 231 3(4) − 643.318 233 4
40 − 1015.640 94 − 1015.640 994(4) − 1015.640 998
50 − 1611.221 35 − 1611.221 402(4) − 1611.221 422
60 − 2363.522 37 − 2363.522 435(4) − 2363.522 452
70 − 3290.781 13 − 3290.781 202(5) − 3290.781 240
80 − 4419.444 85 − 4419.444 97(2) − 4419.445 006
90 − 5789.181 41 − 5789.181 47(2) − 5789.181 624
100 − 7463.081 85 − 7463.081 87(2) − 7463.082 112

the singlet state. This is expected since the 1s and 2s states of
He occupy different regions of space.

V. CONCLUSIONS

The energies of the Dirac-Coulomb Hamiltonian for the
helium iso-electronic series under the Poet-Temkin simplifi-
cation are computed as a function of Z up to Z = 100. Re-
sults are reported for both singlet and triplet states. The re-
sulting energies are accurate to 10 significant figures for small
Z and 8 significant digits for high Z. The maximum precision
achievable for high Z was limited by energy fluctuations at-
tributed to the Brown-Ravenhall disease. The relative numer-
ical precision of the Poet-Temkin energies achieved for many
of the helium-like ions exceeds the relative numerical preci-
sion achieved by calculations that attempt the solution of the
Dirac-Coulomb Hamiltonian with the full 1/r12 interaction.5, 9

The present calculations act to confirm the conclusions of
Tatewaki and Watanabe14 that it is possible to use stabilization
concepts to do a practical computation of the energies for He-
like ions without invoking the no-pair Hamiltonian. The GCI
energies of Tatewaki and Watanabe14 were consistent with the
present B-spline energies once an additive correction allowing
for the use of a different speed of light was added to their
energies. That the two calculations using different basis sets
eventually gave the same energies within the computational
uncertainties of 10−5 hartree suggests that the energies arising
from the diagonalization of the unrestricted Dirac-Coulomb
Hamiltonian have some physical significance.

The B-spline and GCI energies were distinct from the en-
ergies obtained from the no-pair approach. This difference in
energies would likely not have been identifiable in a full CI
calculation. It was the higher precision achievable with the
Poet-Temkin simplification that made these differences appar-
ent. The present work provides a quantitative estimate of the
error in the energy arising from the use of the no-pair approx-
imation. The relative error is about 10−9 for Z = 2 but in-
creases to 10−7 for Z = 100. This result has implications for

the comparisons between theory and experiment for highly
charged He-like ions since it gives an estimate of the change
in energy resulting from the use of the no-pair approxima-
tion. There have been other estimates of this correction.5, 55

The information in Figure 1 and Refs. 5, 14, and 55 could be
used to make rough estimates of the energy corrections to CI
calculations of the helium ground state that use the no-pair
approximation.

Clearly there is scope for further work. One could exper-
iment with basis sets to try and achieve higher precision in
the energies. Further, application of the complex rotation ap-
proach should be straightforward and could lead to indepen-
dent estimates of the energy.6 The Poet-Temkin simplification
of the Dirac-Coulomb Hamiltonian with its significant reduc-
tions in computational complexity effectively leads to calcu-
lations that are much more manageable than attempts to solve
the Dirac-Coulomb Hamiltonian for the full Coulomb interac-
tion. The Poet-Temkin model can be regarded as an important
precursor problem to be solved along enroute to the full so-
lution of the Dirac-Coulomb problem. It is possible to extend
the Poet-Temkin idea to states of other symmetries, for exam-
ple, the 1s2p states. In this case, the basis would be restricted
to have one electron occupying a state with � = 0 while the
other would occupy a state with � = 1.

One further goal would be to try and solve the Poet-
Temkin approximation to the Dirac-Coulomb Hamiltonian
without resorting to a basis set expansion, for example, one
could attempt a multi-configuration Dirac-Fock calculation
by propagating the wavefunction on a numerical grid.56, 57

Such a method might be immune to the Brown-Ravenhall
disease.
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