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ABSTRACT 

In recent years, the study of regression diagnostics has advanced considerably due 

to their important role in statistical modeling. Influence assessment is the diagnostic 

method to monitor the changes in the outcome of a statistical analysis when perturba-

tions are introduced in the statistical model being used. This thesis develops influence 

diagnostic methods for simultaneous equations models and measurement error models. 

In econometrics and other relevant areas, linear simultaneous equations models 

have been widely used. However, little work has been done specifically on influence 

diagnostics for model assessment. In this thesis, the influence methodology is extended 

to linear simultaneous equations models. The residuals, leverage and case-deletion 

measures are proposed. A missing data method is adopted to minimize the masking 

effect due to case deletion when lagged variable exists. We discuss and compare four 

different measures of influence. The assessment of local influence is also considered. 

We show how to evaluate the effect that perturbations to the endogenous variables, 

predetermined variables, case weights and model structure may have on the parameter 

estimates. The direction cosines are found to be informative in assessing parameter 

sensitivity. The diagnostics are applied to a macroeconomic model. 

Measurement error problems often occur in biological and medical studies. For 

instance, urinary sodiuiri chloride varies from day to day is subject to measurement 

error (Liu and Liang, 1992). This thesis concentrates on linear, nonlinear and gener-

alized linear models when covariates are observed with random measurement errors. 

A known measurement error covamiance structure and no error in the equation are 

typically assumed, except where specifiedi otherwise. 

For linear measurement error models, we discuss residuals, leverage and the influ-

ence function, and examine various measures of influence. A diagnostic display with 

simulated envelope, similar to the technique proposed by Atkinson (1981), is suggested 

to assess the influence measures and other diagnostics. The simulation procedure corre- 



spondmg to structural models differs from that of functional models. We also consider 

the assessment of local influence for these models. The schemes of perturbations to 

the response, covariates, case weights and measurement error covariance matrix are 

studied in detail. Based on the likelihood displacement functions, direction cosines 

and other local influence diagnostics can be derived. Perturbation of the measurement 

error covariance matrix has been found especially useful to assess the underlying model 

assumptions. A data set is used to illustrate the techniques. 

For nonlinear measurement error models, the nonlinear least squares method 

(Fuller. 1987) is used to obtain the parameter estimates when both coefficients and 

covariates are assumed to he unknown parameters. Residuals, tangent plane leverage, 

Jacobian leverage and case-deletion diagnostics are examined. Influence measures for 

a subset of iarameters are considered when the regression coefficients are of direct 

interest. We then extend the local influence method to study the sensitivity of a fit-

ted model to minor modifications including the perturbation of measurement error 

variances. The diagnostics are demonstrated in an example from nonlinear regression. 

Finally, the influence diagnostics developed for linear measurement error models 

are extended to the class of generalized linear measurement error models. We first 

review various parameter estimation methods proposed in the literature. Using a 

simulation study on logistic regression, five different estimators are compared for their 

relative performances. Based on our limited simulation results, none of the estimators 

involved always performs better than the others. Given its asymptotic results are 

readily available, the bias-corrected estimator of Stefanski (1985, 1989) is subsequently 

adopted in the influence analysis. Studentizeci residual and case leverage are defined. 

Influence functions and measures of case-cleletiomi influence are derived. To assess these 

influence diagnostics, the sililulatedl envelope approach is again recommended. Since 

the true likelihoodi function does not exist, two strategies to extend the local influence 

methodology are outlined, resulting in separate perturbation diagnostics. 
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1.1 Aims and Scope of This Thesis 

This thesis is concerned with the criticism of statistical models using diagnostic 

methods. Statistical modeling is an iterative process consisting of model formulation, 

model estimation and model criticism (Box, 1979). Model criticism may include 

checking the mis-specification of model assumptions, 

testing the existence of outlying and aberrant observations, and 

choosing a more scientifically plausible model. 

Criticism of a model may lead to modification of model assumptions and thus further 

iteration in statistical modeling. Model criticism relies upon the results of influence 

diagnostics to the greatest extent. In this thesis, the word influence is interpreted as 

the impact that deletion or modification of observation(s) or other assumed known 

components (for example, case weights) will cause major changes in model estimation, 

prediction, or other criteria of interest. Hampel et al. (1986) documented that routine 

data contain 1% 10% gross errors which may cause about 15% 20% efficiency loss 

in parametric modeling. Such aberrant data can bias model estimates and falsify 

the resulting inferences by unduly influencing the model fit. Even though robust 

statistics can mitigate some of the effects induced by influential observations, influence 

diagnostics still play a distinct role in the overall modeling process. Besides detecting 

aberrant observations, such diagnostics can specifically address why an observation is 

imiflumential. Investigation of these apparent observations can then lead to a further 

understandling of the underlying process by which data are generated. In general. 

influence diagnostics caui be viewed as methods for studying the variation in an analysis 

that results from perturl)ing the problem formulation; see Section 1.3. The study of 

variation is important since models are nearly always approximate descriptions of some 

colI]1I)lex processes. 



In order to broaden the domain of application of influence diagnostics, we focus 

on linear simultaneous equations models and measurement error models. Linear si-

multaneous equations models are extensions of linear regression to the simultaneity 

situation. They have been widely used in econometrics and related areas. The impor-

tance of diagnostics for these models has been illustrated in the econometric literature, 

yet little research has been conducted specifically on influence diagnostics. The second 

goal of this thesis is to develop influence diagnostics for measurement error models. 

The 'error-m-varia.bles" problem is known to commonly occur in data analysis. We 

shall concentrate on linear, nonlinear and generalized linear models when variables 

are observed with random measurement errors. No-equation-error will be assumed in 

these models. The relationship between the unobservable true values and the observed 

values is also assumed to be known from an external source. In linear measurement 

error model. Icellv (1984) derived influence functions for the structural case. whereas 

Weilman (1991), and Wellman and Gunst (1991) proposed a one-step approximation 

to the case-deletion influence based on perturbation arguments and asymptotic theory. 

Apart from these efforts, few techniques are available for the influence assessment of 

measurement error models. 

1.2 Notational Conventions 

Most of the notation should be consistent with those in the literature. Outlined 

below is the notational system adopted throughout this thesis. In all circumstances, 

N denotes the total number of observations, while K and C are the total numbers 

of covariates and responses. respectively. The transpose of a matrix x is denoted 

by x'. The convention x = {.ro. } indicates that the matrix x has Xtk as its typical 

(t, k)th element. Standard symbols for mathematical operations include summation 

(a), determinant ( '), trace (tr), integration (f) and differentiation (0/00 or d/d9). 
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The ith derivative of a function g(8) with respect to 8 is often denoted by g. The 

absolute value of the determinant of a matrix is denoted by . The symbol refers 

to the relationship holding approximately and -* denotes approaches in the limiting 

sense. 

Parameters to be estimated are often denoted by Greek letters such as 0 with 

corresponding estimates 0 or sometimes 0. The total number of parameters is P. The 

expectation operator E(.) represents averaging (.) over some underlying distribution. 

The variance of a random variable often takes the form V(.). The probability is denoted 

by Pi'oh(.). Bold face quantities are reserved for vectors and should be distinguished 

from ordinary scalars. 

Note that the terms case and 0b3ervatz0n will be used interchangeably to mean 

the combined covariat.e (predictor) values and the associated values of the response 

variables. When lagged variables exist (as in simultaneous ecjuations models), observa-

tion t refers to the combined values of the covariate and response variables measured 

at time t, whereas case t represents the combined values of all variables including the 

lagged variables which appear in the model at time t. 

1.3 Assessment of Influence 

Influence assessment addresses the stability or variation in the analysis once the 

problem formulation has been modified (Cook, 1987). If a case is deleted, for example, 

results based oii the reduced data set may be quite different from those based on the 

romplete (in ta. A stiicly of influence provides information concerning the reliability of 

coiicliisions and their depeiidence on the assumed model. It may also indicate problem 

areas in the observation space. In general, the assessment of influence can be described 

as follows. Let R('D. *1) denote a selected result after fitting the data V based on the 

j)ostulated model .vt which includes appropriate prior distributions. Generally, R could 
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represent a prediction, a parameter estimate, a posterior or predictive distribution, or 

combination of them depending on the concerns of interest. Next, let w denote an 

n >< 1 vector of perturbations that is confined to a set Q of relevant perturbations, 

and *1(w) be the corresponding perturbed model. Here ri is the number of elements 

Whici1 need to be perturbed in a particular scheme. We assume that there exists an 

Wo in Q such that *1 = *1 (w0 ). The goal is to compare R(D, *1(w)) with 7?.('D, *1) 
as w varies through Q. The essential issues concerning influence diagnostics are the 

choice of results to be monitored, the perturbation scheme involved and the particular 

method of comparison, as depicted in Table I.I. 

Table 1.1 

The d33efl7(Ll Z33U6$ of zn.fluence dzagnosics 

Choices of results to monitor parameter estimates (partial. subset or total) 

• log-likelihood function 

• prediction 

Perturbation schemes . CSOflSS and covariates 

• case weights 

• other model assumptions 

iViethodIS of comparison local properties 

global properties 

Three specific approaches of influeiice assessment are briefly outlined below. 
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1.3.1 Influence Functions 

The influence function was originally proposed by von Mises (1947) to determine 

the asymptotic properties of an estimator. Hampel (1968) applied influence functions 

to robust statistics. Pregibon (1979) and Cook and Weisberg (1980) used the influ-

ence function to identify individual observations which are influential on parameter 

estimates. A survey on the topic can be found in Hampel et al. (1986). 

Let T = T(F) be a real-valued functional defined on a convex subset of all finite 

signed measures F E F(Z) on a sample space Z. Assume T is Gãteaux differentiable 

at the distribution F in the domain of T and the direction of z. where L: is the 

probability measure that puts point mass 1 at the point z E Z. The influence function 

of T at F is given by 

IF(z;T,F) = lim 
r —o + 

T((1 - r)F+ rAt ) - T(F) 
T 

(1.1) 

for those z E Z where this limit exists. 

The influence function shows the impact on the estimator of infinitesimal con- 

tammation at a point :. Hampel et al. (1986. p.  230) presented a general influence 

function for the maximum likelihood estimator. Assume that z 1 I . zpr are indepen- 

dent and identically distributed with density f. The maximum likelihood estimator 

TN = T(zi, ,zr) maximizes 

p(z(,TN) 1ogfr(z) 

where kg diellotes the natural logarithm. Suppose that p has a derivative 

(z,T) = 

so the estimate TN satisfies the implicit equation 

TO = 0 
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If F1y is the empirical cumulative distribution function generated by the sample, then 

TN = T(F,v), where T is the functional given by 

f 10 (zT(F))dF(z) = 0 (1.2) 

over all F that the integral is defined. Now let us perturb F to [(1 - T)F + 

Allowing the exchange of integration and differentiation, the influence function can be 

obtained as 

IF(z; T, F) = t' (z. T(F))((z. )) dF(z)] (1.3) 
T(F) 

where the integrand is evaluated at T(F). It thus gives a measure of influence on the 

statistical functional T of adding a contamination at z as N . Under regularity 

conditions. see Huber (1981), Tv T(F) almost surely and ( T1  - T(F)) converges 

to Normai(0. V(F, ?/')) in distribution, where the asymptotic variance is given by 

= I IF(z- T, F)'IF(z- T, F)dF(z) . 

The influence function of an estimator has two main uses: one is to indicate the 

sensitivity of the statistic to individual observations, and the other is to compute 

the asymptotic variance of the statistic, under certam regularity conditions. A more 

desirable sample version of the influence function can be obtained by setting F FN 

and taking T = —1/(N - 1) in the definition (1.1). 

1.3.2 Case-deletion Influence 

The basic idea behmd case-deletu)ns is to measure the influence of a case by the 

difference in parameter estimates before and after removal of that case (Cook (1977), 

Beisley. Kuhi and Welsch (1980), Cook and Weisherg (1982)). Let 6 be the maximum 

likelihood estimator of the P-dimensional parameter 0 and L(0) be the log-likelihood 

based on the complete data. An overall measure of influence of the tth observation 



on the parameter estimate 6 is the likelihood distance (Cook and Weisberg (1982, p. 

183)) 

LD(0) =2 {L(6) - L(6() )] , (1.4) 

where denotes the maximum likelihood estimate of 6 computed without the tth 

case. The measure LD(0) is derived from log-likelihood contours to order cases based 

on influence. It may be interpreted in terms of the asymptotic confidence region 

displacement 

t
0 : 2 [L( b ) — L(0)] <x} 

where is the upper c point of the Clmi-square distribution with P degrees of 

freedom. Although the distribution of LD(6) is intractable, the measure can be 

calibrated approximately by comparison to the probabilities provided that the 

sample size N is large. Furthermore, if the log-likelihood contours are approximately 

elliptical. LD1(0) can be usefully approximated by a Taylor expansion of L(6(t) ) about 

0, 

L(6 (j) ) L(6) + ( 6 - O)'LW(8) + (6(t)  - 6)'L 2 (6)(6(()  

where L' (6) is the gradient vector 3L( 6 )/30 evaluated at 6 and —Lt2  (6) is the 

observed information matrix 
32 L (6) 

- 0630' 8=9 

Since L'(6) = 0. combimng (1.4) and (1.5) gives 

LD(0) (6 - 6)'[—L(2 (6)](6(()  - 0). (1.6) 

Alternatively, a different approximatioim 

LD(0) (O - 0)'[V(0)]'(6(t) —0) (1.7) 

can be obtained after replacing the observed information ill (1.6) by [V(0 )]_1 
, inverse 

of the asYmptotic variance of 6. However, both approximations tend to be unreliable 

if contours of L(0 ) are markedly ilOnelliptica.l. 
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The above formulation can also be modified to accommodate the situation in 

which it subset of parameters Oi  of 0 is of particular interest. Let 0' = (0', 0) and 
( 01 02(t)) be the corresponding partition for 0 t) . The likelihood distance analogous 

to (1.4) for the subset 01 becomes 

LD1 (01 02 ) = 2 [L(è) - L  (bim, 0,_(bim)) 
] 
, 

where 

L (~im,0,2(b tm) ) 
= nx 

represents the log-likelihood maximized over the parameter space for 02 with 01(t) 

fixed. This measure may be calibrated via the asymptotic reference distribution. 

given that the dimension of 01 is p, since an asymptotic confidence region for 01 can 

be determined from 

{ 01:2 [L() - L(O l 09(0 l fl] <y} 

Alternatively, let A be a 1)1 x P matrix of suitably defined constants so that 01  = .40. 

The measure of influence analogous to (1.7) for 01  is 

LD1 (01 02 ) (61(t)  - 6 1 )'[AV(0)A']'(0 l( , )  - O r ).  

By adjusting the matrix A. appropriate measures of influence for other contrasts of 

interest are also possible; see Atkinson (1985, p. 223) for more details. In summary, an 

examination of these statistics brings attention to aberrant observations which warrant 

further investigation. 

1.3.3 Local Influence 

Cook (1986) introduced local influence as a genera.l tool to assess the effect of small 

perturl)ations to the data/model. Lawrance (1988) al)pliedl local influence methods to 
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study regression transformation diagnostics. Extensions to generalized linear models 

were given in Thomas and Cook (1989. 1990), while Escobar and Meeker (1992) de-

scribed similar techniques to handle censored survival data. St. Laurent and Cook 

(1993) studied the connections between leverage, local influence and statistical curva-

ture in nonlinear regression. Thomas (1993) proposed errors-in-variables diagnostics 

for generalized linear models based on local influence. A second-order approach was 

suggested by Wii and Luo (1993) to evaluate global influence in regression models. 

Suppose a statistical model with a P-dimensionai parameter vector 0 is of interest. 

In the manner of Cook (1986), general perturbations are introduced into the model 

through in n x 1 vector w. Write L(0w) for the log-likelihood corresponding to the 

perturbed data/model. Let 9 be the maximum likelihood estimate of 9 and O(w) be the 

correspondmg maximum likelihood estimate from the perturbed model. The influence 

of the perturbation w can be assessed by the log-likelihood displacement 

LD(w) 2 [L( ~ ) - L ((w))] 

with 9 0(w( ,) being the parameter estimate under no perturbation. The LD(w) 

measures the distance between 9 and 9(w) in terms of the log-likelihood difference. 

Cook (1086) applied concepts from differential geometry to civantify LD(w). Since 

LD(w) is a. nonnegative function with a global minimum at wo . its local behavior can 

be suni.mnarized by the normal curvatures at LD(w0  ). The normal curvature at LD(w o ) 

in the imit direction d may be expressed as: 

C(d) = 2(d'I'dI (1.9) 

where 3 L (0w )/00'0w and time observed information matrix I = - L (2)  (0) are 

both evaluated at w0  and 0. Let d fl1(1  be the direction cosines of maximum nornial 

curvature, which is the P(rturl1ti011 direction that piocluces the greatest local change 

in the parameter estimates as measured by the likelihood displacement. The most 
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influential elements of the data may be identified by their large components of the 

vector dnai whereas sensitivity of the perturbation may be indicated by the value 

Cmax = C(d max ), which is the maximum of (1.9) over all possible directions. It should 

be noted that Cinax  is the largest eigenvalue of I' ' and d max  is the corresponding 

eigenvector. 

As suggested by Cook (1986) and Thomas and Cook (1989), the direction cosines 

dma x  may be used as diagnostics for influence. The tth diagonal element of  

has been called the'local distance' for case t by Lawrance (1991), which can be regarded 

as a local version of the Cook's deleticn distance. Moreover, when a subset 01  from 

the partition 6 = (6, 6)' is of interest, diagnostics for influence can be based on 

I92 )} 

where 122  is deteriiiined from partitioning i (11 12  ) conformably with the 

partition of 0. 

La.wrance (1991) distinguished among perturbations to case weights, to data val-

ues. and to model assumptions. In local influence analysis, we consider specific per-

turbation schemes and derive A and associated quantities. To assess the magnitude of 

the influence sta.tistics. we can modify the locally influential elements in the direction 

mdicated by d,1 , and then reestimmiatnig 0. 
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CHAPTER 2 

INFLUENCE DIAGNOSTICS 

FOR SIMULTANEOUS EQUATIONS MODELS 
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In econometrics, it is of interest to detect anomalous observations that exert sub-

stantial influence on the fit of simultaneous equations models. Belsley, Kuh and \/Velsch 

(1980) suggested that model estimation results should he subjected to careful diagnos-

tic checking. There have been many illustrations of the importance of diagnostics 

within the linear regression single-equation context; see for example McAleer and Tse 

(1988), Coate and Un (1988) and Franses and Biessen (1992). However, none of these 

techniques has been developed specifically for simultaneous equations models. 

The aim of this chapter is to present influence diagnostics for the detection and 

assessment of observations that disagree with the simultaneous equations model as-

sumptions. Firstly, a brief introduction to linear simultaneous equations model is given 

in the next section. In Section 2.2, the notions of leverage and residuals are discussed. 

Influence measures are described and justified through asymptotic approximations and 

a missing data approach in Section 2.3. We then extend local influence methodology to 

simultaneous equations models in Section 2.4. The final section contains an illustrative 

example. 

2.1 Model Notation and Estimation 

Vve consider a linear simultaneous equations model of the form 

YF=1'B+V, (2.1) 

where )) is an X x G matrix of endogenous variables, X is an N x K matrix of 

predetermined (exogenous) variables, F and B are C x C and K x C matrices of 

unknown parameters, and V is an N x C matrix of unobservable random errors with 

E(V) = 0 and E(N 1  V'V) = E . We denote the element of the tth mow (t - 1. . N) 

and gtli colunin (g = 1,. . . , C) of Y by Vtg,  the tth row of Y by  Yt, and the gth column 
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of )) by y;  and similarly for X and V. We assume that the diagonal elements of F 

are ones and certain elements of F and B are zeros, depending on the particular model 

of interest. Such a normalization results in no loss in generality. Both and F are 

further assumed to be nonsingular. Let (g)  be the column vector consisting of those 

elements of the gth column of F that are specified to be neither ones nor zeros, and let 

g be the column vector consistiig of those elements of the gth column of B that are 

not specified to be zeros. Also, let Y(g)  and A(g)  be the subsets of the columns of Y 
and A' that are postmultiplied by (-) and 3g , respectively. Then the gth structural 

equation can be written as 

yg = Y( gq  + '( g ) g  + e Z(g)O g  + e g  

Combining C such ecjuations. we can write (2.1) alternatively as 

y=20+e 

where y = (y'1,..• ,y)', 0 (0'. . ,9)', e (e. .e)'. and Z diag(7(1), 

(G)). To estimate the unknown parameters, several approaches are available, 

including: 

( two - stage least scluares,  
single equation method 

limited information single equation, 

I three - stage least squares. 
complete systeni method 

full information maximum likelihood; 

see e.g'. Johnston (1984) for a review of these methods. \Ve shall concentrate on the 

full infoiiiiation maxiinuni likelihood method. The maximum likelihood estimator of 

the 1)alallleters can be ol)tailled by assuming the iiorniahtv of V. The log-likelihood 

function is given by 

NC 1 L(0) 
= 

---5-1 log(27) + Nlog I I Tj I - log I E,  I - tr{(YF —  XB)Y'(YF— XB)'} 

(2.2) 
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treating E as known. Maximizing (2.2) defines the full information maximum likeli-

hood (FIML) estimator 0. Given the equations are identifiable and N > G + K, the 

parameter 0 and its asymptotic covariance matrix V(6) can be consistently estimated, 

as follows. 

Let Y = XBF and Z = diag(Zi,••',Zg ,.•. ,ZG), where Z g Y( g ),X( g )) 

and Y( g ) consists of the nonstochastic part of those vectors of Y that appear in the 

right-hand side of the gth equation. The FIML estimator 6 is a solution of 

6 ['(' I)Z]'Z'(' ® IN)Y, (2.3) 

where denotes the Kronecker product and IN  is the N x N identity matrix. Since 

Z depeiicls on 8. equation (2.3) defines 0 implicitly, and can be solved by an iterative 

algorithm. The asymptotic distribution of 8 also follows from (2.3), 

—8) Normal (0. lim _13' (_1 D I)Z' 

as N , so that 6 is consistent; see e.g. Amemiya (1985) for more details. 

2.2 Leverage and Residuals 

The Irverayc of an observatioii is defined to be the magnitude of the derivative of 

the predicted value with respect to its response value (Welsch, 1983). A leverage point 

is an observation whose predicted value is largely determined by the corresponding 

response value. The leverage therefore reflects the influence of the response on the 

fit. In single-equation linear regression. the leverage coincides with the corresponding 

diagoiial element, of the hat matrix and measures the rate of change in the fitted value as 

the dependent variable changes. Properties of the hat matrix can be found in Hoaglin 

and Welsch (1978). 

In linear simultaneous equations models, each of the enclogenous variables exerts 

its own leverage provided that the corresponding equation is not functional. We define 
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the silfltlltane()US leverage matrix to he 

H= 
ay 

which is of dimension NC x NC, where C is the number of endogenous variables. It 

then follows that the leverage of the gth endogenous variable (g = 1. , C) is given 

by the di agoilal element 

h t(9)  = 
3Z1(g) Og  

0Ytg 
(2.4) 

of H. where 't(,,)  is the tth row of Z ) . Note that H involves several equations 

in which the endogenous variables may appear as both dependent and independent 

variables sjiiiultaneouslv. Let Z Z(0) and = Iv. The matrix H can be 

approxiniated by 

H = 2 (2*E)_2l* , (2.5) 

and 

ft' 

Therefore. the leverage lilatrix is not sviilllletric uiiless C = 1. Nevertheless, it is still 

iclempoteilt and certain lr0l)ei'ti-5  of the hat matrix still hold. 

ft2 = 7(*)_I7I*Z(7ln*7)_l7l* = ft 

Siiice 0 < / < 1. iiicreases as !IOJ  increases. It, can he shown that 

(11  

tr{ft} = tr{Ip} = - P 
g=I 

and 

/b t ( g) Pg 

where 'P rel)resellts a P x P identity niatrix. and Pg  is the number of parameters 

in O,. Similar to the rule of tliuiiih suggested by Hoaglimi and Welsch (1978), 2/N 
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may be chosen as a cut-off point for /1j( g ) to indicate high leverage points. Further 

investigation on such reference guidelines is deemed necessary. The concept of leverage 

is generally linked to both predetermined and endogenous variables in simultaneous 

equations models. Unlike linear regression, cases with high leverage cannot be regarded 

as outliers in the X space alone. 

We next consider the vector of ordinary residuals g = 1,. .. C, given by 

Y g  - (2.6) 

where g = is the vector of fittec values of Yg•  The most outlying cases in the 

data may then be identified by their large components of the vector g . on which other 

forms of residuals are constructed. 

In linear regression. the sudenfized residual has been found to be useful in diag- 

nostic analysis because it is scale independent. Since è (è. 
. = (Iv - H)y, 

V()=(I1vG—H) 2 Ølv, 

where o, 2 
= diag(,. 

, 
u), and 1 is an N x 1 vector of ones. Therefore, 

the residuals è as defined in (2.6) do not have the same variance. If is estimated 

by â = /(N - p g ), 6 g  being the tth element of ê, then the stuclentized 

resiclual for linear simultaneous equations models can be defined as 

?t g 
&g (l 

Ctg 

The studelltize(l residuals may mimaintain the correlation structure of the ordinary resid-

uals but correct them for equal variance provided ht( is treated as fixed. 

2.3 Influence Measures 

In linear regression. Cook (1977) suggested a case deletion statistic to measure 

the change in 1)aramnetel estiiiiates when a case is deleted see Section 1.3.2. As an 
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extension to sinultaneitv, the Cook's distance can be defined analogously by 

DIt = ( 6(o - 6)'[V(9)] 1 ( (t)  - 6)/ P. 

where 0(t)  denotes the parameter estimates without case t, and 

V(6) ['(' 0 IN)Z] 

consistently estimates the asymptotic variance matrix V(6) (Arnemiya. 1985). Influ-

ential observations are detected by their large values of the Cook's distance. 

Lagged variables are commonly found in econometric models. It appears appropri-

ate to remove all those cases involving the observation taken at time t. For the economic 

model in Section 2.5, the observation taken at time t occurs at cases T = {t. t+ 1} simul-

taneously. Consequently, both cases should be omitted when computing the Cook's 

distance. Let, 9(T)  be the parameter estimates obtained after removing those cases 

involving the observation at time t. We pl'opose the modified Cook's distance 

D2 t  = (6(T) - 6)'[V(6)1'(6m 6)/ P 

to (leal with the lagged variables situation. 

In general, case deletion measures are not suitable for linear simultaneous equa-

tions models in the presence of lagged variables. If one applies Dl t  the single case 

deletion may not be sufficient, whereas if D2 t  is used instead the corresponding dele-

tions may be excessive. Moreover, a highly influential case can be confounded or 

niasked by adjacent or less clonuiiant observations elsewhere. This masking' effect is 

kiiown to occur in linear simultaneous equatioiis models with lagged variables. The 

problem can be effectively handled, as advocated by Harvey and Pierse (1984), through 

treating the observation as missing data. To predict the missing values, we follow the 

maximum likelihood method of Sargan and Drettakis (1974) which provides consis-

tent and asymptotically efficient estimators of the variables involved. The procedure 
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maxnizes the likelihood function over the whole sampling period, treating the missing 

observations as unknown parameters. Based on this missing data approach. the Cook's 

distance can be rewritten as 

D3t  = - 0)'[V(9)]'(1) )/ P. 

where °(t)  denotes the parameter estimate obtained by treating the observation at 

time t as missing Another overall measure of influence equivalent to D3t  is the scaled 

likelihood distance 

D4 = 2{L(0) - L(0 t) )}/ P, 

where L(.) is defined in (2.2). Further, it is assmimecl that no identification problem 

occurs during the estimation of 0 and N > C + K + (J. where q is the number of 

variables treated as missing for the observation taken at time f. Other techniques such 

as the estimation-maxinmization (EM) algorithm (see e.g. Little and Rubin (1987)) 

may also be applied to compute °(i)• 

Since an asymptotic (1 
- x 100% confidence ellipsoid for 9 based on 0 is derived 

from (0 9)' [V( 0)) —' (0 - 0) or 2 {L( 0) - L( 0)) being less than the upper a point of 

the distribution, the Cook's distances above can be interpreted as the confidence 

ellipsoid (lisplaceinents due to case deletions; see Section 1.3.2. Large values of the 

measures (> Pi may he judged influential. For example, if the Cook's distance 

DI t  = \ P05' then deletion of the tth case will niove the estimate of 9 to the edge 

of a 50% asymptotic confidence ellipsoid relative to 0. However, the P' cut-off 

point may tend to be unreliable in determining influential points given a small sample 

size N. 

The influence measures discussed above assume that all regression coefficients are 

of equal interest.. If the atteiition focuses on in individual par.  ameter or a subset 

f parameters, one can modify the Cook's distances conformably with the desired 

partition of 0. Let Oi  and 0( I)  be the respective 1th entry of 0 and 0(f)'  and V(9) be 
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the ith diagonal element of V(6). We define the scaled difference 

e* f  DFBETAS= I 
[V(6)] r 

analogous to that of Beisley et al. (1980) in linear regression. Other influence measures 

such as DFFITS can be formulated similarly. The reader is referred to Section 1.3 and 

Davison and Tsai (1992) for a review of regression model diagnostics. 

2.4 Local Influence Assessment 

The method of local influence was proposed by Cook (1986) as a general tool for 

assessing the effect of local departures from linear regression assumptions (see Section 

1.3.3). In a similar manner, small perturbations are introduced into the linear sirnulta-

neous equations model through a vector w. We write L( 6w) for the log-likelihood (2.2) 

corresponding to the perturbed (lata/modlel. and let 6(w) be the maximum hkelihoocl 

estimate from the perturbed data/model. Specific perturbation schemes are described 

below. For each scheme there is a point w0  representing no perturbation. The influence 

of w can be assessed by the log-likelihood disl)lacement 

LD(w) = 2[L(6) - L(6(w))}. 

Applying concepts from differential geometry, the local behavior of LD( w) can be 

quantified via the normal curvatures at LD(w). By calculations analogous to those of 

Cook (1986), we express the normal curvature at LD(w) in the unit direction d as 

C(d) = 2dI''dI 

where A = 

32 L(6 w) 
and the P X P observed iiiformatioii matrix I = - 

32 L(0) 
36'3w 06'36 

are both evaluated at 0 and w0 . Let dm111  be the direction cosines of maximum 

normal curvature, which is the perturbation directiomi that produces the greatest local 
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change in 6. The most influential elements of the data may be identified by their large 

components of the vector d ii i ai. the eigenvector corresponding to the largest eigenvalue 

of '. We shall use the direction cosines d max  as diagnostics for local influence. 

From (2.2), it can he shown that 

DL(6) 
- f Ntr{F'Er } - tr{YEFY'(YF —  XB)'} if 9j E F

Doi 

; 

1 tr{XEB'(YF— XB)'} if Oi E B, 

where E[(  = OrIDO, and EB( = 0B/08. The observed information matrix I consists 

of elements 

\rtr{lElE} + tr{YEF(YEF1)'} if Oz .,  Oj  q F; 
32  L(0) 

= —tr{YEI 1 (XE81 )'} if Oi  E F. O j  E B 
or  Oi EB8EF: 

tr{1'EB'(XEB)'} if £ q B. 

For simplicity, we assume that is either known or replaced by an estimate . 

In the following, we consider specific perturbation schemes and derive and 

associated quantities. To assess the magnitude of influence, one can modify the locally 

influential elements in the direction indicated bydmax) and  then reestimating 6. 

2.4.1. Perturbation of Case Weights 

We define a vector of weights w = (wi, , vY, 't > 0. to perturb the contribu- 

tion of each case to the log-likelihood: 

{iog [(2f]  —logF + (Y1F— XB)(YF— XB)'} 

(2.7) 

The point representing no perturbation is w g (1, , 1)'. Such a scheme actually 

generalizes single case deletion. where is limited to the values 0 or 1. From (2.7), 

we obtain 

0L(6) 't {tr{ 1 EF} - Y1Er'(YF —  1'B)'} if 8 i  (E F: 

't{,EB '(F—At B)'j if OiE B. 
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Then A = {A}, (t = 1,... ,N;i = 1,.. ,P), where 

32L(w) tr{F'Er} - YEr' (Y1F— XB)' if 6 i  E F; 
= 

3& I 3Wt 
Xt EB 1  (YF— X,B)' if &j E B. 

2.4.2. Perturbation of Endogenous Variables 

We modify an individual endogenous variable, say the gth column Y g  of Y, to 

Y g (W) = Y g  + S gW, where 3 g is the standard deviation of the gth column of V1 1 . As 

with other additive perturbations. wo  = 0. It can be verified that 

0L(0) 
J 
Ntr{'E} - tr{Y(w)Er'(Y(w)F —  XB)'} if Oi  E F; 

ao tr{XEB'(Y(w)F —  XB)'} if Oi E B, 

and (t = 1,... ,N;i = 1.. ,P), where 

I —tr{SErY'[Y(w)F— IB]' + Y(w)EF (SF)'} if Oj E F: 
Ati  

tr{XEB '(S11 F)'} if Oi E B. 

= (y 1 .... y(w), ... ,y). and S.  is an N x C matrix with (t, g  )th entry S g  but 

zeros elsewhere. 

2.4.3. Perturbation of Predetermined Variables 

\\'e perturb the /th precleterniined \rariable Xk to k(w) = Xk + Sk, where 5k  is 

the standard deviation of Xk  and w0  = 0 indicates no perturbation. It follows that 

0L(0) 
= 

tr{ E} - tr{YEFj'(YF —  X(w)B)'} if Oi E 

tr{1'(w)E8j (YT— X(w)B)') if Oi  E B, 

and X = {Lti}. (t = 1,. .1'!; z = 1. , P), where 

I tr{YEY'(S1 B)'} if 8j E F; 

I tr{S1E13'[YF— X(w)B]' - X()E8 '(S1B)'} if Oi  B. 

(x1,•• , xk(w), xj-), and S1  is an N x K matrix with (t, h)th entry 3k  but 

zeros elsewhere. 

22 



2.4.4. Perturbation of Model Structure 

We next examine the sensitivity of parameter estimates to basic model assump-

tions. In general, the linear simultaneous equations model structure depends on the 

known constant elements in the F and B matrices. The adequacy of the assumed 

model structure may thus be assessed by perturbing such constants. 

Perturbation of Constants in F 

We consider a C x C perturbation matrix w with wj as the (i)'th element 

and zeros elsewhere. The 'jj  in 'w corresponds to the particular constant element 

perturh(-cl in F. We then alter F by taking F(w) = F + w , with wo  = 0 representing 

no petiirbation. Let Q i be the total number of constants in F. We find 

3L(6) Nti{[)] E} - tr{YEr'();w) - XB)'} 

tr{XEB 1 (YF() 1'B)'} 

and A = {Aqi}. (q = 1,.. ,Q1 ;i = l,.. ,P), where 

Aqi  - 
02 L(0Jw) 
aojowq  

- 1 tr{XEB'(YSF)'} 

if &  
if Oi  E B, 

if 8 E 

if 8 B, 

and S is a C x C matrix with (i,j)th entry one but zeros elsewhere. 

Perturbation of Constants in B 

Similar to the above, we perturb only the constant elements in B. The matrix B 

is modified to B( w) = B + w, where w is a A x C pertirbatioii matrix with (i, j )th 

element c,.)i
, j and zeros elsewhere. Again, wo = 0. Let Q2  be the total number of 

constants in B. \Ve get 

üL(w) J Ntr{'E - tr{YEi'(YF —  XB(w))'} if Oi  E F; 

t1{1'EB'(YF— l'B(w))'} if Oi  E 
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Then. A = f  A ji 1 , (q = 1,. = 1• ,P), where 

a2 L(01w) I tr{YEFYJ'(k'SB)'} if Oi F: 

383 
-tr{XEBY'(XSB)'} if Oi B(w), 

and SB is a A x G matrix with (, j )tli entry one but zeros elsewhere. 

2.5 Example 

The proposed diagnostics are illustrated with an example taken from Pokorny 

(1987, p.  310). The data are reproduced in Appendix A.I. A simplified macroeconomic 

model was used to describe the United E- ingdoin economy from 1956 to 1981. There are 

three endogenous variables and five predetermined variables, namely D = (Yi Y2' Y3) 
and A' = (1,x7x3 .,x4 ,x5 ), where 

yti is consunier's expenclitiire in year 

!If2 is gross domestic fixed capital formation in year t: 

11t3 is national income in year t: 

,1"t2 is government expenditure in year t: 

.r is mininmm lending rate in year t; 

x 4  and x5  are the lagged variables, Xf4 = ?Jc—i,i , = LIt-i ,3 Except for the minimum 

lending rate series, all data were reported in 1975 prices. The adopted model is 

Un = 01 + 02.dt4 + 03/J(3  + dli 

1112 = 0.4  + 05x13  + 06c15  + d12 

!Jti + Y12 + X t2' 

for 1 < t < 25. Using our notation, 

/ 1 0 -1 
F( 0 1 -1 

\-0:1  0 1 

01  0.4  0 
001 

B= 0 0 0 
02 0 0 
0 06 0 
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Due to the functional relationship imposed by the third equation, V = (v i , v 2 , 0). It 

should be emphasized that the above model is used for illustrative purposes only. As 

remarked by Pokorny (1987), the underlying theory is far too simplistic to describe 

the workings of the UK economy. Nevertheless, we shall proceed to estimate the 

parameters assuming the model structure is satisfactory. Table 2.1 summarizes the 

ordinary least squares (OLS), two-stage least squares (2SLS) and FIML fits of the 

linear simultaneous equations model, with (asymptotic) standard errors enclosed in 

parentheses. The FIML estimate is clearly superior with respect to the log-likelihood 

and seems to be more stable as well. 

Table 2.2 presents influence dia.gnostics for the linear simultaneous equations 

model fit based on the FII\'IL estimate. Observations taken at 1979 and 1981 may 

be considered outlying \vitll large studentized residuals. We further identify 1978 and 

1980 as hi-li leverage observations; their h(1)  values have far exceeded the 2p9 /N cut-

off of 0.24. According to the Cook's distances D2, D3 and D4, it can be established 

that the greatest change in the coefficients is produced by removing the 1980 data. 

However, only its D3 value can be judged significant relative to the asymptotic P' 

cut-off of 5.35/6 = 0.892, confirming that the 2  reference point is unreliable for small 

samples. It is also found that Dl exhibits strong masking effect and tends to be mis-

leading. In particular. the influence of 1980 has been masked by the adjacent years 

1979 and 1981. The DFBETAS exhibited in Table 2.3 show that its effect is mainly 

on 82 and 8• - 

To further examine the apparent impact of the observations, we carry out a lo-

cal influence assessment of the data.. The directioii cosines dax  from perturhing the 

enclogeiious variables, the l)redlt(rinii1e(I variables, and case weights are listed1 under 

Table 2.4. There is no need to 1)erturb 2 because it is present only within the func-

tional equation. It is evident that large components of the direction cosines occur 

niostiv at the later years. The extent of the effect exerted by each observation is re- 
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flecteci through the d1 for y1 Y2' y. x3  at that year. together with the dm ax  for 

the year following. The results reveal that 1980 is locally the most influential 

year when either Yi' y3  or x5  is perturbed, and the second most influential when Y2  is 

modified. This is concordant with its relatively large Cook's distances. In summary, 

the linear simultaneous equations model fit appears to be substantially dominated by 

the period 1978-1981; see Figure 2.1. Our diagnostic analysis therefore suggests that 

a different model should he specified for the more recent data say from 1978 onwards. 

Table 2.1 
Comparison of linear simultaneous equations model fits 

for the United Kingdom Econo7ny data 

OLS 2SLS FIML 

81 1537.901 1818.487 1744.786 
(967.103) (1123.682) (956.107) 

82 0.276 0.598 0.477 
(0.121) (0.210) (0.184) 

03  0.428 0.233 0.306 
(0.072) (0.126) (0.110) 

-5341.664 -5341.664 -5417.459 
(1778.962) (1778.962) (1659.264) 

85  0.286 0.286 0.288 
(0.030) (0.030) (0.028) 

86  -460.595 -460.595 -476.265 
(163.609) (163.609) (151.324) 
445.956 445.297 445.109 
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Table 2.2 

ReiduaL. ieverage$ and znfluence measures for 

the United Kingdom Economy data 

year r1  11(2 )  D1 D2 D3 D4 

1957 -0.383 -0.324 0.151 0.242 0.017 0.140 0.027 0.013 
1958 0.173 -0.953 0.154 0.157 0.032 0.147 0.029 0.014 
1959 0.714 -0.846 0.126 0.131 0.028 0.094 0.016 0.007 
1960 0.647 -0.2S4 0.131 0.127 0.013 0.020 0.011 0.004 
1961 -0.073 0.493 0.121 0.137 0.007 0.006 0.010 0.000 
1962 -0.056 -0.S1S 0.073 0.082 0.013 0.132 0.113 0.079 
1963 0.951 -1.490 0.063 0.124 0.057 0.042 0.049 0.039 
1964 0.136 0.676 0.052 0.062 0.007 0.013 0.022 0.000 
1965 -0.476 0.315 0.051 0.060 0.003 0.013 0.009 0.004 
1966 -0.409 0.558 0.045 0.045 0.004 0.043 0.023 0.003 
1967 -0.934 1.092 0.104 0.056 0.021 0.082 0.054 0.024 
1968 -0.580 1.204 0.114 0.049 0.016 0.060 0.039 0.012 
1969 -1.147 0.947 0.040 0.044 0.015 0.058 0.048 0.019 
1970 -0.359 lOSS 0.053 0.065 0.015 0.029 0.031 0.019 
1971 0.059 0.048 0.117 0.242 0.000 0.072 0.060 0.019 
1972 1.624 0.355 0.099 0.087 0.046 0.187 0.239 0.171 
1973 1.228 1.152 0.028 0.064 0.054 0.073 0.089 0.022 
1974 -1.669 0.298 0.284 0.109 0.163 0.326 0.065 0.024 
1975 -1.435 0.144 0.067 0.080 0.035 0.154 0.036 0.011 
1976 -1.336 0.616 0.075 0.116 0.033 0.226 0.072 0.119 
1977 -1.230 -1.012 0.034 0.103 0.110 0.106 0.120 0.042 
1973 1.353 -0.591 0.374 0.153 0.309 0.536 0.212 0.229 
1979 1.961 0.716 0.053 0.235 0.273 0.315 0.296 0.258 
1980 0.066 -0.317 0.337 0.295 0.023 0.634 1.215 0.591 
1951 0.931 -3.184 0.230 0.129 0.293 * 0.115 0.105 
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Table 2.3 

The DFBE TA S znJinence dzaynos Lzcs for the 

Uniled KZ7U]d07ri Economy daa 

veal 81 82 83 85 06 

1957 0.028 0.237 -0.234 0.036 0.014 -0.039 
1958 0.024 0.254 -0.252 0.036 0.079 -0.173 
1959 0.021 0.184 -0.183 0.036 0.065 -0.163 
1960 0.021 0.231 -0.231 0.036 0.004 -0.044 
1961 0.024 0.184 -0.182 0.034 0.022 -0.087 
1962 0.031 0.460 -0.454 0.030 0.223 -0.451 
1963 0.02() 0.194 -0.197 0.035 0.155 -0.339 
1964 0.023 0.282 -0.280 0.036 -0.057 0.035 
1965 0.021 0.090 -0.091 0.033 -0.104 0.138 
1966 0.020 0.241 -0.240 0.033 -0.111 0.164 
1967 0.022 0.314 -0.312 0.034 -0.135 0.217 
1968 0.021 0.301 -0.299 0.035 -0.126 0.168 
1969 0.025 0.343 -03'40 0.039 -0.025 -0.068 
1970 0.021 0.133 -0.133 0.035 -0.138 0.237 
1971 0.025 0.450 -0.449 0.039 0.011 -0.11$ 
1972 0.023 0.339 -0.362 0.036 0.138 -0.483 
1973 0.022 0.623 -0.619 0.033 -0.068 0.038 
1974 0.025 0.303 -0.493 0.039 0.073 -0.197 
1973 0.023 0.333 -0.349 0.039 0.063 -0.189 
1976 0.006 -0.401 0.402 0.023 -0.007 0.013 
1977 0.024 0.773 -0.762 0.038 0.072 -0.161 
lOTS 0.023 -0.136 0.124 0.023 0.210 -0.571 
1970 0.020 0.316 -0.319 0.032 0.332 -0.839 
1980 -0.046 1.680 -1.641 -0.009 -0.327 0.902 
1981 0.027 0.208 -0.212 0.040 0.047 -0.003 
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Table 2.4 

Lo;ai Influtnu,  dzrcczon co,inc, for th 

Umzt.ed Kin gdo rn Econo mj daa 

Vefti. Yi Y2 Y3 case weight 

1957 -0.09 -0.09 -0.35 0.03 0.18 -0.33 0.00 
1958 0.08 -0.07 -0.17 0.02 0.03 -0.31 0.00 
1959 0.12 0.05 AN 0.00 -0.12 -0.29 0.01 
1960 -0.05 0.05 -0.21 -0.01 0.03 -0.25 0.04 
1961 -0.19 -0.02 -0.31 -0.04 0.11 -0.22 0.03 
1962 0.18 -0.08 0.04 -0.05 -0.14 -0.19 0.00 
1963 0.34 0.07 0.21 -0.06 -0.30 -0.17 -0.03 
1964 -0.12 0.06 -0.12 -0.09 -0.08 -0.13 0.02 
1965 0.02 -0.06 0.02 -0.11 -0.15 -0.10 0.04 
1966 -0.08 -0.02 -0.07 -0.12 -0.06 -0.08 0.03 
1967 -0.09 0.01 -0.01 -0.13 -0.16 -0.06 0.09 
1968 -0.14 0.09 -0.03 -0.14 -0.13 -0.03 0.03 
1969 -0.09 -0.13 (J.0() -0.16 -0.08 0.00 0.07 
1970 -0.10 0.07 0.04 -0.17 -0.18 0.00 0.00 
1971 0.23 0.10 0.37 -018 -0.45 0.04 0.02 
1972 -0.03 0.37 0.12 -0.21 -0.20 0.08 -0.31 
1973 -0.24 0.33 -0.03 -0.25 -0.05 0.15 -0.38 
1974 -0.07 438 -0.03 -0.29 0.17 0.22 0.10 
1975 0.00 -0.25 0.05 -0.27 0.07 0.19 0.20 
1976 -0.15 -0.17 -0.09 -0.27 0.19 0.18 0.15 
1977 0.32 -0.26 0.34 -0.27 -0.14 0.18 0.29 
1978 0.18 0.37 0.32 -0.27 -0.26 0.18 -0.29 
1979 -0.40 0.38 -0.29 -0.31 0.37 0.26 -0.59 
1980 -0.14 -0.19 -0.15 -0.35 0.43 0.33 0.11 
1981 0.52 -0.24 0.40 -0.35 0.04 0.33 0.38 
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CHAPTER 3 

INFLUENCE DIAGNOSTICS FOR LINEAR 

MEASUREMENT ERROR MODELS 
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Tins chapter will focus on the assessuient of influence for a linear regression model 

when both response and covariate are measured with errors. For the speciai case of 

structural model, its influence functions were derived by Kelly (1984). Fuller (1987, 

Chapter 2) defined the hat matrix based on predicted covariates. Weilman and Gunst 

(1991) proposed a one-step approximation of the Cook's distance to detect influential 

observations. Thomas (1993) applied local influence method to gauge the sensitivity 

of model para meters. 

\e first review the linear measurenient error niodels and their parameter estuna-

tiomi in the next section. then define the notion of leverage in Section 3.2. In Section 3.3. 

appropriate influence measures are proposed. In Section 3.4. we suggest a Monte-Carlo 

approach to assess the influence statistics. Local influence methods are then apliecl 

in Section 3.5 to evaluate the eflect that perturbations to the data. case weights. and 

nioulel assumptions may have on the parameter estimates. Lastly, an example illus-

trates application of the proposed diagnostics in Section 3.6. 

:3.1 Model Notation and Estimation 

Let y (yi....... , )' be an iv-diiiensional column vector of error-free 

response and x = { x }. t = 1. .\. be an N x K matrix of A error-free explanatory 

variables or covariates. The error-free variables z = (y, ) cannot be nieasurcd exactly. 

instead, the cibervab1e surrogates are Z = ( . N) = . N, } subject to ln(lsurement 

errors e = (e. U) = { ( ,.u, } Coimsider a linear uieasuremnent error model in the no-

('qliati( )n-err()r fo rin 

f (Y,X) = (y,) + (eu) 
3 1 (...) 

\Vhlere 13 = (• . , 
J ace unknown parameters (here )) = K). The observable model 
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is then 

YXf3+v 

with v = (ci, . e - u/3 (lenotilig the model errors. It is asnmecI that 

Et (c l . lit)'  are independent Noi'nial(O. vectors, with treated as either 

known or known up to a multiple T. 

7 , \ 
- ( \ 

,/ y. 

r 
2( 1 11 - 2 

'- J ° k 1 -0 is. —uu / I uc uu / 

where T is nonsinu1ar and u2  is regarded as a nuisance parameter. Given that T 

is kno\vll, the log-likelihood functi )fl with x fixed is 

L(Y,X;/3) 
= _ 

log 2u2 T - (2(T2 ) Z''T) 1 'Z. (3.2) 

where Z ( . X, ). d = (1. —/3' )'. and our interest centres on /3. Models with 

fixed x are called functional models, while models with random x are called structural 

1110(1(15. [:nder functional model assluliptious, x is a full rank matrix of fixed constants 

in repeit e(l sa111)l111g. For structural models. x (leliotes the matrix of random variables 

fillo\ving it normal (listrihutioll with mean ft = (iii , . p,) and covariance matrix 

IL = 
—' X. 

= bin V ( - )'( — 

In this stii.lv. iiiaxiimuuii lkeljlo )d will he used for imiodel estiniation. Let 

-fzz =N' E zz, 

amid associated partition conforms \Vitli that of Z. When the entire is known, the 

'stinator of /3 is given by 

\)_1(I 
—  
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with \ being the smalle t root of 

Mzz = 0. 

If the error covariance matrix is known only up to a multiple TEE . = 72  TEE , the 

maxiiiimi likelihood estinators of 0 and a2  are respectively 

= (M - — 

&2 =(p+1) 

with beiig the smallest root of 

Here. T,, and Y11 C are the l)1rtitio11ed submatrices of T. Furthermore. the maximum 

likelihood estmiator of = is 

=Z, — (3.3) 

\vllere = (1. - )'. Estimation of 3 for the model with fixed x is also appropriate 

for the model with random X. Under I)otli functional and structural assumptions. the 

estjina tor is (Olisisteilt aiid 

—  ) Normal(Oj2) 

() — —1 
- —Ii ( 1'X UU (U1 — l 111 Jii 

and 
- . = See Fuller (1987, Section 2.3) for more details. 

3.2 Leverage 

As suggested by Fuller (1987, p. 121), the approximated hat matrix for linear 

me isi uiement error models may 1 e defined as 

-' —I 
-' (3.4) 
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This hat matrix can be justified by applying the general definition of leverage. Based on 

Fisher's scoring. Newton-Raplison iterative estimation produces the following updating 

sequence. see e.g. Kennedy and Gentle ( 19S0) 

1+1I 11 + 
V/3m ) 

(3.5) 
+ (Y - 

where /3 is the updated est nate of /3 and 15 the updated estimate of x. Once /3 is 

revised in each iteration, the estimate of x can be obtained from (3.3) substituting /3 
with /3. As the estimate converges, left multiplying (3.5) by i and then differentiating 

with respect to Y lead to the hat matrix defined in (3.4). As shown below, the diagonal 

element of H. h tt.  shares the same properties ;is those of least squares leverage values. 

and can be used to indicate extreme observations among the estimated predictors in 

. Let-Al = I, H. then: 

ii H. 1 I are symflhiiet ri c a fl( I i d('lnp( )tent. 

ii) tr(H) ;\ / J). simice tr(H) = tr (()_1) tr 

3.3 Influence Measures 

The log-likelihood function (3.2) leads to the estimation criterion of minimizing 

= 

where (1. -a)' and Z f  is defined iiear (3.2). Diflreiitiatiiig  Q(/3) with respect to 

gives time Score filil('tioll 

U(/3) = c(X — 

If the iiieasiirenieiit err( )FS are iiormimnliv (list ubi itch. the eqimat ion U( )) = 0 becomes 
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the illaxinluin likelihood esti uatmg equation for 3. i.e. 

'(Z) 0. (3.6) 

where u!'( Z,, ) = ?( X - t&uv ) - and i, = 1 - X will be the ordinary residual 

for case t (Miller, 1990). 

For functional models, the covariates x are unknown constants. Let F f  be the 

distributioii function for Z t , so that (3.6) can be expressed as 

/i(Zt rn(lFi(Z( ) f f v t dFt (Zt ) 

= 

E[(X1  — .rt))vd 

— ..-uL -. Evil — 

Let u' > 
( Z) = . Following Hampel et al. (1986. p.  230). the influence 

function (see Section 1.3.1) for 0 based on an infinitesimal pointmass perturbation of 

tll(-' ol)servatioli Z can be found viz 

IF(Z,) '(Z.) [_fu/(31 (Zt )(1Ft (Zt )] 
L  

= r(Z.) 
[- 

E u: 1 )(Z i )] -' 

= v(X - 

[

N -1 
E (XX, - 2u',X,,' + 

2uul()1 

= v(X - 

Tlieref re. 

IF() = e,(X, - (3.7) 

r structural models. the derivation is slightly (litferent using the empirical function 

of Z, see Icellv (1984). but, the resiilting influence fum(tion takes the same foriii as 

(3.7). 
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To reveal influential observations, case-deletion measures seem to be appropriate; 

s€'e Section 1.3.2. Let denote the estimate of 0 with the tth observation removed. 

The case-deletion influence is given by 

D11  = ((t) - )'[V('( (t)  - 

where V() consistelltly estimates V(), the asymptotic covariance matrix for . The 

expression for V3) is rather complex: see Fuller (1987, p. 130) for more details. Note 

that the Cook's distance D1 has approximately standardized the changes in parameter 

estimates when a case is (lelefe(l. To 5i1fl1)lifv the computation of Dl . Welirnan and 

Gunst (1991) apply pertui'hation arguments and asymptotic theory through the one-

step approximation to 

- —(1— 

leading to the measure 
I 

D21 j 
(1 - h11 )1 

Here. r, (1 - /1 ) - I /2 ma be regarded as the studentized residual. &rt, 

Note that D2 iiieasures the squared distance from to its one-step 

approximation when the t th case is removed, relative to the geometry of the estimated 

error-fi'ee predictor space 

Alternatively, an equivalent measure to Dl and D2 (,an be constructed from an 

iiiteriial s('ahi11 of the sanll)le iliflhleil('e tllii('tioli (3.7) as 

D31  - IF,('IF1()'/(Np). (3.8) 

where Vy + [IF1  () )'IF1()} defines the nonparaiiietric influence function es- 

tiniator of V()b = E[IF(Z.)'IF(Z./3)]. 
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3.4 Confirmatory Study 

Although isyniptotic distributions of the estimator is available, the distribu- 

tions of cliagiiostic measures such as Dl. D2 and D3 are iitractable. We suggest a 

Monte-Carlo testing method sinilar to that of Atkinson (1981) to assess the magni-

titcie of influence and to confirm the presence of aberrant observations. The diagnostic 

procedure takes the foriii of an order statistic plot with an envelope derived from sun-

ulation to provide assessment guidelines. The procedures for functional and structural 

models are different and described as follows. 

3.4.1 Functional Models 

Simulate R. norniallv distributed pseudo sets of random measurement errors U = 

{ u v, I. 1, . R. ivitli mean zero and measurement error covanai.i ce ma tnx 

Note that U { r} = ( { r} 
0 Ut { r}'' UV { r)) is an N x p matrix. 

The siniulat.ed pseudo covariates are given by 

Theu generate R. sets of normally (listrihilted response errors e = { e r} } With mean 

zero and variance &. For (,ach sinulation, we have 

e{r} = (i{r}' 

The pseido responses. r} }, can be further determined by 

t{r} + I{} 

F r each pseudo ata set Z ,. = ({ r } -'{ r} ), the assumed model is fitted and 

correspon(lnlg diagmiostics propose(l in Sections 3.2 and 3.3 are evaluated. These in-

clude the leverage /1[t] { r} . the residual 1 [11 {r) and the three versions of Cooks distance 

D l[, { }. { and D3[1 { ,., where the subscript [.] denotes the index of their re- 

51)ective ordered statistics. 
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(6) Plot the maximum uid inmmium values of each ordered statistic across the I? 

replicated sets, together with the observed sample ordered values, against the indexing 

set (1, N)'. Finally, square root of the Cook's distances will be taken to enhance 

the scaling for displaying the smaller order values. 

3.4.2 Structural Models 

(1*) Parallel to step (1) of functional models. R pseudo sets of random measurement 

errors it are simulated as norina.l randoin variables with mean zero and covariance 

matrix E ll  11 , it = {r }, r ,... .1?. 

(2* ) Simulate 1R, sets of normally distributed true covariates X r}  with mean x and 

covariance matrix Then the pseudo observed covariates are given by 

The rest of the procedure follow exactly steps (3) to (6) of functional models. 

Outliers and influential cases will appear as isolated points at the far rignt of the 

diagnostic plot. If so rue of the observed sample D values fall beyond the boundary 

of the envelope (vectors of inaxirniun and minimum values), they can be judged as 

"influential". In the absence of any atypical case( s), the majority of the sample values 

are expected to lie either within or close to the sinulated envelope. Further interpre-

ta tions and stability properties of siiuuiuiated envelopes are discussed in Lee (1937). and 

Flack and Flores (1939 

3.5 Local Influence Analysis 

V'e apl)ly local influence analysis (Section 1.3.3) to the linear errors-in-variables 

situation. \ariolls schemes of model/data perturbations are considered, thus providing 

a battery of diagnostics to (Ietect diflerent kinds of inthience. In the manner of Cook 

(1986), general perturbations are introduced into the model through a vector '. Let 

L( w) be the log-likelihood (3.2) correspoudmg to the perturbed data/model, and let. 
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/3(w) be the maximum likelihood estimate froiii the perturbed model. The influence 

of the pertuiatiol1 w can be assessed by the log-likelihood displacement 

LD(w) 2{L() L((w))}. 

Under the null perturb a.tion wo , = (w0 ). By calculations similar to those of Cook 

(1986), the normal curvature at LD(wo  ) in the unit direction d is given by 

C(d) = (3.9) 

where L\ = 02 L( and 

= _) ('T rX 'X 

- 2( Z,)('T ) 2 (X'T1 + TX1 ) 

- 4(Z))2 (9'T9) 1T3/3'T,} 

are evaluated at and &2 

3.51 Perturbation of Case Weights 

\e define a vector of weights w = (' . ••. ',, )' to perturb the contribution of each 

case to the log-likelihood: 

N 
log 12 7, Ta2  - 

The pomt representing no pertl1rbat)11 is (1. •. 1)'. Such perturbation is 

('qlmivalemlt to pertmirhmg for ('acii (l5(' to a (1 ± > —1. The above scheme 

also generalizes case deletion. where 
', is immiteci to the values 0 or 1. Since 

3L(w) ' 1 [('T)-1(z,)x1  + 
ao (=1 

Using (3.9), we obtain = {A, 1 , where 

2[('Tr1 (Z)X, + ('Ta)(Z,)'T 1 , 

40 



The resulting local distance can be regar(led as the local directional version of the 

Cook's distances discussed in Section 3.3. 

3.5.2 Perturbation of Responses 

We consider altering the responses by taking Y( w) = - ± • ,,w, where .s,, denotes 

the standard deviation of v. As with other additive perturbations. wo = 0 and the 

perturbed log-likelihood L(/3w) is simpl (3.2) with Y(w) in piace of Y. For influence 

diagnostics. we find that 

0L(/3) 
[('T)' ((') - X,/3)X, + ('T) 2 (}') - 

and ..\ {L\j}. \vhere 

—2 [('TE) —1 X, + 2('T 2  (y) - 

3.5.3 Perturbation of Covariates 

We modify au individual covariate, sai the 'th column X( k)  of X. to 

= X (k)  + 1..])) 

Here. . is the standard deviation of X( k)  aiid 0 represents no perturbation. 

Such a scaling permits comparison of values obtained from perturbing covariates 

separa tel. ;111(1 provides some rankmg on the relative local influence of individual 

(ovariiI tes. It (-(in be verified that 

3L(/3lw) 
[' ' (Y - 

(=1 

+ ('T t9) 2 ( - 

Influence (liagulostics can be based on an eigen-aiialvsis of k' evaluated at 

/3 auid a. where L\ k { L\ ik 

a'T)H( 1(')/3)Ek 

•Ik.k[X((') +  
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and E. is a. 1 x ]) V('ctOr of zeros with 1t1i component. 1. Perturbation of individual 

covariates without iiiodifviiig their covariance matrix is eqruvalent to perturbing the 

true covariate values. 

3.5.4 Perturbation of Measurement Error Covariance Matrix 

Lastly we examine the sensitivity of parameter estimates to basic model assumptions. 

In most situations, it is assumed that the matrix T be either known or estimable. To 

assess the rein tive size of measurement errors among the ('ovariates, we shall perturb the 

measurement error variances arid covarianz'es. VVithout lcss of generality, let T - 

(1 O\ 
so that and ut are uncorrelated and perturhing T is equivalent to \U .L / 

perturbiii T 11  u.  \\e shall denote the (j, k )tli entry of T by 7Jk  1 < J. k < p. The 

following perturbation schenie is proposed, taking into account that '1,, is symmetric: 

( --o. •-. 

- . 

ijk '-jk .1 •-. 

Here, > and 0. so that Tdw) ( T(W)) and T() 

\\e obtaii 

üL(/3w) = + (T )_2(zf2Tu?L()] 

From (3.9). we get. the 1 x J) ve('tor (.1 < ) . where 

[( Zt ('T()) 2  T - 2 Z)X I  ('T()) 2  3 

—4( Z1 )3'T,,,(w) (9'T(w)) i 2] .1 = 

a— 2 [(Z,,d)2  ('T(w)) 2  T. - 2( Z,O)X ('T()) Id k  

- 4(Z)2 'T 1111 (w) (T(w)il) j 

T1  is a 1 < J) vector of zeros with j  tim conipomient 2d,. T1 k is a 1 x p vect(r of zeros with 

.1 th component ; j  amid 'tli component. 3k  Then { jk } is a p(j + 1) X p matrix. 

Sensitivity of the analysis will be reflected through the resultimig direct icn cosines dri iai  
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of dimension p(p + 1) x 1. Unlike Thomas (1993), our approach is more general and 

not restricted to inclepeiideiit measurement errors. 

3.6 Example 

\\'e consider the Health Club data given in Chatterjee and Hacli (1988, p. 129). 

This data, set. reproduced in Appendix A.2, consists of health records of 30 members 

of a. health club. The measured variables are 

F time (in seconds) in a one-mile run; 

Xi = 1: 

= \veight in P11tS 

resting pulse rate per minute: 

arm and leg strength (iiiuiiber of pounds a member was able to lift 

time (in secon(1s) in a 1/4-mile trial nui. 

The least sjuares regression sunnnary is shown as the first column of Table 3.1 a 

Chatterjee and Hadi exiuiiiiied linear regressioll (liagnostics for the fit and con-

cluded that case 30 is an outh er case 23 is a high leverage point: case 28 is the most 

influential on /3 for measures based oii the influence curve and the likelihood function. 

On the other hand, the authors later admitted the p0hem of measurement errors in 

the data. mainly due to rouiidiuig-off the actual observational values to the nearest 

integer inuts. It nl:iy thus he reasoned that T diag( 1. 0. 1, 1, 1. 1). with the Zero di- 

ag()llnl element correspomiding to the error-free intercept term. We shall re-analyze this 

(lnta set taking accoinit of the iiherent nieasurenient errors As tructural modei (3.1) 

will he assiuned which is not unrealistic given the nature of the covariables. Parameter 

estimates and their asvniptotic standard errors for the linear nieasurement error model 

are listed im(ler Table 3.10). The results are very (liflerent from the least squares fit 

iguormit nieasureilient error. (hue to the uiuiderlving no-equation-error assumption. If 
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an e(Iutin-error  model is adopted msteacl, the correspoiidiig results will be similar 

to those of least squares; see e.g. Fuller (1987. Chapter 2). 

Table 3.1 

Comparison of least squares (LS) and linear measurement error model 

(LMEM) fits for the Health Club data 

(a) (b) (c) (d) 
Full data set Case 23 deleted Case 28 deleted Both cases deleted 
LS LMEM LS LMEM LS LMEM LS LMEM 

di  

3) 

:33  

34 

Dev 
(1. •f. 

-3.62 37.84 
(56.10) (134.70) 

1.27 1.21 
(0.29) (0.78) 
-0.33 -4.16 
(0.86) (2.14 
-0.31 -0.83 
0.23 (0.36 
3.00 7.39 

(0.73) (1.38' 
20331 7.37 

23 23 

-32.09 -63.58 
(64.50) (121.85) 

1.21 0.98 
(0.30) (0.34) 
-0.64 -3.97 
(0.88) (2.96) 
-0.37 -0.36 
(0.29) (0.48) 
4.19 8.14 

(0.82) (2.38) 
19873 6.05 

24 24 

-15.14 -21.73 
(53.94) (95.32) 

0.94 0.44 
(0.33) (0.37) 
-0.64 -3.04 
(0.83) (2.14) 
-0.38 -0.43 
(0.25) (0.30) 
4.60 8.00 

(0.81) (2.07) 
17991 5.81 

24 24 

-48.17 -107.75 
(61.70) (99.67) 

0.86 0.27 
(0.33) (0.58) 
-0.78 -3.03 
(0.83) (1.94) 
-0.22 -.003 
(0.28) (0.43) 
4.06 8.60 

(0.87) (2.13) 
17109 4.40 

23 23 

Table 3.2 contains influence diagnostics for the entire sample. Included in the table 

are leverage values, st i identizecl residuals. sample influence functions for the intercept 

and slope coefficients. and the three Cook's statistics. The linear measurement error 

niodel fit appears to he suhstaiitiallv oioiiiinated by cases 23 and 28. In particular. case 

23 exerts the lughest leverage and the strongest overall influence on the parameters. 

Once agaimi case 30 prodmics the largest residual. Figures 3.1 and 3.2 present the 

(hagnostic plots with 5ii1iiil1t(-'d envelopts fbr ( and h respectively. NO sample leverage 

value can be judged sirnificant relative to those of the R. - 19 realizations. 
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Table 3.2 

I'flfl?/.Tic( (lZagThot.ZC, for t/ .B(alth Cull) data 

Case h IF(/3) IF()9)IF()3 ) IF()4 ) IF( 5 ) Di D2 D3 

1 0.27 -0.28 223.44 0.89 0.61 -0.82 -3.73 0.006 0.006 0.004 
2 0.11 -0.98 -450.06 1.35 5.49 -0.93 0.08 0.025 0.023 0.032 
3 0.10 0.34 3S.01 -0.S7 -1S7 0.54 1.97 0.003 0.003 0.004 
4 0.09 -0.21 -125.13 0.05 3.03 0.22 -1.76 0.000 0.000 0.002 
5 0.05 -0.60 -113.04 -1.08 0.40 1.38 -0.23 0.007 0.006 0.006 
6 0.10 -0.44 92.53 -0.47 -1.87 0.74 -0.72 0.005 0.005 0.005 
7 0.09 -1.07 -43.11 -0.53 -8.51 1.21 5.48 0.020 0.022 0.027 
S 0.26 1.43 -1045.56 -3.26 9.86 -0.81 16.63 0.132 0.141 0.125 
0 0.16 -0.27 197.83 -0.08 -4.80 0.02 1.46 0.003 0.003 0.004 

10 0.17 -0.77 666.26 1.90 -18.69 -1.12 5.19 0.023 0.024 0.038 
ii 0.26 -0.39 -120.47 -2.11 -0.91 0.64 5.66 0.010 0.011 0.007 
12 0.09 0.79 -50.60 -1.19 4.31 -0.34 1.01 0.013 0.012 0.015 
13 0.2S 0.70 329.63 0.15 -3.32 1.67 -5.97 0.044 0.039 0.024 
14 0.07 1.73 -15.48 -2.98 8.67 3.12 -7.55 0.048 0.046 0.056 
15 0.08 -0.39 53.77 -0.73 -1.72 -0.05 2.43 0.003 0.003 0.003 
16 0.22 0.94 -713.21 -4.13 24.70 3.57 -10.89 0.060 0.050 0.058 
17 0.28 -0.79 -839.23 -1.38 21.19 3.42 -13.26 0.0.53 0.049 0.074 
is 0.23 0.21 -280.41 -1.03 3.46 0.S() 1.31 0.003 0.003 0.002 
19 0.06 0.11 52.08 0.05 -1.18 -0.12 0.58 0.00() 0.000 0.00() 
20 0.11 -0.44 -111.05 1.04 -0.06 -0.15 -0.78 0.003 0.005 0.006 
21 0.21 0.33 34S.39 0.50 -9.46 -0.87 4.78 0.005 0.006 0.012 
22 0.13 0.38 39.69 -0.56 4.06 0.36 -3.49 0.004 0.004 0.004 
23 0.46 -1.83 1629.67 3.74 -3.69 -7.66 -8.49 0.673 0.364 0.171 
24 0.14 0.28 -70.11 0.75 -0.14 -0.32 0.29 0.003 0.003 0.002 
25 0.14 0.60 465.5S 0.19 -11.95 -1.32 7.49 0.008 0.012 0.02S 
26 0.10 -0.8() -1540.91 -1.91 1.80 1.26 6.68 0.013 0.014 0.011 
27 0.13 1.28 941.28 4.77 -15.37 -1.64 -5.99 0.032 0.049 0.029 
28 0.30 2.44 1525.95 16.S1 -28.57 -9.55 -9.98 0.519 0.501 0.154 
29 0.19 0.37 -142.89 -1.23 7.00 1.34 -4.58 0.006 0.006 0.007 
30 0.09 -2.62 -1942.87 -8.64 17.53 5.44 16.35 0.121 0.140 0.086 
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To assess the mfluence of each ohservatioii. We examiiie the diagnostic plots for 

D1. D2 and D3 (Figures 3.3. 3.4 and 3.5). We have no difficulty in identifying the 

two atypical  observations, case 23 and case 28, so that both are influential on the 

linear measurement error model fit.. It is also found that statistic Dl is slightly more 

cliscrimmative compared with the other two statistics in the linear measurement error 

niodel situation. 

The sample influence functions IF(3) in Table 3.2 exhibit the different effects 

of various cases on the fit.. While case 23 contributes strong positive influence on the 

intercept, case 28 exerts its influence mainly on the slopes. If /35 is of particular interest, 

then case S and case 30 appear to be influential based on their IF( 3.) values. Again. 

the niagnitude of IF values can be further assessed through simulated envelopes. Table 

3.1(1)) and (c) display fitted models when the two cases are deleted separately, whereas 

3.1(d) gives the results when both cases are removed. Upon the removal of these cases. 

estmniates of the iiitercept change dramatically (especially for case 23) and most siope 

coefficients olecrease in lnaguitll(ie (especially for case 28). under the extra assumption 

of covariate nieasurenient error. 

We now assess the efiects of pertnrhatioiis upon time, regression coefficients based 

on the local influence nietliod in Section 3.5. The direction cosines from modmiying 

case weights and responses are plotted iii Figure 3.6. It is evident that. cases 28 and 

30 have large but oppositely signed direction cosines, indicating sensitivity to opposite 

types of pert11rbat1)n. The local (list,ances in Figure 3.7 bring attention to case 23 

as well. iii t he sense that a sufficiently large pert.tmrhatioim is required for this case to 

he mfluiential. We next exaiiiiie the impact of covariates on parameter estimation. 

The niaxi numn normal curvature C11111 .1,  values for X. A:1,  A and A 5  are. respectively. 

12.26, 434, 5.73 and 11.95, wlucli suggest, that the coefficients are more sensitive to 

pertllr])atiolis of X and X5 than to A 3  and X . Froin the plots of direction cosines 

(Figure 3.5) and corresponding local distances (Figure 3.9), we observe that case 30 is 
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influential when either X .X 1 . or X. , is perturbed. The situation is less clear-cut for 

X 5 . though case 28 emerges as having relatively large absolute components. 

The influence of the cases generally c1e1:)ends on the specification of the model. 

It is therefore important to assess the effect.s chic to the assumed measurement error 

coVariance structure. Following the covariance perturbation scheme proposed in Sec-

tin 3.5.4, we found that d,1(11  = —0.838 associated with X5 stands out relative to the 

other values: see Table 3.3. This signifies that the measurement error variance of X 

tine in a 1 /4-mile trial run, should actually be smaller than the measurement error 

Variailc of Y, time in a one-mile ruuui. Consequently. it seems reasonable to adjust 

T to diag( 1. 0. 1. 1. 1. ). Results of the  original and revised models are summarized 

iuider Table 3.4. Magnitudes of the estniates and their asymptotic standard errors 

have all been inflated compared to the original linear measurement error uiodel fir. 

cvertiieless. the direction cosines from pertuirbing the a([' iistecl T. appear to remain 

stable. iii support of the revised model assmlmnptiolm. 

Table 3.3 

Dm'rcct.ioru, comnc. fioru. prtuIrhz71f] 1. for the Hcaith Ciu1 data 

-'1 -•i - 

-0.021 0.069 0.015 -0.136 

-0254 -0.054 0.446 

-0.010 0.083 

-0.83$ 
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Table 3.4 

Comparz.on of LMEM fits for the Health Clul data 

T=diag(1,0.1.1.1,1) Tdiag(1.O,1.1,1.) 

DCV. 
(7. f. 

37.837 
1.205 
-4.156 
-0. S4 7 
7.591 

4.95 
.0 

25 

(134.696) 
(0.780) 

(2.143) 
(0.559) 
(1.375) 

230.588 
1.901 
-7.99 1 
-1.385 
8.049 
5.95 
8.33 
25 

(236.335) 

(1.066) 
(5.389) 
(0.922) 
(2.749) 
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Figure 3.1 Residual diagnostic plot for the Health Club data 
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Figure 3.4 D2 diagnostic plot for the Health Club data 
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Figure 3.5 D3 diagnostic plot for the Health Club data 
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Figure 3.6 Direction cosines for case weight and response 

perturbations, the Health Club data 
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Figure 3.7 Local distances for case weight and response 

perturbations, the Health Club data 
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Figure 3.8 Direction cosines for covariates perturbations, 

the Health Club data 
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Figure 3.9 Local distances for covariates perturbations, 

the Health Club data 
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CHAPTER 4 

INFLUENCE DIAGNOSTICS FOR NONLINEAR 

MEASUREMENT ERROR MODELS 
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This chapter deals with the assessment of influence in nonlinear regression models 

when both the response and covariates are measured with errors. A review of non-

linear measurement error models can be found in Fuller (1987, Chapter 3). We will 

concentrate on nonlinear models with no error in the equation. In ordinary nonlin-

ear regression, Ross (1987) suggested linear approximation to case deletion measures, 

while St. Laurent and Cook (1992, 1993) developed leverage measures and discussed 

their relationship with curvature and local influence. 

Our aim here is to present influence diagnostics for the assessment of observations 

that disagree with the assumptions of nonlinear measurement error models. Meth-

ods for detecting nonlinearity and heteroscedasticity were considered by Carroll and 

Spiegelman (1992). In Section 4.1, we first introduce the model notation and briefly 

review parameter estimation. Residuals and leverage measures are described in Sec-

tion 4.2. Case-deletion diagnostics are studied in Section 4.3. In Section 4.4, we shall 

apply the local influence method of Cook (1986). Several schemes of model/data per-

turbations are considered to examine the different aspects of influence. An illustrative 

example is provided in Section 4.5. 

4.1 Model Notation and Estimation 

Let Y-t  represent an observable response with a K-dimensional row vector Xt  be 

the observable covariates, t = 1. . V. Both and X t  are subject to measurement 

error. Let (Y,X) = {(,X)} be an N x (K + 1) matrix of the combined variables, 

and (y,x) be the unknown true values of (}',X). The nonlinear measurement error 

model is in the form 

J (},X) = (yt,xt) + (Ct,U) 
(4.1) 

yt =  9(001 

where q(0) is a known function of Ot = (a', Xt)' , with 0 being a p-dimensional column 
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vector of coefficients. It is assumed that g(6)  is continuous and possesses continuous 

first and second derivatives with respect to both /3 and Xt. Let the measurement error 

= (et , Ut) be a (K + 1)-dimensional independent Normal(O, random vector, 

with the block diagonal denoting the measurement error covariance matrix. In the 

derivation, is treated as known or known up to a multiple TEe , E6, = a2 T, where 

TEE  is nonsingular, and a2  is regarded as a nuisance parameter. The log-likelihood 

function given N observations is thus 

L(/3; x') = - log I 27rE,e  I - (Y 
- g( 6 ), X 1  - Xt) 1 ( - g( 6t), X t  - 

(4.2) 

where x = (x1..Xt, . x) with Xt  = (Xti, ..... The maximum likelihood esti- 

mator 0 (/3' , )' which maximizes (4.2) can be obtained by nonlinear least squares; 

see Fuller (1987, Section 3.2). Here, both /3 and x are regarded as parameters and 

estimated jointly. This method is not computationally efficient for large samples. 

Alternatively, an indirect estimation scheme such as that of Reilly, Reilly and Keeler 

(1993) can be applied. We denote the resulting coefficient estimate /3. When N is large 

and the measurement error variances are small (relative to the curvature of g(0)),  it 

has been established that /3 is consistent and numerically equivalent to /3. 

4.2 Leverages and Residuals 

Leverage measures in nonlinear regression can be constructed from first and second 

order approximations to the nonlinear response surface (St. Laurent and Cook (1992, 

1993)). Let G'(6) = {g ' } where g = Og(6,)/0/3'. Quantities that depend upon 

O will be 'hatted' to indicate evaluation at 0. Following St. Laurent and Cook (1992), 

we define the tangenl plane leverage matrix in nonlinear measurement error models to 

be 
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which is the projection matrix onto the tangent plane of the expectation surface {g(0)} 

at g(6). Similar to the hat matrix in linear regression, the value 2p/N may be taken 

as a reference point for the diagonal elements ha  of H to indicate high leverage points. 

St. Laurent and Cook (1992) also defined the Jacobian leverage as the derivative of 

the tth fitted value Qt with respect to the .sth response Y3, (t, s = 1, . . . , N). Consider 

modifying the response Y3  to Y(w) = Y + w through a small perturbation W. Let 

(w) represent ,@ for the perturbed data. The Jacobian leverage i t,  for nonlinear 

measurement error models is formally defined as thern , limit as w - 0 of 

- [go'(W ) ; ) - g(6)] . (4.3) w 

Taylor expansion is taken up to the order of w2  so that (4.3) becomes 

r  
3g(Ot) d(w) w I d 

/ 

(w) (92 q(6 t ) (](w) Dg(Ot) (]2() 

(1 + 
[ 

ciw 00' dw + dw2 
I 

+ 0(w). (4.4) 

Setting the first derivative of (4.2) for the perturbed model equal to zero, the resulting 

maximum likelihood estimate (w) satisfies 

((w) —g(3(w);),xi_t) 
' (O(3(w);)0)' 

= . (4.5) 

Differentiating (4.5) with respect to w gives 
(w) 

dw 

3g((w); ) D2g((w); ) 0g( 3(w); ) = 
- e t (w) I 0/3(w) 0/3 q (w) O33(w)a/33(w) ) 0/33(w) 

(4.6) 

where e t (w) = Y(w) —g(3(w); ). After combining (4.4) with (4.6), we take the limit 

of the resulting equation as w - 0. Collectimig the jt, in an N x N matrix gives the 

Jacobian leverage matrix 

= (1)( f ( 1)è(1 ) 
- C)'( , (4.7) 
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where C t, t = - g() and denotes = 32g(Ot)/(30,3') 

evaluated at 6. Unlike H, J is not an orthogonal projection matrix. It is possible 

that J tt > 1, i.e. the rate of change in the predicted value can exceed the rate of change 

in the response. Cases with lit > 1 are said to exhibit superleverage (St. Laurent and 

Cook, 1992). The tangent plane leverage H may be considered as an approximation to 

the Jacobian leverage J. Let the QR decomposition of C 1  be given by G' = 

where Q is an N x p orthonormnal matrix with H = QQ', and 7. is a p x p upper 

triangular matrix, see e.g. Bates and Watts (1988, Appendix 2). We have 

.1 = Q(I - 8)_i 01  

N _j ,(2L_i where B = Wt = ( ) g R. The Jacobian and tangent plane leverage 

matrices are identical if and only if B = 0. This will occur when the model provides 

an exact fit to the data, è = 0, or the model is intrinsically linear W = 0. As in 

nonlinear regression, the difference between the leverage measures can be gauged by 

the maximum effective residual curvature ), 

16 = max {jA'L  JAp  I} 

with /\i < ... <,\ being the eigenvalues of 5. Then 16 = 0 if and only if ft = I (St. 

Laurent and Cook, 1993). 

An examination of residuals brings attention to outliers. In line with Miller (1990) 

and Weilman and Gunst (1991), we define the tth ordinary residual for nonlinear 

measurement error models as 

bt  = Yt  —g(',X1 ), t = 1, 

which should be distinguished from the above. in linear measurement error models, 

Miller (1990) recommended plotting the standardized residuals to check for model ad-

equacy. The corresponding nonlinear measurement error model standardized residual 
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is = â 1v, where & = Ei /(N - p). Other forms of residuals can also be 

constructed in a similar manner. 

4.3 Influence Diagnostics 

The impact of individual observations on , a subset of 9, is often of particular 

interest. With the partition 6 = (a', x)', a general measure of influence is the log-

likelihood distance (Cook and Weisberg (1982, P.  184)) 

D1 t  = 2[L(0) - maxL(I3();x')]/p, (4.8) 

where is the maximum likelihood estimate of /3 computed without the tth case. 

and maxL((); x') denotes the log-likelihood maximized over x with held fixed. 

Let A be a p x (p + NIc) matrix (In , 0) so that /3 = AO. Another overall measure of 

influence is given by the Cook's distance 

D21, = ((t) -  )'[AV()A'] 1  ((t) - (4.9) 

where V(0) denotes the asymptotic covariance matrix of 0 (Fuller (1987), Chapter 3). 

The Jacobian leverage measures the rate of change in the predicted response due 

to perturbation of an observation. To examine the actual change in the vector of 

predicted values after deleting case t, the measure 

2 D3 = g(/3); ') - g(0) /(pa;) (4.10) 

seems to be apl)ropriate, being the Euclidean norm. It should be remarked that 

computation of the diagnostics requires a separate nonlinear measurement error model 

fit for each observation. In nonlinear regression, Ross (1987) assessed the adequacy 

of constructing linear approximations to case deletion measures, while St. Laurent 

and Gebrernariam (1993) compared different versions of the Cooks distance. Such 
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approximations may tend to be unreliable when the inherent measurement error is 

large. 

The above influence measures assume that all regression coefficients are of equal 

interest. To focus attention on a single parameter or a subset of parameters, one can 

modify the Cook's distance conformably with the desired partition of 6 through A. 

Scaled differences such as 

DFBETAS = p2(t) 
i = 1,•• ' p 

[V(/3)J 

can be formulated. Alternatively, the influence function approach (Section 1.3.1) can 

be applied to assess the partial influence on individual parameters. Consider the score 

function 

(
g
(1))'  

where g = Dg(6 )/ 6. It can be shown that the influence function of 0 is Ot 

OX t 
),I 

Of  IF(}',X t ;6) = (Y,Xi;0) 
N

(3(j), )OXt 
' 

—1 

(4.11) 
 ao 

The sample influence function for is then given by the first p columns of IF(Y, X; 6) 

evaluated at 6. 

The exact distributions of D11 , D2t  and D3t  are intractable. Theoretically, the 

Monte-Carlo approach of Section 3.4 can be applied to assess the influence diagnos-

tics. In practice, the error variances are often unequal in nonlinear models. Further 

assumptions about the underlying error variance structure must be incorporated into 

the confirmatory procedure, yet the resulting simulations are highly sensitive to such 

assumptions. Consequently, the heteroscedasticity problem has rendered the simulated 

envelope method less desirable in the nonlinear error-in-variables situation. 
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4.4 Local Influence Diagnostics 

The Jacobian leverage in nonlinear regression is closely related to the local influ-

ence of a mean-shift perturbation (St. Laurent and Cook, 1993). As in Section 3.5, 

we introduce small perturbations into the nonlinear measurement error model through 

a vector w. Let L(w) be the log-likelihood (4.2) for the perturbed data/model, and 

0(w) be the corresponding maximum likelihood estimate of 0. Specific perturbation 

schemes are described below. For each scheme there is a point w0  representing no 

perturbation. The influence of w can be assessed by the log-likelihood displacement 

LD(w) (Section 1.3.3). To quantify the local behavior of LD(w) in a neighbourhood 

of w0 , we examine the normal curvature at LD(w0 ) in the unit direction d, 

C(d) = 2td'\I1A'd 

The observed information matrix is 

32 L(0) 32 L(0) 

_ 

3L(0) 
- 

3j333' 3j30x 
- - 3000' - - 02 L(0) 32 L(0) 

3x'3/3' 3x'3 

where 
32 L(0) 

- 
132 L(o) 

- 0/33t3 1 ,J = 1,... , p,  

N / 2 L(0) 
- 

a ( 0t) - - 

333 - 3i3 j —Xt) 

- 

Xt 

(g( ')(Ot)'O) 13i

'
g 0) 

32 L(0) 
- J 32 L(0) 

= 1.•••,IY; k,l = 1,..,K, 
3x'3x - OXtk&X J 
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( ( ag(Ot) 

02 L(6) 
- I aXkaZ, ,o) ;1( 

- g(8t ),X t  - Xt) 

(1 (i)" V' - l aXkaX 8 1  - - (g ' 6t),x tk)  
0 

02L(6) 

(ax'001 
32L(6)  L(6) 

3J3x - ) - O33x j  5' 

02 L(0) (02(Ot) o) _i(
EE 

y 
 — g(Ot) X - 

= 3/9i3xtk 

- 
(g(l)(0t),X(l)) ' (g (60,0)'. 

The observed information I and 

t=s 
ts 

 

A - 
52 L(6w) 

- (J 32L(6w) l 5 02L(Ow) 
- 06'0w 

- l 0j0W  5 aXkaW 

 

(4.13) 

are both evaluated at 6 and wo . The dimension of A is N x (p + NK) unless specified 

otherwise. Let d mai  be the direction cosines of maximum normal curvature, which 

is the perturbation direction that produces the greatest local change in 0. The most 

influential elements of the data may be identified by their large components of the 

vector dinax ; and drnax  is just the eigenvector associated with the largest eigenvalue 

of AI -1 A'. In nonlinear measurement error models, the subset 0 from the partition 
/ F . 6 = (3 , x) is of special interest. The relevant log-likelihood displacement is 

LD(w) = 21L( 6 ) - L((w);  

where {,@} is the function maximizing L(3; x') for fixed 0 and L( 3; {}) defines the 

likelihood profile for @. Diagnostics for influence can be based on an eigen-analysis of 

0 
1X- 1  )]A' 

where I = —32 L(0)/0x'3x. Again, diagonal elements of p'M are the local dis-

tances. In the following, we consider specific perturbation schemes and derive A and 

related quantities. 
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4.4.1 Perturbation of Responses 

In this perturbation scheme, each response value Yt  is modified to Yt(w) = Y +w. As 

with other additive perturbations, wo  = 0. We find that 

N 3L(Ow) 
= (g(,)(0, L'o), 0) -1 (1- (w) - g(0),X t 

 - 
 Xt  

Doi t=1 
 Oi 

(1) 
i w) 

- g( 6 t), X t  - 
0L(6w) 

= (gXk (8t w),x lk) (Y1( 
1k 

02L(Ow) 
= 

((1) 
\g (Otw),0) 1(10)

aoiawt
F 

_ 
\ 82L(8) 

(g'(Odw),x lk(i)  ) 1 (1.0)1 , 
k OWt 

where g(Ot w) = g(Ot w), g'(Ow) = g(Ot ), and x is a 1 x K vector 

with kth component 1 but zeros elsewhere. 

4.4.2 Perturbation of Covariates 

We perturb the ?th covariate Xtk  to Xtk + w t, and wo  = 0 indicates no perturbation. 

Let 

Xt(k) (w) = (X 11 , . . , X. + w1 , X) 

It follows that 

N OL( 01 
- 

a/3i 
(gj(31j 1 (q'1 L")' 0) -1 (Y - g(O t ),X t(k)(w) - 

- 

aL(ow) (gw(6 f ) )) (} - (Ot) Xt(k)(w) - 

02 L(6jw) 
- (g(ow),o) ' (o.x tk 0/3i0wt - ) . 

3L(OIw) 
= (g(Ot)x) ' (o)' 

Note that each covariate in X can be locally modified as long as it is not an indicator 

variable. 
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4.4.3 Perturbation of Case Weights 

We define a vector of weights w =z (w1,. ,WN) to perturb the contribution of each 

case to the log-likelihood: 

= - wt [log I 27rE, I +(Y1 — 9(6 t ),X t  - Xt) 1 (} - g(O t ),X t  - Xt)] 

The point representing no perturbation is w0  = (1, , 1)'. We obtain 

DL(OIw) (g(
3i
)(O'  I L"), 0) (—g(80,X t  —x,)', 

DL(0) 
= (g(11(Otjw)' X(1)) '(Y1  - g(6 t ),X t  - Xi)

axt
',  

k 

02L(6) 
= (9(0t Iw),o) '(Y - g(O t ),X t  - 

32L(61w) 
(9(1)(Ot 1W)' X 

(1)) — '(Y - g(61 ),X t  - X1)

DXtkDW/ X tk 

It can be verified that case weight perturbation is equivalent to altering a2  to a2  + wt 

for each observation, as 

32 L(61w) 
= - ( g (ow).o) T'(} —g(01 ),X t  - x1) ' , 0/3j0w1 a 

and 
32 L(olw) 

= - 
(9Xk

( ow ) , )) T 1 (Y1 
 - g(6t), X - X) 

DXtkDWf a 

The perturbation of case weights also generalizes single case deletion, where wt  is 

limited to the values 0 or 1. 

4.4.4 Perturbation of Measurement Error Variances and Covariances 

We next examine the sensitivity of parameter estimates to basic model assumptions. 

In nonlinear measurement error models, it is often assumed that the matrix i be 

either known or estimable. To assess the adequacy of this assumption, we shall perturb 

the measurement error variances and covariances. Let us denote the (rn, n)th entry of 
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T Es  by 1 < m, n < K + 1. The perturbation scheme equivalent to that in Section 

3.5.4 is adopted: 

I 7mm+2Wrnm, mri; 
777in +W mn , m IL 

Here. Wmn > frnn and the null perturbation matrix is w0 = 0. 

Let (w) = o 2 T(w), where T(w) = {'(w)}. We have 

N 3L(O(w) 
13i

= 
(9(1)(O,IW),O) ()1 (Y - g(O t ),X t  - 

t=i 

= 
(9XOXfk 

(etw),
tk ) 

 X [()r (}' - g(0), Xt - Xt) 

From (4.13), we get the (K + 1)(K  + 2) x P matrix A , consisting of elements 

02L(61) 
= (go A),o) i D ()1(y

,  - g(Ot ),X t  - 
C)Oi mn 

02 L(Ow) 
- 2 (g(6tIw), x)tk  ) 

_i 3T(w) 
(Y - g(O t ),X t  - - 

DXtk0W ifl n - 0Wmn 

0T(w) 
where is a (A + 1) x (K + 1) matrix with (m., ri)th entry 1 (rn n) or 2 

rn n 
(m = ii) but zeros elsewhere. Sensitivity of the analysis will he reflected through the 

resulting direction cosines dm a1  of dimension (K + 1)(K + 2) x 1. 

4.5 Example 

We illustrate the proposed diagnostics with an example taken from Fuller (1987, 

p. 230). The data, reproduced in Appendix A.3, were obtained in an experiment 

investigating sonic logging usage in the detection of potential areas for natural gas 

production. The response Y is the compressional speed (mm/sec) of ultrasonic signals 

and the observed covariate X denotes the nitrogen gas-brine saturation percentage. 

The assumed model is 

J
(Y,X t ) = (yt,xt) + (et ,ut ) 

1  Yt = 131 + i2[exp1Ixt} _1]2 

69 



where (ce , Ut)'  - Normal(O, 0.212) independent. Estimates of the parameters 0 = 

(/1,/32,/33, xi, .....x12 )' can be obtained by nonlinear least squares; see Fuller (1987, p. 

233). Figure 4.1 is a plot of the estimated function together with the observed data 

values. Table 4.1 lists the sample ordinary residuals, standardized residuals, tangent 

plane leverage, and Jacobian leverage values. The residuals indicate that there is no 

obvious outlier in the data. The maximum effective residual curvature (St. Laurent 

and Cook, 1993) K; is found to be 0.085. Given this small value of K;, H is expected to 

be close to J. We have i lentifieci case 12 as a leverage observation (> = 0.5) though 

it exerts no superleverage impact. Incidentally, Fuller remarked that the method used 

in this experiment was unable to create partial gas saturation levels between 34.5% 

and 100%. This lack of observations may tend to increase the apparent leverage of case 

12. Table 4.2 presents influence diagnostics for the nonlinear measurement error model 

fit. According to the case-deletion measures, the greatest overall change in coefficients 

and prediction is produced by removing case 12. The sample statistics at t = 12 have 

exceeded the asymptotic 05/3 reference point of 0.789, and their magnitudes are 

also large in comparison to other cases. The partitioned influence functions IF(/3) 

further exhibit the different effects of the cases on individual coefficients. While case 2 

contributes strong negative influence on the intercept, case 12 appears to be influential 

mainly on the slopes. 

The sensitivity of the analysis generally depends on the specification of the model. 

We next apply the local influence method of Section 4.4. Table 4.3 gives the direction 

cosines from perturbmg the response, covaijate, and case weights, whereas the extent 

of such perturbations is reflected in the corresponding local distances. Since is 

negative, the function q(0)  approaches the asymptote 13, + 32 as Xt ; see Figure 

4.1. One might expect that case 12 (at maximum saturation level of 100%) would 

incur substantial changes to the fitted curve if the point is excluded. However, value of 

the asymptote 31 + 2 is relatively unimportant in determining most of the predicted 
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response except for case 12. Consequently, its local influence should not be unduly 

large when the data are subjected to minor perturbations, as evident from the local 

influence diagnostics in Table 4.3. Results based on response modifications are also 

concordant with the tangent plane and Jacobian leverages. 

We finally assess the effect of local departures from the assumed measurement error 

covariance structure. Following the covariance perturbation scheme outlined in Section 

4.4.4, the direction of maximum curvature is obtained as d m a x  = (-0.342,0.135,0.930)' 

with associated local distances c = (0.050, 0.014, 0.366)'. Therefore, it seems reason-

able to revise the underlying assumption T s, = 12 accordingly to take into account the 

smaller error variance of compressional speed relative to that of gas-brine saturation. 

Table 4.1 
Residuals and leverage3 for the Ultrasonzc Absorption data 

t bt t Itt 3tt 

1 0.350 0.152 0.351 0.341 
2 -1.050 -0.455 0.351 0.341 
3 0.182 0.079 0.163 0.163 
4 0.757 0.328 0.153 0.151 
5 0.940 0.408 0.158 0.155 
6 3.624 1.572 0.188 0.182 
7 3.141 1.362 0.312 0.295 
8 -3.062 -1.328 0.188 0.185 
9 2.514 1.090 0.181 0.179 
10 -2.134 -0.925 0.193 0.192 
11 -0.211 -0.092 0.191 0.191 
12 1.354 0.587 0.572 0.547 
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Table 4.2 
Influence diagnostics for the Ultrasonic Absorption data 

t D1 D2 D3 IFC8i ) IF(92 ) IF(33 ) 

1 0.070 0.012 0.055 0.1573 -0.1310 -0.0003 
2 0.029 0.049 0.062 -0.4720 0.3930 0.0009 
3 0.090 0.000 0.005 0.0098 -0.0154 0.0000 
4 0.144 0.000 0.009 0.0266 -0.0597 0.0002 
5 0.145 0.000 0.010 0.0301 -0.0740 0.0003 
6 0.155 0.010 0.060 0.0852 -0.2937 0.0014 
7 0.243 0.033 0.140 -0.0023 -0.3079 0.0025 
8 0.108 0.086 0.280 0.1061 -0.0521 -0.0031 
9 0.038 0.075 0.248 -0.0897 0.1281 0.0024 

10 0.070 0.054 0.127 0.0483 -0.4557 -0.0005 
11 0.102 0.000 0.005 0.0049 -0.0442 0.0000 
12 2.384 1.694 2.622 0.1002 0.9134 -0.0037 

Table 4.3 
Local influence diagnostics for the Ultrasonic Absorption data 

t 
perturbing Yt  

d rnaj C 

perturbing X t  
d7a1 C 

perturbing c.w. 
d max C 

1 0.5811 0.0616 0.0000 0.0000 -0.0128 0.0075 
2 0.5811 0.0616 0.0000 0.0000 0.0385 0.0679 
3 0.0558 0.0016 0.2422 0.0073 0.0039 0.0000 
4 0.0309 0.0014 0.3082 0.0081 0.0232 0.0008 
5 0.0267 0.0015 0.3241 0.0085 0.0310 0.0013 
6 0.0200 0.0016 0.3810 0.0108 0.1518 0.0249 
7 -0.0239 0.0049 0.5327 0.0203 0.2784 0.0573 
8 0.0264 0.0192 0.4069 0.0128 -0.6228 0.1771 
9 0.0085 0.0214 0.2846 0.0097 0.5458 0.1339 

10 0.1549 0.0254 0.2033 0.0046 -0.4503 0.1126 
11 0.1391 0.0248 0.1564 0.0046 -0.0449 0.0011 
12 0.5243 0.0968 -0.0013 0.0000 0.0758 0.1773 
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Figure 4.1 Estimated function for the Ultrasonic Absorption data 
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CHAPTER 5 

INFLUENCE DIAGNOSTICS FOR GENERALIZED 

LINEAR MEASUREMENT ERROR MODELS 
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When the covariates in generalized linear models are subject to measurement error, 

the naive estimator obtained by ignoring measurement error is known to be asymp-

totically biased (Stefanski, 1985). Several approaches have been developed for this 

errors-in-variables problem. Armstrong (1985) suggested maximum quasi-likelihood 

estimation through iteratively reweighted least squares algorithm to correct data for 

measurement error. Schafer (1987, 1993) sought approximations to the maximum like-

lihood estimators via the EM algorithm. Whittemore (1989) replaced contaminated 

covariates with Stein estimates before parameter estimation. Nakamura (1990) con-

sidered correcting the score functions for the effects of measurement error. Liang and 

Liii (1991) and Liu and Liang (1992) proposed estimating functions with related aims. 

A series of results were obtained by Stefanski (1985, 1989), and Stefanski and Carroll 

(1985, 1987), where second-order unbiased estimators were found yielding desirable 

properties. Their methodology also encompasses asymptotic results useful in hypoth-

esis testing; see Stefanski and Carroll (1990). 

The aim of this chapter is to extend influence diagnostics developed in Chapter 

3 to the class of generalized linear measurement error models. Methods for detecting 

nonlinearity and heteroscedasticity were considered by Carroll and Spiegelman (1992), 

while Carrillo-Gamboa and Gunst (1992) introduced collinearity diagnostics mainly 

within the coiitext of linear measurement error models. Thomas (1993) applied local 

influence method to assess the sensitivity of parameter estimates. 

In Section 5.1. we introduce the notation of generalized linear measurement error 

models and provide a brief review of the bias-corrected estimation literature. A simula-

tion study on logistic measurement error model is conducted in Section 5.2 to compare 

the relative performances of the estimators. In Section 5.3, measures of leverage and 

influence are described, extending those proposed for linear measurement error models 
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in Chapter 3. In Section 5.4, two strategies to extend the local influence method-

ology are then outlined. A practical example is given to demonstrate the proposed 

diagnostics. 

5.1 Model Notation and Estimation 

The observations consist of a vector Y of N independent responses from the ex-

ponential family (McCullagh and Nelder, 1989), 

fy(y;6) = exp{[yj8j — b(8t)}/+c(yt,7)} 

with & g(x,3), where x is an N x p matrix of covariates; b(), c(.) are known 

functions, and the dispersion parameter 'y is usually regarded as a nuisance parameter. 

If the covariates x are fixed, the log-likelihood function takes the form: 

L(Y,x;) - b{ t }J. (5.1) 

Let (Y x; ) be the score function. The that satisfies /'(Y, x; )3) - 0, if attainable, 

is the maximum likelihood estimate of 0. We are concerned with the situation that x 

cannot be observed exactly, but instead we observe a surrogate N having measurement 

error. The standard formulation (Fuller, 1987) for measurement error assumes the 

homoscecla.stic additive relationship 

N = x + U, 

where the measurement error u is independent of x and Y, has zero mean and known 

or estimable covarhmcc matrix When measurement error is normally distributed, 

we have a generalized linear measurement error model with normal measurement error. 

If the covariates x are unknown constants, a functional model is obtained; if x are inde-

pendent and identically distributed random vectors from some unknown distributions, 
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a structural model is defined. Although (5.1) exhibits the functional form, the majority 

of the estimation methods are appropriate for both functional and structural models. 

Examples from epidemiology can be found in a special issue of Statistics in Medicine 

(1989), Volume S. When the observed covariates X are employed, E{(Y,X;3)} = 0 

does not always hold. The 'naive' estimator 3 such that (Y,X;)) = 0 is known 

to be inconsistent (Stefanski, 1985). We next briefly review some typical methods of 

parameter estimation. 

5.1.1 Data Correction Approach 

In order to reduce the asymptotic bias of , Stefanski (1985) constructed the 

following bias-corrected estimator: 

{I, + 4'CN }, (5.2) 

where I, denotes the p x p identity matrix, 

= N 

CN = + l2)(yt,Xt)X'uu] 

lt(yt, X) = g(1)() [yt - b' 

The superscript (?:) denotes the kth derivative of the function. In practice, one may 

simply adopt the iteratively reweighted least squares algorithm to obtain the bias-

corrected estimator, with X replaced by 

= - 

{ [i
p  + 4'cv)'] (A'CN)'X'} . (5.3) 

Further, let x represents some transformed covariate designed to correct for mea- 

surement error. Stefanski (1989) comistructeci second-order unbiased estimators as 



solutions to the M-estimating equations 

N 

(yt,xt;I3) = 0. 
t=1 

The method is applicable to both functional and structural cases. Under regularity con-

ditions, /0,3 
- 

i3) converges in distribution to Norrnal(O, V{}). The asymptotic 

covariance matrix V{} can also be consistently estimated (Stefanski and Carroll, 

1990). 

5.1.2 Stein Estimation Approach 

Whittemore (1989) proposed a different method based on a function of the ob- 

served covariates, (X) = {(X)}. Parameter estimates are obtained by solving 

= 0. (5.4) 

Suppose the measurement error variance is known, 

= E (X - - 

and the observed covariates X are independent, normally distributed with means 

E(X) = x. The estimate (X) may be given by 

XB+X(1—B), 

where b = = 4 (X 
- X)'(X - The method produces consistent 

para.nieter estiniates for linear and nonlinear errors-in-variables models provided that 

the measurement error is normal with known variance. 
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5.1.3 Quasi-likelihood Approach 

To find the consistent estimator directly, Liang and Liu (1991) suggested the 

following estimating equation via the quasi-likelihood: 

[E(y,jX,- ,3,~)] [V(y, J X,;,3, ~ )] —I   [y, - E(y Xt; , )] =0, (5.5) 

where 6 is a vector which characterizes the mean and variance of x, and  

is the conventional moment estimator of 6. The resulting estimator is denoted 

by A. The expectation E(ytIX) and variance V(ydXt)  in (5.5) can be derived for 

different forms of the link function. 

5.1.4 EM Algorithm Approach 

The EM algorithm (Dempster, Laird and Ruhin (1977)) was used by Schafer 

(1987) to estimate the parameters for models with canonical link and normal measure-

ment errors. The procedure consists of an E-step and an M-step. During the E-step, 

the first and second conditional moments of the true covariate are approximated given 

the observed data. At the kth iteration, approximate covariance matrix V 1  and mean 

are updated from V t
[k 1' and During the M-step, parameter estimates are 

reestimated by iteratively reweighted least squares based on the approximations from 

the E-step. At the (1 + 1)th iteration, we have 
-1 

{k.1+ 1] [k 1] [k] [k] = 
(i) 0[k1] )  [X[k]l  [k]1) x t  + } b 2 (6' )w 

t=1 (5.6) 
[k] 

~ yt, - 1(l)(6h] ) }  
/b(2)(6hI) + 

and see Schafer (1987) for more details. 

5.1.5 Score Correction Approach 

Nakamura. (1990) suggested an alternative score correction approach to deal with 

the measurement error prol)lem. Firstly, a corrected log-likelihood L(Y. X: 3) is 
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sought such that E [L(Y, X; )3)] = L(Y, x; /3), where E [.] denotes the conditional 

expectation with respect to X's given a and Y. Assuming L. is twice differentiable, 

0. (Y,X;i3) = 3L(Y,X;i3)/ai3 

satisfying E [?/'(Y, X; ) 3)] = ?/'(Y, x; /3) is called a corrected score function. The value 

Oil such that '(Y,X;/3) = 0 with I(Y,X; )3) = —30(Y,X;0)/3/3 at /3 being 

positive-definite yields another corrected estimate. Under certain regularity conditions, 

Nakamura (1990) showed that Oil  is consistent and gave two asymptotic covariance 

estimates for /3,. 
The above method depends on finding a suitable corrected score function ?,b. 

Using Laplace transforms, Stefanski (1989) proved that such a 0. does not exist for 

binary logistic regression. in this and certain other models, approximations on the 

corrected score may be appropriate; see Nakamura (1992) for more details. 

5.2 Numerical Comparisons of the Estimators 

5.2.1 Monte-Carlo Design 

To examine the performance of the various estimators, a simulation study on bi-

nary logistic regression is conducted under the following conditions: true i = 0 and 

1.2; sample size N = 100 and 600; distribution of x, Normal(0, 1); distribu- 

tion of measurement errors, Normal(0, diag(0, oj, = 0.1, 0.5, 0.8. 

To reflect the actual sample size of our example data set in Section 5.5, we choose 

N = 100. On the other hand, in large epidemiologic studies where the sample sizes 

are commonly large, we treat N = 600 as a realistic and typical sampling situation 

(Stefanski and Carroll, 1985). Since the effect of the different distributions of x on 

the relative performances is found to be minor (Schafer, 1987), the normality of x is 

therefore assumed in this study. The three measurement error covariance structures 
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are studied to investigate the different effect due to small, medium and large measure-

ment errors. Altogether, twelve experiments are set up to gauge the performance of 

the estimators. 

For each experiment, 100 runs are repeated to calculate the empirical Bias (mean 

—/3), SD (standard deviation), Median, MSE (mean squared error) and RPM (the 

relative performance measure). The relative performance measure 

RPM{.,} = Prob(. — 01 <  1) —,31) , 

defined in Stefauski (1989), indicates the probability that the absolute error of an 

estimator . is less than that of the naive estimator. 

Unlike previous studies, we are interested in both the slope and intercept pa-

rameters. The estimators of /3 selected are the naive estimator . the bias-corrected 

estimator )C of Stefanski (1985), the Stein estimator /3 of Whittemore (1989), the 

quasi-likelihood estimator /31  of Liang and Liu (1991), and the estimator )s via the 

EM algorithm suggested by Schafer (1987). 

5.2.2 Simulation Results 

Simulation results are displayed in Tables 5.1 to 5.4. Each table corresponds to 

a different combination of sample size N and slope /32.  All estimators of intercept, 

including the naive estimator, have a similar bias which decreases when the sample 

size increases. For the slope, none of the bias-corrected estimators has always been 

superior to the others based on our limited simulation results. The naive estimator /32 

is biased towards zero by a factor increasing with a, /32  and also N. With regard to 

other slope estimators, we discuss them in terms of the performance measures. 

Bias and Median 

As far as the Bias concerns, the estimator /3c2  perfornis quite well for /32 = 1 and small 

However, a negative bias becomes apparent when u and/2  increase, and the bias 
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cannot he reduced by increasing the sample size. The estimator /31.12  seems to perform 

better than /3c2 for large a 1. When N = 600, /312  appears to gain advantage over 

/3c2, /3w2 and /3s2  according to Bias and Median criteria. But /312  becomes unstable and 

tends to overestimate /32  when the sample size decreases to 100. The large measurement 

error and small sample size lead to a substantial positive bias of /312 particularly for 

the experiments with /32 = 2. The histograms of the estimates (omitted here) show 

that the distributions of /312  tend to skew to the right when the sample size is small 

(N = 100). Such skewness can also he seen through the discrepancies between the 

means and the medians. The estimator /3s2  behaves similar to /3c2. 

SD and MSE 

All bias-corrected estimators are more dispersed than . In all cases, i  is the least 

stable estimator while j3 has the smallest variability among the modified estimators. 

In terms of MSE, and do better than the others for N = 100; i  performs best 

for N = 600; unfortunately, when N is small and a is large, i  yields very large 

M SE. 

RPM 

With respect to RPM the estimators and perform well especially for large mea- 

surement error and N = 100. When the sample size increases to 600, all four bias-

corrected estimators give a similar result. 

Based on the above limited results, we concluded that no single bias-corrected 

estimator out-performs the others in all the criteria considered. Given that the asymp- 

totic results for are readily available (Stefanski and Carroll, 1990), we shall adopt 

to derive the influence diagnostics in the next section. 
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Table 5.1 
Performance of esimaiors of /3 

(/9i = 0, /92  = 1; N = 100) 
Estimator Bias Median SD MSE RPM 

= diag(0,0.1) 
0.05 0.05 0.12 0.02 0.00 

/32  -OJO 0.89 0.26 0.08 0.00 

0.05 0.04 0.13 0.02 0.35 
0.00 0.99 0.30 0.09 0.60 

0.05 0.04 0.12 0.02 0.55 
0.00 0.98 0.29 0.08 0.60 

Al 0.05 0.04 0.12 0.02 0.44 
/912 0.02 0.99 0.30 0.09 0.60 

/3s1 0.05 0.04 0.12 0.02 0.51 
/32 0.00 0.98 0.28 0.08 0.62 
= diag(0,0.5) 

0.04 0.05 0.14 0.02 0.00 
/32  -0.35 0.65 0.18 0.15 0.00 

11 0.05 0.06 0.15 0.03 0.28 
-0.09 0.91027 0.08 0.89 

0.05 0.06 0.15 0.02 0.38 
/3w 2 OMO 1.00 0.29 0.08 0.84 

/911 0.05 0.06 0.16 0.03 0.29 
/312 0.09 1.05 0.40 0.16 0.77 

)11 0.04 0.06 0.14 0.02 0.38 
-0.05 0.96 0.23 0.06 0.88 

diag( 0, 0.8) 
0.02 0.04 0.15 0.02 0.00 

32 -0.50 0.50 0.17 0.28 0.00 

/9(1 0.02 0.03 0.17 0.03 0.35 
/3c 2 0.24 0.77 0.27 0.13 0.94 

w1 0.02 0.01 0.17 0.03 0.40 
/32 0.05 0.92 0.34 0.12 0.87 

0.02 0.01 0.18 0.03 0.37 
0.05 0.98 0.46 0.21 9.82 

0.02 0.01 0.16 0.03 0.43 
-0.14 0.87 0.25 0.08 0.93 
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Table 5.2 
Performance of esimaor$ of 

i 0,/92 =2;N=100) 
Estimator Bias Median SD MSE RPM 

=diag(0,0.1) 
0.07 0.06 0.19 0.04 0.00 

/32 -0.22 1.74 0.34 0.16 0.00 

0.08 0.07 0.21 0.05 0.17 
/3c2 0.06 1.97 0.45 0.20 0.67 

0.07 0.07 0.19 0.04 0.49 
0.04 1.92 0.38 0.14 0.70 

0.08 0.07 0.21 0.05 0.25 
/312 0.11 2.04 0.48 0.24 0.65 

/3s1 0.07 0.06 0.19 0.04 0.47 
/3s2 0.06 1.90 0.36 0.13 0.72 
= diag(0, 0.5) 

0.01 0.00 0.17 0.03 0.00 
-0.86 1.11 0.25 0.80 0.00 

0.02 0.01 0.21 0.05 0.22 
/c2 -0.301.62 0.46 0.30 0.93 

0.01 0.00 0.20 0.04 0.41 
/3 2 -0.24 1.72 0.42 0.23 0.94 
/3 0.01 0.00 0.26 0.07 0.33 
/312 0.36 2.07 1.11 1.34 0.79 

0.01 0.00 0.18 0.03 0.49 
/3s2 -0.49 1.51 0.25 0.30 1.00 
= diag(0,0.8) 

0.04 0.03 0.18 0.03 0.00 
/32 -1.12 0.86 0.19 1.29 0.00 

0.05 0.03 0.23 0.05 0.29 
/3c2 0.59 1.34 0.38 0.49 1.00 

/3w l 0.04 
-------------- 

0.04 0.21 0.05 0.38 
-0.32 1.56 0.51 0.36 0.96 

0.05 0.05 0.33 0.11 0.25 
,12 0.57 1.98 1.78 3.46 0.76 

/351 0.04 0.03 0.18 0.03 0.46 
/3s2 -0.68 1.32 0.23 0.51 1.00 
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Table 5.3 
Performance of esiirnaors of j3 

- 0, /32 = 1; N = 600) 
Estimator Bias Median SD MSE RPM 

F u  =diag(0,0.1) 
0.00 0.00 0.06 0.00 0.00 

/32  -0.12 0.87 0.10 0.02 0.00 

/3C1 0.00 0.00 0.06 0.00 0.29 
/32 -0.02 0.96 0.12 0.01 0.73 

0.00 0.00 0.06 0.00 0.44 
/w2 -0.03 0.96 0.11 0.01 0.73 

/3i 1 0.00 0.00 0.06 0.00 0.38 
/312 -0.02 0.97 0.12 0.01 0.73 

)3i 0.00 0.00 0.06 0.00 0.43 
-0.03 0.95 0.11 0.01 0.73 

uu = diag(0,0.5) 
-0.01 -0.02 0.06 0.00 0.00 

/32 -0.37 0.63 0.08 0.14 0.00 

-0.01 -0.02 0.06 0.00 0.35 
/Ic2 -0.13 0.87 0.12 0.03 1.00 

-0.01 -0.02 0.06 0.00 0.46 
42 

- 

0.06 0.94 0.13 0.02 0.97 

-0.01 -0.02 0.06 0.00 0.39 
/312 0.00 0.99 0.15 0.02 0.93 

/ls i -0.01 -0.02 0.06 0.00 0.48 
/312 0.09 0.91 0.11 0.02 0.99 
= diag(0,0.8) 

-0.01 -0.01 0.06 0.00 0.00 
-0.49 0.51 0.06 0.25 0.00 

-0.01 -0.02 0.07 0.00 0.26 
-0.24 0.77 0.09 0.07 1.00 

lwl 0.01 0.01 0.07 0.00 0.34 
3w2 0.09 0.92 0.11 0.02 1.00 

3,, -0.01 -0.01 0.07 0.00 0.29 
/312  -0.03 0.97 0.13 0.02 0.99 

-0.01 -0.01 0.07 0.00 0.38 
s2 

- 

0.15 0.86 0.09 0.03 1.00 
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Table 5.4 
Performance of estimator3 of 3 

( /3= 0, /32 =2;N=600) 
Estimator Bias Median SD MSE RPM 

=diag(0,0.1) 
0.00 0.00 0.08 0.00 0.00 

/32 -0.30 1.69 0.16 0.11 0.00 

0.00 0.00 0.09 0.00 0.21 
/3c2 -0.05 1.94 019 004 0.84 

/3w1 0.00 0.00 0.08 0.00 0.48 
/3112 0.13 1.86 0.17 0.05 0.89 

)11 0.00 0.00 0.09 0.00 0.36 
/312 -0.02 1.95 0.21 0.04 0.83 

/J1 0.00 0.00 0.08 0.00 0.50 
/s2 -0.15 1.84 0.16 0.05 0.89 "uu = cliag(0, 0.5) 

-0.02 -0.02 0.08 0.00 0.00 
-00 1.10 0.11 0.82 0.00 

-0.02 -0.01 0.10 0.00 0.24 
!c2 -0.39 1.60 0.18 0.19 1.00 

-0.01 0.00 0.08 0.00 0.43 
/3112 -0.35 1.64 0.16 0.15 1.00 

-0.01 0.00 0.10 0.01 0.32 
/312  0.00 1.98 0.30 0.09 0.98 

/3si 0.01 0.00 0.08 0.00 0.49 
/s2 -0.54 1.47 0.11 0.30 1.00 
= diag(0,0.8) 
/31 0.00 -0.01 0.08 0.00 0.00 

-1.14 0.85 0.09 1.32 0.00 

/3c1 0.00 -0.01 0.10 0.01 0.22 
1-2 -0.65 1.33 0.17 0.45 1.00 

0.00 0.00 0.09 0.00 0.39 
/3w 2 0.45 1.53 0.18 0.24 1.00 

)11 0.00 -0.01 0.12 0.01 0.30 
12 -0.02 1.91 0.39 0.15 0.97 

0.00 0.00 0.08 0.00 0.44 
0.72 1.29 0.10 0.52 1.00 
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5.3 Influence Measures and Assessment 

For generalized linear measurement error models, Cook's distance can be defined 

analogously by 

D11 = (c(t) - c )[VN( C )1_ 1 ( 
- )/ p, (5.7) 

where VN()  consistently estimates V(/3) (Stefanski and Carroll, 1990). 

Alternatively, since the bias corrected estimators can be expressed as iteratively 

reweighted least squares estimators with X replaced by c,  influence diagnostics are 

thus derivable using perturbation methods and one-step approximations to fully it-

erated parameter estimates. In the manner of Weilman and Gunst (1991) for linear 

measurement error models, adaptation of the iterative estimation scheme leads to the 

following influence measure: 

D21 = (5.8) 
(1 - 

where ii tt  is the tth diagonal element of 

ft = 

Ti = diag{t t }, b2 {g} [g(1)( )}2 and Ct 

denotes the studentized residual, = - b(1){g())}]. Note that D2 

can also be obtained from an one-step approximation to Dl t  with X replaced by i0c .

In addition, the projection matrix H defines a generalized linear measurement error 

model hat' matrix based on estimated covariate values. It may be regarded as an 

extension of the linear measurement error model hat matrix of Section 3.2, and their 

properties are also similar. Consequently, one may use the diagonal elements htt  of H 

to quantify sample leverage. 

Stefauski (1989) derived the second-order bias-corrected estimators /3, as solutions 
N to the M-estimatmg equations (ut x; ) = 0. Recall from Section 1.3.1 that 
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the influence function of an M-estimator is: 

IF(Y, X; /3) = D 1  (/3)b(Y, X; /3)' 

where D,1 (/3) = —{E(ib(Y,X;8))}o . Here, the /' function takes the form ao 

(yt 
1 

x; /3) = — [yt - 1) 1  

where x represents some transfoimeci covariate designed to correct for measurement 

error. The transformation is suitably chosen so that the resulting estimators yield 

smaller bias. For second-order unbiasedness (Stefanski. 1989), the 'corrected" covari-

ate can be expressed as 

Xct = Xt  + [y - b' (5.9) 

If the canonical link is used, application of the influence function approach (see Section 

1.3.1) leads to 

N N 
(1)1  D(/3) = xwx t  + ~x,t,3c tv,tx(1) -  (yt   - b(1) (x/3)) x j Ct 

t=1 f=l 
N 

= xtv t xt + 0(N 2 ) Ct 

t= I 

where 1) 
= =

b(2)(xct,3j. Therefore, the influence function of Oc  may 

be approximated by 

/N 
IF(y t , Xt,  /3) = XCtWCtXCt x 

ly
t  - b( ' )(x/3)1  . (5.10) 

\t=i ) 

Sample version of the influence function, IF(y, X t ; can be obtained by substitut- 

ing the corresponding estimators for /3 and xc  in (5.10). 

Under regularity conditions, ' T(/ - /3) is asymptotically distributed as Normal 

(0, 17(/3)), 17(/3) = E (IF(Y, N; /3)IF(Y,  N;  /3j').  An equivalent measure to D11  and 

D2 t  is 

D3 = IF(yt ,X t ,))'V'IF(y, X,))/(Np) , (5.11) 
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where 
N 

= [IF(yt, Xt, ),)IF(yt, Xt, 
t= 1 

defines the nonparametric influence function estimator of V(,3).  For linear measure-

ment error models, D3t  reduces to the 'normalized sample influence' statistic proposed 

by Kelly (1984), which is equivalent to (3.8) in Section 3.3. Unlike Dl which can be 

interpreted as an external scaling of the asymptotic confidence ellipsoid displacement, 

the measure D3 has been derived from an internal scaling of the sample influence 

function. 

The distributions of diagnostic measures Dl, D2 and D3 are intractable. To 

assess the magnitude of influence, one can follow a similar method suggested for linear 

measurement error models in Section 3.4. Again, functional and structural models are 

treated separately as follows. 

Functional Models 

Fit the observed data, calculate and the sample diagnostic statistics. 

Simulate R sets of random measurement error {Ür}( - 1 . . . R) with iiiean zero 

and covariance matrix (e.g. Normal(O, ' 
'U U 

Pseudo covariates X are then given by X r  = i, + r 

Simulate R pseudo responses 1 based oii the same and . 

For each set (Y., Xr), fit the assumed generalized linear measurement error model 

and evaluate the N ordered values of the diagnostic statistic. 

Plot the maximum and minimum values of each ordered statistic across the R 

replicated sets together with the observed sample ordered values in an index plot. 

Structural Model 

The first two steps are the same as those for functional models. 

3. With the assumed distribution of the error-free covariates, we first simulate r 

using information from the sample predictor ic, . The pseudo covariates are then 
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given by Xr =ic , + Ür. 

4* Simulate R pseudo responses Y. based on C  and i.. 

The last two steps of the procedure follow exactly those for functional models. 

5.4 Local Influence Analysis 

We now extend the local influence methodology to generalized linear measurement 

error models. We shall consider two strategies below to derive local influence diagnos-

tics, both of which correct the effect of measurement errors on parameter estimation. 

5.4.1 Data Correction Approach 

From (5.9), the bias-corrected information may be formulated as 

I - /) 
C-- 00, (5.12) 

If the canonical link is used, (5.12) can be simplified further to: 

ipr N

-TC 

\ 
(') \ (1) = ( xwx ct  + 

- {yt - j 
' t=1 1=1 / 

N 1 
+0(N2 ). 

t=1 

Analogous to Thomas and Cook (1989, 1990), when general perturbations are intro-

duced into (5.1) through w, the normal curvature at F(w0  ) in the unit direction d is 

given by: 

C(d) = 

where I and A 3i/'(Y x; Oc  lw)l,)w' are both evaluated at w0 , j, and 
. 

Influence 

diagnostics can be similarly derived as for linear measurement error models in Section 

3.5. Different perturbation schemes are considered below. Again, we define the local 

distances c to be the diagonal elements Ct of I'/p. The c and dma  measure 
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local and directional changes in 0, and contrasted with the Cook's deletion distances 

given in Section 5.3. 

Perturbation of Case Weights 

First we consider simultaneous changes in case weights to perturb the contribution of 

each case. Let w denote the N >< 1 vector of case weights; w0  = 1. We find 

L c  = Vc/7, 

where V = diag{i3t }. 

Perturbation of Individual Covariates 

The values of the kth colunin of iec, c(k),  are perturbed to xC (k)(') c(k) + 3k' 

where Sk  is the standard deviation of c(k),  and w = 0 represents no perturbation. We 

obtain 

Ak =(iYEk  - /ckc1c), 
7 

where Ek is a 1 x p vector of zeros with kth component 1. 

Perturbation of Responses 

Since each yt  has a different variance, the vector of responses may be altered to Y(') = 

} + S,, where 

S = diag 
{ 

(,~b(2){g(xt}) 
} 

and w0  = 0. Let g(l) = diag{g(l)()}. Then 

= 
7 

Note that such a local peiturbation scheme is not meaningful for discrete variables. 

5.4.2 Score Correction Approach 

The influence of small perturbations w on 0,,  may be assessed by the corrected log- 

likelihood displacement 

F() =2 1L( 11 ) - L. (0,1  
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where L(.) is defined in Section 5.1.5. The corresponding normal curvature at F(wo) 

in the unit direction d is 

C(d) = 

where I and A = 02 Lc3w)/30w' are both evaluated at w0  and Influence diag- 

nostics are derivable from eigen-analyses of AI'L, depending on specific concerns 

and thus the perturbation schemes involved. 

As an illustration of the score correction methodology, let us consider the linear 

errors-in-variables situation. Nakamura (1990) defined 

L(Y,X;) 
= 

2 log(2u2 ) - (2 72 ) 1 t 
 
- - ' uu} 

and obtained 

-2 E (YV' - XXt  + 

I(Y,X;311 ) = 0-2(X'X - 

We shall follow the same perturbation schemes as previously defined in Section 3.5. The 

resulting perturbation derivatives are given below. All derivatives should be evaluated 

.1311 
 at w0 . and j = N' {(Y - X@11 )2 

 - 
It should be noted that the 

corrected estiniator,3.  obtained by solving '(Y, N; ) = 0 coincides with an equation-

error type estimator (Fuller, 1987, p.  110). The techniques in Section 3.5, however, 

are developed for the model with no error in the equation. 

Perturbation of Case Weights 

The contribution of each case is perturbed through W. It is found that = {L*t}, 

where = a 2 {(Y - X)X + 'UU}. Here wo = 1. 
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Perturbation of Responses 

The perturbations are defined by taking Y(w) = Y + s,w t  and w0  = 0, where s, 

denotes the standard deviation of observable model errors. We obtain A. = 0 2 sX. 

Perturbation of Covariates 

Similar to the perturbation scheme in Section 3.5.3, the kth covariate is perturbed to 

X(k)(w) = (k) + skw and w0  = 0. It follows that Ak = {Atk}, where Atk = 

(7 2 {(Y t —Xt)3)Uk 3/3kXt} and Uk is a 1 xp vector of zeros with kth component Sk. 

Perturbation of Measurement Error Covariance Matrix 

The measurement error covariance matrix is altered by adding a small perturbation 

to each component of U?L• In the manner of Section 3.5.4, A. = {Ak}, j < k, is a 
p(p+1) 

2 x p matrix, where 

fcr 2 NT j  j=k, 

j 

Tj is a 1 x p vector of zeros with jth component 2 j; Tk is a 1 x p vector of zeros with 

th component j  and kth component /3k. 

5.5 Example 

We consider a recent survey of 1101 Aborigines and part-Aborigines conducted by 

the Department of Health and Community Services in the Northern Territory, Aus- 

tralia. Details about age, sex, weight, smoking habit, alcohol consumption, cholesterol, 

blood glucose level, hypertension, diabetes and other information were collected. The 

initial goal was to assess the association between the incidence of Diabetes Mellitus 

and blood glucose among Aboriginal Australians. Since it was difficult to measure the 

true sugar level x, overnight fasting plasma glucose X (mmol/L) was observed instead. 

According to the Department's medical practitioners, it is reasonable to assume that 

the inherent measurement error u is normally distributed. It is further suggested that 

the measurement error variance is 0.01 based on knowledge from similar studies. 
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A logistic measurement error model is applied to 52 Cases of diagnosed Diabetes 

Mellitus (yt  = 1) and another 52 randomly selected Controls (Ut 0). The data are 

shown in Table A.4. Note that the overall prevalence of diabetes in this survey is 

4.7%, which is higher than the estimated prevalence of 2 to 3% for the total Australian 

population (Diabetes Australia, 1988). Compared with other racial groups in Australia, 

Aboriginal people are subject to greater risk of developing Diabetes Mellitus. This 

is believed to be attributed to the unhygienic conditions in which many Aborigines 

live, and partly due to a rapid transition from traditional hunter-gatherer activities to 

western lifestyles (Reid and Trompf, 1991). 

Blood glucose is not the only predlictor of diabetes, "lifestyle" factors such as 

obesity, lack of physical activity and stress, are also related to the incidence of diabetes, 

especially for the Aboriginal community. These and other variables are correlated with 

blood glucose. Consequently, the significance of a blood glucose effect in a univariate 

analysis alone is somewhat limited. We undertake such a preliminary analysis of the 

data primarily for illustration of the proposed diagnostics. 

Table 5.5(a) summarizes the naive fit and the measurement error fit based on data 

correction, with asymptotic standard errors enclosed in parentheses. The deviance has 

the value 136.36 with 102 (i.f. The naive estimates ignoring measurement error show 

statistically significant relationship between diabetes and blood glucose, whereas the 

bias-corrected estimation produces large standard errors. Given the small measurement 

error in this study, other corrected estimates of 0 are all found to be close to /3c•  Table 

5.6 presents influence diagnostics for the logistic measurement error model fit. It is 

noticeable that case 47 yields the largest residual i t  and the highest Dt  values in the 

entire sample. To further assess the outlying nature and apparent influence of this 

observation, we apply the Monte-Carlo testing technique of Section 5.3, with R = 100 

simulations. The procedlure for structural model is adopted here since blood glucose is 

considered to be a random covariate. The residual diagnostic plot in Figure 5.1 reveals 
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that '. exceeds the maximum of the largest ordered statistic across the simulations. 

Figure 5.2 is the simulated envelope plot of ordered /bi. Recall that the square root 

of Dl is taken to enhance the scaling for displaying the smaller order values. The 

plot confirms that D147  = 0.679 may be judged significant relative to those obtained 

from simulation. Some of the sample order values fall below the lower bound of the 

envelope, which is expected due to the dominant effect of this aberrant observation. 

The diagnostic plots of D2 and D3 depict similar characteristics; see Figures 5.3 and 

5.4. Consequently, it can be established that case 47 is influential on the logistic 

measurement error model fit. 

We next carry out a local influence analysis of the data. Figure 5.5 gives the 

index plots of direction cosines through case weight and covariate perturbations. Only 

case 47 has large negative components, implying that the greatest local change in the 

coefficients may be produced by decreasing its case weight or its glucose level. The 

extent of the former effect is reflected in the corresponding local distances Ct (Table 5.6). 

Figure 5.6 exhibits the relationship between predicted glucose level and the direction 

cosines from modifying case weights. It is interesting to see that Controls (such as case 

47) with high predicted glucose level and possibly Cases with low predicted glucose 

level can induce substantial changes on the parameter estimates. 

We need to re-examine the role of case 47 critically. Table 5.5(b) summarizes 

logistic regression fits after removing this observation. The deviance is now 124.82 

with 101 d.f. The results are quite different from those of the full data. In particular, 

parameter estimates for the measurement error model become highly significant. We 

next re-run the diagnostic procedure on the reduced data set. There is no indication 

from the corresponding plots (Figures 5.7 to 5.10) that the evidence for the parameters 

can be affected by any of the remaining observations. Our diagnostic analysis therefore 

suggests that, with the exclusion of case 47, the logistic measurement error model 

provides a reasonable description of the data. 
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It should be remarked that observation 47 has the highest fasting plasma glu-

cose recorded among the control Aborigines. For an average normal adult, the fasting 

plasma glucose is expected to range between 3.9 to 6.1 mmol/L; values over 6.7 mmol/L 

on several testings may indicate Diabetes Mellitus. The fact that this control obser-

vation gave a reading of 14.5 mmol/L results in its influence on the fit. However, an 

elevated blood glucose (Hyperglycemia) has alternative clinical implications such as 

Hyperthyroidism, Pancreatitus, chronic liver disease, and chronic malnutrition, which 

are known to be common among Aborigines. Other interfering factors that can alter 

glucose levels include drugs (e.g. steroids, diuretics), overweight, and acute stress. In 

addition, the patient must fast overnight before his/her blood sample is drawn. There 

is a possibility that this particular control patient may eat or drink during the fasting 

period. 

Table 5.5 

Comparison of naive logistic and measurem,ent errOr model 

(MEM) fits for the Diabetes data 

(a) Full data set (h) Case 47 deleted 

naive MEM naive MEM 

13, -1.96 -1.98 -3.70 -3.73 

(0.85) (1.54) (1.04) (0.96) 

/32 0.41 0.42 0.79 0.80 

(0.18) (0.33) (0.22) (0.20) 
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Table 5.6 

Influence diagnostics for the Diabetes data 

case D1 D2 D3 c 

1 -1.06 0.006 0.006 0.006 
2 -0.93 0.005 0.005 0.005 
3 -0.79 0.005 0.006 0.004 
4 -0.88 0.005 0.005 0.005 
5 -0.73 0.004 0.007 0.004 
6 -0.64 0.004 0.008 0.004 
7 -0.81 0.005 0.006 0.004 
8 -0.95 0.005 0.005 0.005 
9 -0.97 0.005 0.005 0.005 
10 -1.10 0.007 0.008 0.006 
11 -1.03 0.006 0.006 0.006 
12 -0.95 0.005 0.005 0.005 
13 -1.15 0.007 0.009 0.007 
14 -1.10 0.007 0.008 0.006 
15 -0.76 0.004 0.006 0.004 
16 -1.03 0.006 0.006 0.006 
17 -0.65 0.004 0.008 0.004 
18 -0.78 0.005 0.006 0.004 
19 -1.15 0.007 0.009 0.007 
20 -0.88 0.005 0.005 0.005 
21 -0.91 0.005 0.005 0.005 
22 -1.08 0.006 0.007 0.006 
23 -1.20 0.008 0.012 0.008 
24 -1.06 0.006 0.006 0.006 
25 -1.30 0.011 0.019 0.010 
26 -1.10 0.007 0.008 0.006 
27 -0.84 0.005 0.005 0.005 
28 -1.08 0.006 0.007 0.006 
29 -0.68 0.004 0.008 0.004 
30 -0.63 0.004 0.008 0.004 
31 -1.15 0.007 0.009 0.007 
32 -1.06 0.006 0.006 0.006 
33 -0.91 0.005 0.005 0.005 
34 -1.01 0.006 0.005 0.005 
35 -0.83 0.005 0.005 0.005 
36 -0.88 0.005 0.005 0.005 
37 -1.03 0.006 0.006 0.006 
38 -0.91 0.005 0.005 0.005 
39 -0.72 0.004 0.007 0.004 
40 -0.88 0.005 0.005 0.005 
41 -1.12 0.007 0.008 0.007 
42 -1.06 0.006 0.006 0.006 
43 -0.99 0.005 0.005 0.005 
44 -0.93 0.005 0.005 0.005 
45 -0.83 0.005 0.005 0.005 
46 -0.90 0.005 0.005 0.005 
47 -7.62 0.679 1.619 0.414 
48 -0.72 0.004 0.007 0.004 
49 -0.67 0.004 0.008 0.004 
50 -0.64 0.004 0.008 0.004 
51 -0.69 0.004 0.007 0.004 
52 -0.69 0.004 0.007 0.004 

0.006 
0.005 
0.006 
0.005 
0.006 
0.007 
0.005 
0.005 
0.005 
0.007 
0.006 
0.005 
0.009 
0.007 
0.006 
0.006 
0.007 
0.006 
0.009 
0.005 
0.005 
0.007 
0.012 
0.006 
0.019 
0.007 
0.005 
0.007 
0.007 
0.008 
0.009 
0.006 
0.005 
0.005 
0.005 
0.005 
0.006 
0.005 
0.007 
0.005 
0.008 
0.006 
0.005 
0.005 
0.005 
0.005 
1.452 
0.007 
0.007 
0.007 
0.007 
0.007 
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53 1.34 0.014 0.020 0.013 0.019 
54 0.66 0.003 0.009 0.003 0.008 
55 0.71 0.004 0.008 0.003 0.008 
56 0.62 0.003 0.009 0.003 0.009 
57 0.71 0.004 0.008 0.003 0.008 
58 0.56 0.003 0.010 0.003 0.009 
59 0.82 0.004 0.006 0.004 0.006 
60 0.13 0.000 0.000 0.000 0.000 
61 1.18 0.009 0.010 0.009 0.009 
62 0.78 0.004 0.007 0.004 0.007 
63 1.02 0.006 0.005 0.006 0.005 
64 0.90 0.004 0.005 0.004 0.005 
65 0.94 0.005 0.005 0.005 0.005 
66 1.15 0.008 0.009 0.008 0.008 
67 1.37 0.015 0.022 0.014 0.021 
68 0.82 0.004 0.006 0.004 0.006 
69 1.00 0.005 0.005 0.005 0.005 
70 1.31 0.013 0.017 0.012 0.017 
71 1.15 0.008 0.009 0.008 0.008 
72 1.28 0.012 0.015 0.012 0.015 
73 0.66 0.003 0.009 0.003 0.008 
74 0.78 0.004 0.007 0.004 0.007 
75 0.94 0.005 0.005 0.005 0.005 
76 1.26 0.011 0.014 0.011 0.013 
77 1.18 0.009 0.010 0.009 0.009 
78 1.00 0.005 0.005 0.005 0.005 
79 1.02 0.006 0.005 0.006 0.005 
80 1.00 0.005 0.005 0.005 0.005 
81 0.96 0.005 0.005 0.005 0.005 
82 0.88 0.004 0.006 0.004 0.005 
83 0.75 0.004 0.008 0.004 0.007 
84 0.92 0.005 0.005 0.004 0.005 
85 0.90 0.004 0.005 0.004 0.005 
86 1.20 0.010 0.011 0.009 0.010 
87 0.92 0.005 0.005 0.004 0.005 
88 0.96 0.005 0.005 0.005 0.005 
89 1.13 0.008 0.008 0.008 0.008 
90 1.04 0.006 0.006 0.006 0.006 
91 0.52 0.003 0.009 0.003 0.008 
92 0.87 0.004 0.006 0.004 0.006 
93 0.88 0.004 0.006 0.004 0.005 
94 1.31 0.013 0.017 0.012 0.017 
95 1.06 0.006 0.006 0.006 0.006 
96 0.71 0.004 0.008 0.003 0.008 
97 0.71 0.004 0.008 0.003 0.008 
98 0.86 0.004 0.006 0.004 0.006 
99 1.04 0.006 0.006 0.006 0.006 

100 0.88 0.004 0.006 0.004 0.005 
101 0.94 0.005 0.005 0.005 0.005 
102 0.SO 0.004 0.007 0.004 0.006 
103 1.26 0.011 0.014 0.011 0.013 
104 1.59 0.027 0.047 0.024 0.044 
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Figure 5.1 Residual diagnostic plot for the full Diabetes data 
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Figure 5.2 Dl diagnostic plot for the full Diabetes data 
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Figure 53 D2 diagnostic plot for the full Diabetes data 
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Figure 54 D3 diagnostic plot for the full Diabetes data 
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Figure 5.5 Direction cosines for case weight and covariate 
perturbations, Diabetes data 
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Figure 5.6 Direction cosines for case weight perturbations versus 
predicted blood glucose, Diabetes data 
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Figure 5.7 Residual diagnostic plot for the reduced Diabetes data 
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Figure 5.8 Dl diagnostic plot for the reduced Diabetes data 
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Figure 5.9 D2 diagnostic plot for the reduced Diabetes data 
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Figure 5.10 03 diagnostic plot for the reduced Diabetes data 
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CHAPTER 6 

CONCLUSIONS 
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6.1 Concluding Remarks 

Throughout the thesis, we discuss residuals, leverage and influence diagnostics. 

Several influence measures are recommended. A diagnostic procedure has also been 

formulated to assess the magnitude of influence. The firndamental difficulty associ-

ated with most diagnostics is to find a suitable reference distribution. Even when 

asymptotic reference distributions are available, they are often constructed under the 

null hypothesis of no outlier(s), so formal testing becomes inappropriate. We have 

overcome the problem by examining the sample order statistics through simulated en-

velopes. Tsay (1992) adopted a similar approach on model checking in time series 

via parametric bootstrap. In measurement error models, the simulation procedure for 

structural models differs froin that of functional models. We also consider the as-

sessment of local influence. Several schemes of perturbations are considered in detail, 

including the perturbations to the data, case weights and model assumptions. Based 

on the likelihood displacement function, direction cosines and other local influence di-

agnostics are derived. The direction cosines contain information on the sensitivity and 

direction of change in the coefficients, whereas the extent of the perturbation effects 

may be assessed via the corresponding local distances. In general, the proposed diag-

nostics can be applied to detect different aspects of influence, depending on the relevant 

concerns of interest. Furthermore, inferences on the parameters are often affected by 

the underlying model structure. Through local influence analysis, statistically more 

plausible assumptions may be formulated as a result. 

In Chapter 5, the influence diagnostics developed for linear measurement error 

models are extended to for generalized linear measurement error models. Several meth-

ods of paramuetei estimation are reviewed and compared through a simulation study 

on logistic regression. Based on our limited results, there does not exist an estimator 
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which always out-performs the others in this study. It is noted that all intercepts have 

a similar bias which decreases with the sample size. For the slope, the naive estimate 

/2 is biased toward zero by a factor that increases with measurement errors; the bias-

corrected estimator /3c2  (Stefanski, 1985) performs well when the measurement error 

is small; the quasi-likelihood estimator /312 (Liang and Liu, 1991) has a smaller bias 

when the sample size is large; the EM algorithm estimator /3s2  (Schafer, 1987), has 

the smallest variability among all the modified estimators studied. In terms of the 

relative performance measure, both /3c2  and /3s2  perform quite well. The bias-corrected 

estimator 0,  is typically used in the subseciuent derivation of the influence diagnos-

tics. To extend the local influence methodology, we have recommended two strategies, 

namely the data correction approach and the score correction approach. Diagnostics 

for the special case of linear equation-error model are given to demonstrate the score 

correction approach. 

6.2 Topics for Future Research 

In this thesis we have restricted our attention to influence diagnostics for linear 

simultaneous equations models and some measurement error models, among which 

linear, nonlinear and generalized linear cases are discussed in some detail. A brief 

account of relevant topics requiring further work are provided below. 

Many areas involving simultaneous equations models still invite research. Study 

on the simultaneous equations models with variables subject to measurement errors 

niav be of interest, thus leading to a more general model. Both simultaneous equations 

models and linear measurement error models are special cases of "the structural equa-

tions models". It therefore seems worthy to unify the influence diagnostic treatments 

for these models. The problem of 'multiple' influential observations or outliers has not 

been conisiclered specifically. Some recent techniques for the identification of multi- 
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pie outliers (for example, Davies and Gather (1993)) may be extended to simultaneous 

equations. Methods to detect influential variables rather than observations (Schall and 

Dunne, 1990) may also be of particular importance in model checking. On the other 

hand, once influential observations have been identified, robust estimation techniques 

could be considered to mitigate the effects of such observations. The development of 

robust methods for simultaneous equations models appears to be another broad area of 

research. Moreover, influence diagnostics for nonlinear simultaneous equations models 

should warrant further invest igat ions. 

In nonlinear regression, the relationships between leverage measures and statistical 

curvature are given by St. Laurent and Cook (1993). It is also instructive to explore 

the connections between the proposed leverage and influence measures in the linear 

and generalized linear measurement error models. Influence diagnostics in more com-

plex measurement error models are still open to research. These include, for example, 

proportional hazards model with covariates subject to measurement error (Nakamura, 

1992) and multivariate measurement error models with several dependent variables. 

Other estimation methods dealing with the error-in-variables problem are currently 

being developed. In Section 5.2, a small scale Monte-Carlo study is conducted to as-

sess the relative performnaiics of the bias-corrected estimators. Extensive simulation 

studies are required for rimore in-depth comparisons. Methods for detecting nonlinear-

ity and heteroscedasticity were considered by Carroll and Spiegelman (1992), while 

Carrillo-Gamboa and Gunst (1992) introduced collinearity diagnostics mainly within 

the context of linear measurement error models. It would be interesting to generalize 

ridge regression methodology to such settings. In Section 4.2, we derive the Jacobian 

leverage for nonlinear measurement error models. More work is needed to study the 

existence of superleverage in the generalized linear case. In nonlinear regression, St. 

Laurent and Gebremariam (1993) proposed various approximations of the Cook's dis-

tance through the •Jacobian and tangent plane leverages. Similar work is planned for 
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nonlinear measurement error models in the near future. Finally, robust and bounded 

influence estimations in linear measurement error models were considered by Cheng 

and Van Ness (1990), and Yohai and Zamar (1990). Analogous extensions of robust 

and/or high breakdown estimation to other measurement error models should merit 

further research. 
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APPENDIX 

LIST OF DATA SETS 

A.1 Description of the United Kingdom Economy Data [Pokorny (1987, p.340)] 

Table A.1 lists the United Kingdom Economy data, where Yti = consumer's ex-

penditure (Lrn: million pounds), Yt2 = gross domestic fixed capital formation (Lm), 

Yt3 = national income (rn), x12  = government expenditure (Lm), and Xt3 = mini-

muirl lending rate (%); t = Year - 1956. A linear simultaneous equations model was 

used to analyze the United Kingdom economy from 1956 to 1981. 

Table A.1 The United Kingdom Economy data 

Year y t i(.Cm) y12 (Lm) yt3(Cm) x t2 (Cm) 

1956 40225 9747 65657 15685 5.50 
1957 41073 10280 66772 15419 6.00 
1958 42145 10366 67517 15006 5.00 
1959 43979 11160 70409 15270 4.00 
1960 45623 11905 73104 15576 5.50 
1961 46680 13070 75879 16129 6.50 
1962 47653 13096 77370 16621 5.00 
1963 49725 13269 79885 16891 4.00 
1964 51274 15494 83929 17161 6.00 
1965 52131 16240 85987 17616 6.00 
1966 53184 16643 87910 18083 7.00 
1967 54385 18052 91551 19114 6.50 
1968 56026 18878 94090 19186 7.25 
1969 56313 18954 94096 18829 8.00 
1970 57814 19460 96377 19103 7.25 
1971 59724 19743 99140 19673 5.50 
1972 63270 19823 103577 20484 7.75 
1973 66332 21195 108980 21453 9.50 
1974 65049 20562 107385 21774 12.00 
1975 64652 20408 108010 22950 11.00 
1976 64707 20640 108525 23178 12.00 
1977 64517 20139 107607 22951 9.50 
1978 68227 20845 112510 23438 8.50 
1979 71599 21039 116504 23866 14.00 
1980 71550 20443 116304 24311 15.00 
1981 71762 18774 114930 24394 12.00 
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A.2 Description of the Health Club Data [Chatterjee and Hadi (1988. pp.  128-

129)] 

The Health Club data given in Table A.2 were taken from the health records of 

30 members of a company's health club. The measured variables are Y = time (in 

seconds) in a one-mile run, X, = constant, X 2  = weight in pounds, X3  = resting pulse 

rate per minute, X 4  = arm and leg strength (number of pounds a member was able to 

lift), X 5  = time (in seconds) in a 1/4-mile trial run. 

Table A.2 The Health Club data 

Observation Y A 2 A 3 A 4 A 5  
1 481 217 67 260 91 
2 292 141 52 190 66 
3 338 152 58 203 68 
4 357 153 56 183 70 
5 396 180 66 170 77 
6 429 193 71 178 82 
7 345 162 65 160 74 
S 469 150 80 170 84 
9 425 205 77 188 83 
10 358 168 74 170 79 
11 393 232 65 220 72 
12 346 146 68 158 68 
13 279 173 51 243 56 
14 311 155 64 198 59 
15 401 212 66 220 77 
16 267 138 70 180 62 
17 404 147 54 150 75 
is 442 197 76 228 88 
19 368 165 59 188 70 
20 295 125 58 160 66 
21 391 161 52 190 69 
22 264 132 62 163 59 
23 487 257 64 313 96 
24 451 236 72 225 84 
25 374 149 57 173 68 
26 309 161 57 173 65 
27 367 198 59 220 62 
28 469 245 70 218 69 
29 252 141 63 193 60 
30 338 177 53 183 75 
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A.3 Description of the Ultrasonic Absorption Data [Fuller (1987, p.  230)] 

The Ultrasonic Absorption data in Table A.3 were obtained in an experiment de-

signed to investigate the possible use of sonic logging as a means of detecting bypassed 

gas production (Frisillo and Stewart, 1980). The data are the observed compressional 

wave velocity (Y), in mm/sec, of ultrasonic signals propagated through cores of Berea 

sandstone and the nitrogen gas saturation (X), in percentage, in a brine solution forced 

into the pores of the Berea sandstone. 

Table A.3 The Ultrasonic Absorption data 

4 

1 1265.0 0.0 
2 1263.6 0.0 
3 1258.0 5.0 
4 1254.0 7.0 
5 1253.0 7.5 
6 1249.8 10.0 
7 1237.0 16.0 
S 1218.0 26.0 
9 1220.6 30.0 

10 1213.8 34.0 
11 1215.5 34.5 
12 1212.0 100.0 

A.4 Description of the Diabetes Data 

The data in Table A.4 are taken from a recent survey of 1101 Aborigines and 

part-Abongines conducted in the Northern Territory, Australia. The data consist 

of 52 cases diagnosed Diabetes Mellitus (y = 1) and another 52 randomly selected 

controls (j = 0). Since it was difficult to measure the true sugar level x, overnight 

fasting plasma glucose X (inrnol/L) were observed instead. 
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Table A.4 The Diabete3 data 

Observation y x Observation ii x 
1 0 5.0 53 1 3.4 
2 0 4.4 54 1 6.9 
3 0 3.6 55 1 6.5 
4 0 4.1 56 1 7.2 
5 0 3.2 57 1 6.5 
6 0 2.5 58 1 7.7 
7 0 3.7 59 1 5.8 
8 0 4.5 60 1 14.7 
9 0 4.6 61 1 4.0 

10 0 5.2 62 1 60 11 0 4.9 63 1 4:7 
12 0 4.5 64 1 5.3 
13 0 5.4 65 1 5.1 
14 0 5.2 66 1 4.1 
15 0 3.4 67 1 3.3 16 0 4.9 68 1 5.8 17 0 2.6 69 1 48 
18 0 3.5 70 1 3.5 
19 0 5.4 71 1 4.1 
20 0 4.1 72 1 3.6 
21 0 4.3 73 1 6.9 22 0 5.1 74 1 60 23 0 5.6 75 1 5:1 
24 0 5.0 76 1 3.7 
25 0 6.0 77 1 4.0 
26 0 5.2 78 1 4.8 27 0 3.9 79 1 4.7 28 0 5.1 80 1 48 29 0 2.8 81 1 50 30 0 2.4 82 1 5.4 31 0 5.4 83 1 6.2 32 C) 5.0 84 1 59 
33 0 4.3 85 1 53 34 0 4.8 86 1 3.9 35 0 3.8 87 1 59 
36 0 4.1 88 1 5.0 37 0 4.9 89 1 49 
38 0 4.3 90 1 4.6 
39 0 3.1 91 1 81 40 0 4.1 92 1 55 41 0 5.3 93 1 54 42 0 5.0 94 1 3.5 43 0 4.7 95 1 4.5 44 0 4.4 96 1 65 45 0 3.8 97 1 65 46 C) 4.2 98 1 55 47 0 14.5 99 1 46 48 0 3.1 100 1 54 49 0 2.7 101 1 51 
50 0 2.5 102 1 5.9 51 0 2.9 103 1 37 
52 0 2.9 104 1 2:6 
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Subject: Influence diagnostics for simultaneous equations and measurement error 

models. 
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CORRECTIONS: 

Note: (.)-delete, [.]-insert, P-Page, L-Line. 

Abstract: 

Piii,  L3 : of [a] statistical analysis• 

Pi i i,  L_5 : except [where] specified otherwise. 

Piii,  L_4 : •.. leverage and [the] influence 

Chapter 1: 

P6 , L2 : [The] influence functionS 

P6 , L14 : [The] influence functionS 

Chapter 2: 

P16 , L27 : (ft)[H],(I (q) )[h1(g) ] 

P16 ,L9 : (We have) [The matrix H can be approximated by] 

P17 , L_5 : •residuals [may] rnaintain 

P17 , L: . •variance [provided ht(g)  is treated as fixed]. 

Chapter 3: 

P2, L5 : . proposed (an) [a] one-step . 

P34 , L_3 : . the [approximated] hat matrix . 

P35 , L: [where r9 = (1, -a')' and Zt  is defined near (3.2).] Differentiating... 
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P37 , L3 : ••. for (;)[. The expression for V() is rather complex]; see 130) 

[for more clet ails]. 

P 7 ,L: (&) 

Chapter 4: 

P66 , L_ 3 , L_7: (})[{}] 

P67 , L_1 : is (continuous) [not an indicator variable]. 

Chapter 5: 

P79 .,L_4 : (eject) 

P96 , L11 : ... patient (might) [may] eat or 

Chapter 6: 

P111 , L_5 : . . . general model. [Both simultaneous equations models and linear 

measurement error models are special cases of "the structural equations models". It 

therefore seems worthy to unify the influence diagnostic treatments for these models.] 

The prollei 

P112 , L6 : [In nonlinear regression, the relationships between leverage measures 

and statistical curvature are given by St. Laurent and Cook (1993). It is also instructive 

to explore the connections bctweeii the proposed leverage and influence measures in 

the linear and generalized linear measurement error models.] Influence diagnostics. . 
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