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Abstract 

The focus of this thesis is linear orderings on collections of subsets of an n-set, and 
their contribution to the solutions of various minimisation problems. Three distinct 
areas are considered. 

The shadow of a collection of k-subsets of an n-set consists of all of the (k - 1)-
subsets of the k-sets in the collection. Likewise, the shade of a collection of k-subsets 
of an n-set consists of all the (k + 1)-subsets of the k-sets in the collection. The 
shadow minimisation problem is the problem of finding all collections of rn k-subsets 
of an n-set such that the collection has a minimum sized shadow amongst all such 
collections. The shade minimisation counterpart to this problem is that of finding all 
collections of m k-subsets of an n-set such that the collection has a minimum sized 
shade amongst all such collections. The Kruskal-Katona Theorem is discussed as a 
solution to the former problem, and a corollary of the theorem provides a solution to 
the latter. Solutions to both problems in relation to new-shadows and new-shades 
are also presented, and consideration of the theory of Macaulay posets provides a 
context for the shadow minimisation problem in terms of other posets. 

The Flat Antichain Theorem and squashed antichains are considered. The proof of 
the Flat Antichain Theorem for antichains containing sets of no more than three 
consecutive sizes emphasises the interrelationship of the theorem and squashed an-
tichains. An associated minimisation problem is that of finding the minimum num-
ber of different sizes of sets over all of the collections of antichains of a given size 
and volume. 

Finally, the complementary problems of union-closure and intersection-closure min-
imisation are discussed. These problems are concerned with minimising the union-
closure and intersection-closure generated by a collection of m k-subsets of an n-set. 
Both problems are currently open, but new results due to Roberts have given rise to 
conjectured solutions to both. This part of the thesis provides a summary of some 
of these results, establishes a relationship between the two problems, and presents 
some new results relating to intersection-closed collections. 
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1 Introduction 

1.1 Overview 

The consideration of linear orders on collections sets in the Boolean lattice forms the 
main theme of this thesis, with a special emphasis on various minimisation problems. 

Sections 1.2 provides most of the definitions and notation used throughout the thesis, 
including definitions relevant to this section. Section 2 summarises much of the 
background information required by subsequent sections. 

Section 3 looks at minimising the shadow and shade of a collection of m k-subsets of 
an n-set. The shadow minimisation problem is the problem of finding all collections 
of rn k-subsets of an n-set such that the collection has a minimum sized shadow 
amongst all such collections. The shade minimisation counterpart to this problem is 
that of finding all collections of m k-subsets of an n-set such that the collection has 
a minimum sized shade amongst all such collections. The Kruskai-Katona Theorem 
is discussed as a solution to the shadow minimisation problem, and a corollary of 
this theorem provides a solution to the shade minimisation problem. As a natural 
extension of these problems, we examine how they translate for new-shadows and 
new-shades, and conclude with a brief discussion of the theory of Macaulay posets 
which looks at the shadow minimisation problem as it applies to posets other than 
the Boolean lattice. 

A brief overview of the Flat Antichain Theorem is given in Section 4. The emphasis 
here is on how squashed antichains are used to prove that the theorem holds for 
antichains containing sets on three consecutive levels of the poset. The minimisation 
problem considered is that of minimising the number of different sizes of sets over 
each of the collections of antichains of a given size and volume. 

The final section, Section 5, considers the open problems of minimising the union-
closure and intersection-closure generated by a collection of m k-subsets of an n-set. 
The focus of this section is therefore on partial results and conjectured solutions, 
and the relationship between the union-closure and intersection-closure problems. 

In all cases, the emphasis is on the orderings imposed on collections of subsets, and 
the relationship of these ordered collections to solutions of minimisation problems. 

All results in this thesis, with the exception of Sections 5.1 and 5.2, can be found 
in existing literature. The results presented in Section 5.1 are new results due to 
Roberts, as yet unpublished, and the results in Section 5.2 are new results due to the 
author. Open problems are included throughout the thesis, and Section 5 includes 
ideas for future work. 
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1.2 Definitions and Notation 

This section serves as an introduction to many of the definitions and most of the 
notation used throughout this thesis. Necessary definitions which are not provided 
here are local to a particular section of the thesis. In these instances, definitions are 
presented in the relevant section's introduction. 

1.2.1 Sets 

For appropriate values of n, all sets in this thesis are taken to be subsets of [ri] = 

{1,. . . , n}, and [n] is called the ground set. The size or cardinality of a set B 
is the number of elements in the set, and is denoted J B I . If J BI = k, then B is a 
k-set or a k-subset, or alternatively, a set on level k (in the Boolean lattice). 
Throughout this thesis it is assumed that k < ii. The collection of all of the k-subsets 
of [n] is denoted by [n]k.  

The set difference of two sets A,B C [ri] is A - B = {a: a E A,a V B}. The 
symmetric difference of A and B is AAB = (A—B)U(B—A). The complement 
of a subset B of [n] is B' = [n] - B. 

The characteristic function of B c [n] is 

B(X)  — { 

ifxEB, 
- 0 otherwise. 

Using the characteristic function it is possible to generate a binary sequence an  = 

B(fl) to represent B. To do this we define the n-tuple or vector a = (ai , a2 ,.. . ) a,) 
by ai  = goB(n - i + 1) for i = 1,.. . , n. Thus the set {1, 2, 51 has corresponding vec-
tor (1, 0, 0, 1, 1). This representation of a set will be used rarely in this thesis, and 
mainly to describe elements of more general posets, as will be explained in Section 
3.5. 

Let B be a collection of subsets of [n]. The size or cardinality of B is the number 
of sets in B, and is denoted J BI . The volume of a collection of sets B is V(B) = 

>BEB IBL The average set size of B is a(B) = The complement of a 1131 

collection of sets B is given by B' = {B' = [n] - B : B e B}. Then 161 = B! and 
(B')' = B. The collection B is said to be isomorphic to the collection C if 13 can be 
obtained from C by relabelling the elements of [n]. 

The collection of k-sets in B is denoted 13(k) = {B e B: JBI k}. The parameters 
p2  of a collection of sets B are the numbers defined by Pi I  B) 1. The profile of 
collection of sets B is the number of sets of each size contained in B, and is denoted 
by an (n + 1)-tuple of the parameters of B, namely (po, 

. . 
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We define a collection of sets B to be flat if for each B E B, I B I = k or IB I = k + 1 
for some integer k. That is, B is flat if it contains sets of at most two consecutive 
sizes. A flat collection of sets B is said to be extra-flat if all the sets contained in 
B are of the same size. 

When no ambiguity arises, braces are left out when writing sets. For example, 
{{1, 2, 3}, 11, 2,41} is written 1123, 1241. [j and  1.1 are used to denote the floor 
and ceiling functions respectively. By convention, () = 0 if y <0 or y > x. 

1.2.2 Orderings on Sets 

Let B be a set or a collection of sets. A relation on B, denoted by <, on B is called 
an order relation or ordering provided that <is 

reflexive: VA E B, A <A. 

antisymmetric: If A, B E B, A < B and B <A, then A = B. 

transitive: If A, B, C E B, A < B and B < C, then A < C. 

The collection B with the order relation <defined on it is denoted by (B, <) and it is 
called a partially ordered collection, a partially ordered set, or a poset. Note 
that if A < B then this can also be written as B > A, and > is an order relation. 
If (B, <) is an ordered collection then the ordering on B is said to be reversed if 
is replaced by> as the ordering on B. 

An order relation <is a total ordering or a linear ordering if for any two elements 
A, B E B, either A < B or B <A. When the elements of B are in linear order <, 
then we say that < is the linear order imposed on B and B is an ordered set or 
ordered collection. 

In some instances in this thesis it is necessary to reverse the order of the elements 
in the ground set. Therefore if B e B is a k-subset of [n] and B = {b1 ,. . . , bk}, then 
when the ordering on the elements in the ground set is reversed, B is denoted by B 
and is written as {n— b1 ,. . . , n - bk}. 
This thesis is principally concerned with linear orders imposed on collections of k-
subsets of [n], and in particular those defined below. Note that while the orders in 
Definition 1.1 are defined on a collection of k-sets, orders (i), (ii) and (iii) can all be 
defined on a more general collection of sets (this will touched upon in Section 3.5). 

Definition 1.1. Let B be a non-empty collection of k-subsets of [n] and let A, B E B. 

(i). The lexicographic order on B is defined by A B if the smallest element 
of AL\B is in A. 
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The antilexicographic order on B is defined by A -<A  B if the largest 
element of AAB is in A. 

The squashed order or colex order on B is defined by A _<s B if the largest 
element of AL\B is in B. 

Order U on B is defined by A <U B if the largest element of A U B is in B 
only, or if the largest element of A U B is in A fl B and the smallest element 
of ALB is in A. 

Order V on B is defined by A <v  B if the largest element of A U B is in B 
only, or if the largest element of A U B is in A fl B and the largest element of 
ALB is in B. 

Order I on B is defined by A <1  B if and only if A' _<u  B' on  

Order J on B is defined by A <j B if and only if B <i A. 

Note 1.2. For a given ground set [n], squashed order and antilexicographic order are 
reverse orders, order U and order V are reverse orders, and order I and order J are 
reverse orders. 

Example 1.3. The seven orderings defined above are illustrated below for the 4-
subsets of [6] respectively. 

Lexicographic 
Order 

Anti- 
lexicographic 

Order 
Squashed 

Order 
Order 

U 
Order 

V 
Order 

I 
Order 

J 

1234 3456 1234 1234 3456 1234 3456 
1235 2456 1235 1235 2456 1235 2456 
1236 1456 1245 1245 2356 1236 2356 
1245 2356 1345 1345 2346 1245 2346 
1246 1356 2345 2345 1456 1246 2345 
1256 1256 1236 1236 1356 1256 1456 
1345 2346 1246 1246 1346 1345 1356 
1346 1346 1346 1256 1256 1346 1346 
1356 1246 2346 1346 1246 1356 1345 
1456 1236 1256 1356 1236 1456 1256 
2345 2345 1356 1456 2345 2345 1246 
2346 1345 2356 2346 1345 2346 1245 
2356 1245 1456 2356 1245 2356 1236 
2456 1235 2456 2456 1235 2456 1235 
3456 1234 3456 3456 1234 3456 1234 

IV 



In this example lexicographic order and order I give rise to the same collection of 
4-sets. To demonstrate how the orders differ, if we take the 4-subsets of [7], then 
the 7th set in lexicographic order is 1247 and the 7th in order I is 1256. 

Let 13 be the collection of all k-subsets of [n] with imposed linear order < and let 
A c B. Then we say A is a segment if it consists of elements that are consecutive 
in B with respect to . If A consists of exactly the first J AI elements of B, then 
A is said to be an initial segment. Likewise, if A consists of exactly the last J AI 
elements of B, then A is said to be a final segment. 

In squashed order, an initial segment of m k-subsets of [n] is denoted F fl,k (m), a 
final segment, L,k(m), and N,k(m) denotes any segment of m k-subsets. Since the 
squashed order is independent of the size of the ground set [n], then this need not 
be explicitly specified, and we can abbreviate the notation to Fk(ln), Lk(m), and 
Nk (m) respectively. This abbreviated notation will be used whenever the ground 
set is known. 

Let A = {A1 ,. . . , A} be a collection of k-sets. Then the compression C(A) of 
A is defined to be the collection of sets consisting of the first J AI k-sets in squashed 
order. In other words, C(A) = Fk(IAI). It follows that J AI = C(A)l. if A= C(A), 
then we say that A is compressed. 

1.2.3 Posets 

The Boolean lattice (Ba, <), also denoted B, is the collection of subsets of [n] 
ordered by set inclusion. That is, for each A, B E B, we write A < B if A c B. 

Let P be a poset with associated partial order <. Then for A, B E P, we say that 
A and B are comparable ifA < B or A > B. if there is no CE P such that 
C 0 A, B and A < C <B, then we says that B covers A. In the collection B c P, 
ifA1 <A2  < ... <A for all A2 EB,1 < i < n, then B forms a chain. Biscalled 
a saturated chain if each A+i covers A2  for each i < n. The Boolean lattice has 
the property that for any A < B, all saturated chains from A to B have the same 
number of elements. 

The length of a chain is defined to be 1 less than its cardinality, and the rank r(A) 
of an element A is the length of all saturated chains from some minimal element, 
0, of P to A. In B the minimal element is the empty set, 0, and the rank of each 
subset is just the cardinality of the set. A poset P with a rank function r is called 
a ranked poset. 

On any ranked poset P, we can define the notion of rank numbers, or Whitney 
numbers, No , N1 ,... where 

N = number of elements of P of rank i. 
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In terms of the Boolean lattice, this means N = ('). 
A maximal chain in a ranked poset is a chain containing one element of each rank. 
If a chain is maximal then it must be saturated, but the converse is not necessarily 
true. An antichain is a set of pairwise incomparable elements of P. Thus, in the 
Boolean lattice, it follows that every collection of k-subsets is an antichain. 

1.2.4 Shadows and Shades 

Let B be a collection of k-subsets of [n]. The shadow of B is the collection LB = 

{D c [n] JDJ =k — l,D C B for someB E B}. The shade ofBis VB= 
{D c [n] :IDI = k + 1,B c D for some B e B}. The shadow at level r of B, 
or the r-shadow of B, is zB = {D C S : ID r,D C B for some B E B} 
where r < k - 1. Similarly, the shade at level r of B, or the r-shade of B, is 
V(T)B={Dc S: ID I =r,B C D for some B E B} where r > k+1. 

Next we introduce the notion of an incremental-shadow and incremental-shade, 
which will be used to illustrate particular characteristics of shadows and shades in 
later sections. Let B and C be k-subsets of [n] and let < be a linear ordering on 
the k-subsets of [n]. Then the incremental-shadow of B is z 1B = {D : D e 

B, D C for all C <B}, and the incremental- shade of B is V1B = {D 
D E VB, D VC for all C < B}. Thus the incremental-shadow (incremental-
shade) of B consists of all (k - 1)-subsets ((k + 1)-subsets) of [n] which belong to 
the shadow (shade) of B, but not to the shadow (shade) of any k-set which precedes 
B with respect to . 

The incremental-shadow and incremental-shade of a collection B of k-subsets of [n] 
are z 1B = UBEB L 1B and V1B = UB  V1B respectively. That is, if B and C are 
collections of k-subsets of [n], and each set in B precedes each set of C with respect 
to , then / 1C = LC - LB and V1C = VC - VB. Hence, if B is an initial segment 
with respect to <, then AIB = LB and V1B = VB. 

The new-shadow of a collection B of k-subsets of [n] is the incremental-shadow 
where the imposed linear order is squashed order, and the new-shade of B is the 
incremental-shade where the imposed linear order is antilexicographic order. The 
new-shade can also be defined as follows in terms of the squashed order (see [14]) 
(as squashed order is the reverse of antilexicographic order). 

Let B and C be k-subsets of [n], then the new-shade of B is VNB = {D : D E 
VB, D V VC for all C >s B}. Therefore the new-shade of B consists of all (k + 1)-
subsets of [n] which are members of the shade of B but not the shade of any k-set 
which follows B in squashed order. The new-shade of the collection B of k-sets of [n] 
is VNB = UBEB VNB. Note that if B = Lk(B) then VNB = VB and conversely, 
if B = Fk(IB) then ANB = AB. 



Example 1.4. For each 3-subset of [5], we list the sets in squashed order and their 
new-shadow and new-shade. 

ME 
123 121323 - 

124 1424 - 

134 34 - 

234 - 1234 
125 1525 - 

135 35 - 

235 - 1235 
145 45 - 

245 - 1245 
345 - 1345 2345 

Let B and C be collections of k-subsets of [n] such that JBI = C. We say that 
B corresponds to C (and vice versa) if IVNBI = I VNCI and JANL31 = 

Alternatively, B and C are said to correspond. 
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2 Some Preliminary Results 

This section provides much of the background materiai required in later sections. 
Many of the results and observations presented are referenced a number of times 
throughout the thesis and so are included here to avoid repetition. Others are simply 
presented here so as not to interrupt the logical flow of later sections. 

Section 2.1 provides a brief introduction to Sperner Theory, which is a necessity given 
that most of the results in this thesis relate to antichains. Section 2.2 discusses, in 
some depth, various aspects of the linear orders introduced in Section 1.2.2. The 
last section, Section 2.3, is a survey of some results for shadows and shades, new-
shadows and new-shades, required primarily for Section 3, and to a lesser extent, 
Section 4. 

2.1 Sperner Theory 

The fundamental structure for many of the results in this thesis is an antichain in 
B with a linear order imposed on its elements. Therefore in this section we will 
present some of the classical results in the theory of antichains (or Sperner Theory) 
in order to lay a foundation for the work to come. 

The starting point of the theory of antichains is Sperner's Theorem. This theorem 
stimulated the development of the theory dealing with extremal problems on finite 
sets and finite partially ordered sets. The version of the theorem stated and proved 
here is taken from [1, page 21. 

Theorem 2.1 (Sperner's Theorem). Let A be an antichain of subsets of an n-set 
S. Then 

AI  (Ln2]) 

Sperner's Theorem establishes the maximum possible size of an antichain on [n]. 
There are various proofs of this theorem. In this thesis we will consider only two of 
them, one in this section, and the other in Section 4 which is a new proof due to 
Roberts [19]. 

The first proof of Theorem 2.1 is due to Lubell (1966) (see [1] and [15]) and is 
interesting in that it gives rise to the LYM inequality. 

Proof of Theorem 2.1. We start by noting that there are n! permutations of the 
elements of [n]. A permutation it of the elements of [n] is said to begin with A if the 
first J AI members of iv are the elements of A in some order. There must be exactly 
A !(n - A)! of these, since there are A! permutations of the elements of A and 



(n - A)! permutations of elements of [n] not in A. if A, Aj  are two sets of A, then 
a permutation starting with Ai  is distinct from one starting with Aj  as Ai  Z A3  and 
A3  Z A. Thus 

AEA 

(where A 0). If we let p k  denote the number of members of A of size k, we have 

<n! 

and therefore 
(2.1) 

Thus 

JAI = Pk 
= (Ln 2]) __

Pk 
(Ln 2J) < 1 

L_ I n\ - 
(Ln/ 2 j) k k) Ln/2i) 

FE- 

We have shown that the maximum size of an antichain of subsets of [n] is ([m2j) 
However, Lubell's proof actually gives us a stronger result than Sperner's Theorem. 
The inequality (2.1) is called the LYM inequality, named after Lubell, Yamamoto 
(1954), and Meschalkin (1963), who each independently discovered this result. 

The essence of the LYM inequality (2.1) is the following. By definition, an antichain 
A on [n] cannot contain any set A together with any of its supersets or subsets. 
Therefore a restriction naturally arises on the number of sets of different sizes which 
A can contain, and the upper bound for this is given by the LYM inequality. Thus 
the LYM inequality is a necessary condition for an antichain to exist, but it is not 
sufficient. 

To appreciate how the LYM inequality places a restriction upon the parameters of 
an antichain A, we must note that it is a weighted sum which looks at the relative 
proportions of the k-sets within A. The ratio p k/ () is the proportion of all those 
subsets of size k which are in A. The LYM inequality asserts that the sum of these 
proportions is at most one. In fact, as the next theorem of Bollobás [3, page 131 
states, equality is only achieved in one case. 

Theorem 2.2. Equality is achieved in (2.1) if and only if A consists of all of the 
() k-subsets of [n] for some k. 

Given the restriction realised by the LYM inequality, it is interesting to consider 
the composition of a maximum-sized antichain A on [n]. Choosing p k = ([n ) and 2j  pi  = 0, i k, 1 i < n, maximises the number of sets we can include in A. 



Therefore if n is even there is one maximum-sized antichain, namely the collection 
of n/2-subsets. If n is odd, maximum cardinality can be achieved by choosing all of 
the (n - 1)-subsets, or all of the (n + 1)-subsets. The following is a corollary of 
Theorem 2.2 (see [1, page 3]) and asserts that there can be no mixture of set sizes 
in refTh:lymeq. 

Corollary 2.3. If n is even, the only antichain consisting of ([n2j)  subsets of the 
[n] is made up of all of the n/2-subsets of [n]. If n is odd, an antichain of size ([n2j) 
consists of either all of the 1  (n - 1)-subsets or all of the 1  (n + 1)-subsets. 

A proof of Corollary 2.3 is provided in Section 4, where a proof not dependent upon 
Theorem 2.2 due to Roberts is given. This proof is based upon a new theorem of 
Kisvölcsey and Lieby. 

Sperner's original proof of Theorem 2.1, relies upon the following lemma (see [1, 
page 11] and [20]), which derives a very useful bound for the cardinalities of the 
shadow and shade of a collection of k-subsets of [n]. 

Lemma 2.4 (Sperner's Lemma). Let B be a collection of k-subsets of [n]. Then 

VB>JBI if k < n (2.2) k + 1 

and 
IABI k 

B if k > 0. (2.3) 
- n—k+1 

Proof. Consider the pairs (B, D) with B E B, D E VB and B C D. Inequality 
(2.2) is obtained by counting these pairs in two different ways. For each B there 
are n - k elements of [n] not in B which can be added to B to obtain the set D. 
Therefore the number of pairs (B, D) is (n - k) I B. However, each D is of size k + 1 
and so has k + 1 subsets of size k (not all of which are necessarily in B). Therefore 
the numbers of pairs (B, D) is at most (k + 1)VB I and 

(n - k)B < (k + 1)VB. 

Now consider the pairs (B, D) with B E B, D e LB and B D D. For each B E B 
we note that we can remove any of the k elements of B to produce a (k - 1)-set 
of /.B. Therefore the number of pairs (B, D) is kBt. However any set in zB has 
n - k + 1 supersets of size of k (not all of which are necessarily contained in B), 
giving at most (n - k + 1)B I possible pairs (B, D). Thus 

kB < (n—k+1)VB 

as required. El 
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Lemma 2.4 gives rise to the following corollary (adapted from [1, page 11]). 

Corollary 2.5. Jfk < [j, VB> B. If k> f, B> B. 

Note 2.6. By rewriting inequality (2.2) in the form 

(k+i)(k) 

we see that Lemma 2.4 asserts that the proportion of (k + 1)-sets in VB is at least 
as big as the proportion of k-sets in B. This property of sets is knowii as the 
normalised matching property. 

The analogous result for shadow is obtained by rewriting inequality (2.3) as 

(ki)(k) 

which means that the proportion of (k - 1)-sets in AB is at least as big as the 
proportion of k-sets in B. 

The normalised matching property can be considered to be a local LYM inequality 
since it introduces a localised LYM-like restriction to the number of k-sets and 
(k + 1)-sets which an antichain can contain. In this case, given that the proportion 
of (k + 1)-sets in the shade of B is at least equal to the proportion of k-sets in 13, 
then an antichain A on [n] which contains the k-sets of B, must include a lesser 
proportion of (k + 1)-sets since it cannot include any from the shade of B. 

The following theorem due to Kleitman [12] asserts that the LYM inequality and nor-
malised matching property are in fact equivalent in a ranked poset like the Boolean 
lattice. 

Theorem 2.7. Let P be a ranked poset with rank numbers N, then the following 
three conditions are equivalent. 

P has the LYM property, that is, if A is an antichain in P with pi  members 
of ranki, then 

~
Ni 

i. 

P has the normalised matching property, that is, if B is a set of members of 
P of rank k and if the shade of B is the set of all elements of P of rank k + 1 
which are comparable with at least one member of 13, then 

VB
>

B 
Nk+l - Nk  
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(iii). There is a regular covering of P by chains. 

Since our interests lie in the relationship between the LYM inequality and the nor- 
malised matching property, we will only prove this theorem for (i) (ii). 

Proof. (i) (ii) Suppose P has the LYM property, and let B be a set of elements 
of P of rank k. Let V denote the set of all elements of P of rank k + 1, excluding 
the elements of VB. Then B U V is an antichain, and the LYM inequality gives 

B Nk+1 - VB <1. 

Hence, 

Nk - Nk+1 

(i) = (ii) Suppose the P has the normalised matching property, and let B be a set 
of elements of P of rank k. Let V denote the set of all elements of P of rank k + 1, 
excluding the elements of VB. Then B U V is an antichain with pk  members of rank 
k and Pk+1  members of rank k +1. The normalised matching property can therefore 
be expressed as 

Pk Nk+l - Pk+1 

Nk - Nk+1 
which gives 

Nk Nk+1 
~ 1. 

Hence, 
<

Ni 
 1.  . 

The results presented in this section are fundamental to the study of antichains, 
and will be used throughout the thesis. Antichains will be investigated further in 
Section 4 when the Flat Antichain Theorem is introduced. The bounds established 
for shadows and shades in Sperner's Lemma 2.4 will be strengthened in Section 3 
when the Kruskal-Katona Theorem is discussed. 

2.2 Observations About Orders 

This section describes in detail the properties of the orders defined in Section 1.2.2. 
Due to the large number of references to the various orders and their properties 
throughout the thesis, time will be taken here to examine each order in depth, 
thereby avoiding repetition elsewhere in the thesis. 

12 



2.2.1 Lexicographic Order 

Lexicographic order is just the 'dictionary' order, with 1 replacing a, 2 replacing b 
and so on. Since AAB = A'AB', then the complements of the k-sets in [n], that is 
the (n - k)-subsets of [n], are in reverse lexicographic order. This relationship can 
be derived as follows, 

A <L B smallest element of AAB is in A 
' smallest element of A'AB' is in A 

smallest element of A'AB' is not in A' 
smallest element of A'AB' is in B' 
B'<J A' 

This is illustrated in the example below. 

Example 2.8. Let B be all 3-subsets of [5] in lexicographic order. Then 13' is the 
collection of all of the 2-subsets of [5] in reverse lexicographic order. 

123 45 
124 35 
125 34 
134 25 
135 24 
145 23 
234 15 
235 14 
245 13 
345 12 

Note 2.9. Given a collection B of k-subsets of [n] in lexicographic order, the reverse 
of B and B' are both collections of sets in reverse lexicographic order. 

The construction of the lexicographic order is dependent upon the cardinality of the 
ground set [m]. We can see this if we note that the first (n - k) k-sets in lexico-
graphic order are constructed by adjoining the set {1,.. . , k - 1} with each element 
of {k,. . . , n} respectively. Changing the cardinality of n changes the number of such 
sets at the beginning of the order. Thus, before listing m k-sets in lexicographic 
order, we must know the size of the ground set. Not all orders have this dependency, 
as will be seen later in the discussions of squashed order and order U. 
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2.2.2 Antilexicographic Order 

Antilexicographic order is just lexicographic order with the order of the ground set 
[n] reversed. Therefore we can obtain antilexicographic order from lexicographic 
order by noting that if A = {ai,. . . , ak} is the mth k-subset of [n] in lexicographic 
order, then the set A = {n+ 1 — a1,.. . , n + 1 — ak}, is the mth k-set in antilexico-
graphic order. Note that A can be also be written as In + 1 - ak,. . . , n + 1 — a1} 
so that the smallest elements of [n] appear first in the set. If B is a collection of 
m k-subsets of 117 . .. , n} in lexicographic order, then B will be a collection of m 
k-subsets of in,. . . , 1} in antilexicographic order. 

Example 2.10. Let B be the collection of the 3-subsets of 11,. . . , 51 in lexicographic 
order, then B is the collection of 3-subsets of {5,.. . , 1} in antilexicographic order. 

B 

123 345 
124 245 
125 145 
134 235 
135 135 
145 125 
234 234 
235 134 
245 124 
345 123 

Given the relationship between antilexicographic order and lexicographic order, we 
know that antilexicographic order must also be dependent upon the size of the 
ground set, so ii must always be known when we are listing the first m k-sets in this 
order. 

To complete our observations of this order we will consider what it means to reverse 
the order and take the complement of a collection of k-sets in antilexicographic 
order. 

Recall that the definition of antilexicographic order states that for two k-subsets 
A, B C [n], A <A B if the the largest element of AtB is in A. Hence if we reverse 
the order, the largest element of ALB is in B, which is exactly the definition of 
squashed order, and so B <S A. The reverse of antilexicographic order is therefore 
squashed order. 

If we consider the sets A and B again, since ALB = A'/2B' and we know that 
antilexicographic order in reverse is squashed order, then A A  B implies that B' <—A 
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A' and hence A' <s B'. So the complement of the mth k-set in antilexicographic 
order is the mth (n - k)-set in squashed order. 
Note 2.11. Given a collection B of k-subsets of [n] in antilexicographic order, B' and 
the reverse of B are both collections of sets in squashed order. 

The relationship between antilexicographic order and squashed order will be ex-
plored further in the next section. 

2.2.3 Squashed Order 

In the spirit of Note 2.11, if B is a collection of sets in squashed order, then the 
collection of the elements of B taken in reverse order and B' are both collections of 
sets in antilexicographic order. 

Example 2.12. Let B be the first 10 3-subsets of [6] in squashed order. Then B' is 
the collection of the first 10 3-subsets of [6] in antilexicographic order. 

123 456 
124 356 
134 256 
234 156 
125 346 
135 246 
235 146 
145 236 
245 136 
345 126 

Given the relationship between squashed order and antilexicographic order, we can 
note the following. 
Note 2.13. An initial segment of k-sets in squashed order is a terminal segment of k-
sets in antilexicographical order. Likewise, a terminal segment of k-sets in squashed 
order is an initial segment of k-sets in antilexicographicall order. B is a collection 
of sets in squashed order if and only if B' is a collection of sets in antilexicographic 
order. 

By Note 2.13, we have (Fk(B))' = Lk(B). Therefore for each distinct pair 
A, B E B, A <s  B if and only if A' <A  B', and B is the mth k-subset of [n] in 
squashed order if and only if B' is the mth (n - k)-subset of [ri] in antilexicographic 
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order. It follows that Fk(()) = Nk(()) = Lk(()) = (F_k(()))' = (N fl k(()))' = 

( n_k((j))) 

Unlike lexicographic order or antilexicographic order, squashed order is effectively 
independent of a ground set [ii], since all subsets containing the element m < n 
come after all of the subsets consisting of elements less than rn. This means that 
we do not need to know [ii] when listing sets in squashed order. However, the size 
of the ground set is given by a collection B of m k-sets in squashed order. It is 
determined to be [n] = U B. 

As we saw in Section 1.2.1, sets can be represented by sequences of Os and is. If 
we have two k-subsets [n], A and B, and A _<s  B, then B contains the largest 
of the elements not common to both sets. Therefore if A and B are written as 
binary sequences then the first place where the two will differ is when the sequence 
for A has a 0 and the sequence for B has a 1. This means that the sequence 
representing A comes before that representing B in lexicographic order since for 
sequences (x1,. . . , x) and (yl, 

. . . , y), (x1 ,... , x) <L (yi,.. . , y,) if and only if 
x2  < y j  for the first i, 1 < i < n, with x y2. Thus, the squashed ordering of sets 
corresponds to the lexicographical ordering of their representative binary sequences. 

Example 2.14. The 3-subsets of [5] are listed below in the column on the left. In 
the column on the right is the binary sequence representative of each of the 3-sets. 

123 00111 
124 01011 
134 01101 
234 01110 
125 10011 
135 10101 
235 10110 
145 11001 
245 11010 
345 11100 

The 3-sets are in squashed order while the binary sequences are in lexicographic 
order. 

2.2.4 Orders U and V 

Order U can be considered to be a hybrid of squashed and lexicographic order. In 
the same way as squashed order, it is effectively independent of the ground set, since 
all subsets containing the element m < n come after all of the subsets consisting 
of elements less than in. Therefore, given a collection V of all of the k-subsets of 

16 



[n] in order U, all sets in V after the (1)  set up to and including the () set, for 
k < r < n, will include the element r. Furthermore, r will be the largest element 
of each of the sets in the collection. Unlike squashed order, if we remove the fixed 
element r from the sets of V, the resultant (k - 1)-sets are in lexicographic order. 

Example 2.15. Consider the first 10 3-sets in order U. 

123 
124 
134 
234 
125 
135 
145 
235 
245 
345 

Note that all 3-subsets of [3] precede subsets containing 4, which in turn precede all 
those which contain the element 5. If we disregard the fixed element 5 in the last 
6 sets in the above list, we are left with the collection 112, 13, 14, 23, 24, 341 which 
are exactly the 2-subsets of [4] in lexicographic order. 

By definition, order V is the reverse of order U. So one way to construct a collection 
of k-sets on [n] in order V is to place them in order U and then reverse their order. 
However, unlike order U, order V is dependent on the size of the ground set [n] since 
all sets containing ii must occur first in the order. 

Recall from the previous discussions of orders that the reverse of antilexicographic 
order is squashed order, and antilexicographic order is simply lexicographic order 
with the order of the ground set reversed. If we consider collection V again, this time 
in order V, then if we remove the fixed element r from each set in V, the resultant 
(k - 1)-sets are in squashed order with the order of the ground set reversed. This 
turns out to be a very useful property, and its relevance will be explained further in 
Section 5.1. 

Example 2.16. Consider the first 10 3-subsets of [5] in order V, and note that it 
is simply the reverse ordering of the sets in Example 2.15. 
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345 
245 
235 
145 
135 
125 
234 
134 
124 
123 

If we disregarded the fixed element 5 in the first 6 sets in the above list, we are left 
with the collection 134, 24, 23, 14, 13, 12} which is exactly the collection of 2-subsets 
of [4] in squashed order when the order of the ground set is reversed. 

By notes 2.9 and 2.11, for a collection B of m k-sets in either lexicographic order, 
antilexicographic order, or squashed order, the collection of the elements of B taken 
in reverse order, and B', are both collections which are in the same order. This is 
not the case for order U. That is, the complement of a collection of k-sets in order 
U is not in order V, but instead in an order isomorphic to order I. The next section 
will explain this relationship in more detail. 

2.2.5 Orders I and J 

Whilst order I is an order in its own right, it is not an intuitive or obvious ordering, 
and for this reason it is best described by its relationship to order U. 
Note 2.17. By the definition of order I, a collection B of k-sets on [n] is in order I if 
and only if B1  is in order U. 

Example 2.18. Let B be the first 10 3-subsets of [5] in order U. By definition, is 
the first 10 2-subsets of [5] in order I. Both collections are given in the table below. 

In 



I' 

123 12 
124 13 
134 14 
234 15 
125 23 
135 24 
145 34 
235 25 
245 35 
345 45 

The easiest way to generate a collection of m k-subsets of [n] in order I is to take 
the complement of the first m (n - k)-sets in order U and reverse the order of the 
ground set. However, we will now look briefly at a direct construction of order I 
independent of its relationship to order U. 

Given a collection .T of m k-subsets of [n] in order I, let A = {A 1 e A, A E 
.F} and let B = {B : 1 V B, B E F}. Then .'F = A U B, and for all A E A 
and B E B, A <I B. B is the collection of all of the k-subsets of {2,. .. , n} in 
squashed order. The structure of A is a little more complex. The first (ii - k) 
k-sets of A are the (k - 1)-sets {1,. ... k - 1} adjoined with each of the elements of 
{k,.. . , ri} respectively. The next segment of (n_+1)  k-sets of A are the (k - 2)-sets 
{1,. .. , k - 2} adjoined with the 2-sets of {k,... , n} in squashed order. Hence none 
of these sets contain the element k - 1. The next segment of (l;1c)  k-sets of A are 
the (k - 3)-sets {1,. . . , k - 31 adjoined with the 3-sets of {k - 1,. . . , n} in squashed 
order, and so none of these sets contain the element k - 2. This pattern continues so 
that the final () k-sets of A are the (k - 1)-sets of {3,. .. , n} in squashed order 
adjoined with the element 1, none of which contain the element 2. 

Given the complex nature of order I described above, throughout this thesis it will 
derived from order U. 

By definition, order J is the reverse of order I. This order is provided for complete-
ness, but is not used in the thesis. An alternative definition of order J is that it is 
the relative complement on [n] of the sets in order V with the order of the ground 
set reversed. Like order I, order J is also relatively complex to define directly. 

2.3 Shadows and Shades 

In this section we present some useful results and observations relating to shadows, 
shades, new-shadows and new-shades of collections of m k-subsets of [n]. As with 
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all of the results presented in Section 2, these will be required in later sections, 
especially Section 3, in which we look at the problems of minimising shadows, shades, 
new-shadows and new-shades. We will begin our investigation by looking at some 
properties of shadow and shades. 

Sperner's Lemma (2.4) and the normalised matching property have already given us 
some insight into the cardinality of the shadow and shade of collection of m k-subsets 
of [n]. If we let B be such a collection and m = (), then LB = (k1) and VB = 

( When m < (), Sperner's Lemma can only provide us with a lower bound, k1).   
and it is the linear order imposed on the elements of B which exactly determines 
JABI and JVBJ . This idea is taken further when we look at the Kruskai-Katona 
Theorem in Section 3.2. The Kruskal-Katona Theorem allows us to determine the 
minimum possible value of JABI over all collections of k-subsets of [n]. For now, it 
is illustrated by the following examples. 

Example 2.19. Let B and C be collections of the first 5 4-subsets of [8] in lexico-
graphic order and squashed order respectively. Then B = 11234, 1235, 1236, 1237, 
12381 and C = {1234, 1235, 1245, 1345, 2345}. The shadows of B and C are therefore 
AB = {123, 124,126,127,128,134,135,136,137, 138,234,235,236,237,238} and 
LC = {123, 124, 134,234, 125, 135,235, 145,245, 345}. So JABI = 16> JACI = 10 

Example 2.20. Let B and C be collections of the first 6 3-subsets of [6] in lexico-
graphic order and squashed order respectively. Then B = {123, 124, 125, 126, 236, 246} 
and C = 1123, 124,234, 125, 135,235}. The shades of B and C are therefore VB = 
{1234, 1235, 1236, 1245, 1246, 1256,2346,2356, 2456} and VC = 11234, 1235, 1245, 
1345,2345,1245,1345,2345,1236,2346, 1356,2356,}. SowehavejVBj = 9 < J VCJ= 
11. 

From the definitions of shadow and shade, we can make the observation that if A 
and B are any two collections of k-sets such that A fl B = 0, then 

<A+B and V(AUB) :~VA+VBI. 

Thus the shadow and shade functions are subadditive. 

The following lemma from [14, page 18] establishes a relationship between the com-
plements of shadows and the shades of complements. 

Lemma 2.21. Let B be a subset of [n] and let B be a collection of k-subsets of [n]. 
Then 

(SB)' = VB', and 

(SB)' = VB'. 
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Proof. Let A and B be a (k - 1) and k-subset of [n] respectively. If A E LB then 
A' D B', where A' and B' are a (n - k + 1) and a (n - k)-subset of [n] respectively. 
Thus A' E VB'. Conversely, if A' E VB' then A E LB. This proves (i), from which 
(ii) follows, as (zB)' = U BEB(B)' = UBEB VB' = VB'. 

Similarly, we have 

Lemma 2.22. Let B be a subset of [r&] and let B be a collection of k-subsets of [n]. 
Then 

(VB)' = SB', and 

(VB)'=zI3'. 

The proof for this is along the same lines as that for Lemma 2.21 and consequently 
is omitted from this thesis. 

Example 2.23. To demonstrate Lemma 2.21, first consider the set B = {1234}. 
Then B' = {56}, LB = {123, 124, 234, 134} and (LB)' = {156, 256, 356, 456} 
VB'. 

Next, consider the collection B of the first 10 4-sets of [6] in squashed order. Then 
B = 11234, 1235, 1245, 1345, 2345, 1236, 1246, 1346, 2346, 12561 and so B' is the first 
10 2-sets of [6] in antilexicographic order, 13' = 156, 46, 36, 26, 16,45, 35, 25, 15, 34}. 
Then LB = {123, 124,234,125,135,235,145,345,125,136,236, 146,246,346} and 
(zB)' = {456,356,256,156,346,246,146,236, 136,126,345,245,145,135,235, 125} 
= VB'. 

We will now broaden our discussion to include new-shadow and new-shade. From 
the definitions of new-shadow and new-shade, we can make the observation that if 
A and B are any two collections of k-sets such that A fl B = 0, then 

LN(AU 13)1 = NA + JANBI and VN(AU B)l = VNA + IVNBI . 

In other words, the new-shadow and new-shade functions are additive. 
Note 2.24. The respective properties of subadditivity and additivity demonstrate a 
fundamental difference between shadows and new-shadow, shades and new-shades. 

The next set of results provide some useful insights into the characteristics of new-
shade and new-shadow, and will be used later in Section 3.4 to help establish a lower 
bound on the size of each. The first lemma focuses on the relationship between 
complements of new-shadows and new-shades of complements, much the same as 
Lemma 2.21 did in the context of shadows and shades. Lemma 2.25 and its proof 
are taken from [14, page 19]). 
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Lemma 2.25. Let B be a subset of [n] and let B be a collection of k-subsets of [n]. 
Then 

(NB)'  = VNB', and 

(zNB)'  = VNB'. 

Proof. Let B be a k-subset of [n] such that B is the mth set in squashed order. 
Then 

(L.NB)' = [(zFk(m))\(Fk(m - 1))]' 
= [(VLfl_k(m))'\(VLfl_k(m - 1))']' 

by Lemma 2.21 which states that (LB)' = VB', and the observation that in 
squashed order Fk (m) = (L_k (m))' (see Section 2.2.3). It follows that 

(/.NB)' = [(VLfl_k(m))\(VL_k(m - 1))] 
= VNB' 

since the mth (n - k)-set in antilexicographic order is the complement of the mth 
k-set in squashed order. 

This proves (i), and (ii) follows by the definition of ZNB. 

As a direct consequence of Lemma 2.25 we can deduce that JANBJ = IVNB'I and 
JAN BI = VNB'. It then follows that 

NLk(m) = VNFfl_k(m). (2.4) 

That is, the new-shadow of the last m k-sets in squashed order must contain as 
many elements as the new-shade of the first m (m - k)-sets in squashed order, since 

= Lk(m) (see section 2.2.3) and JAN BJ = VNB'L 
The next Theorem is due to Clements [4] and is stated here as it is found in [14, 
page 28], without proof. 

Theorem 2.26. Let m E N such that m < (). Then 

Fk(m)l ~! L.NNk(m) ~! NLk(m) 

Note 2.27. Since zFk(m) = NFk(m), NFk(m) ~! NNk(m)  ~! jLNLk(m)L 

The next result is a corollary of Theorem 2.26, also taken from [14, page 281. 

Corollary 2.28. Let m E N such that in < (). Then 

VLk(m) ~! VNNk(m) ~! VNFk(m). 
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Note 2.29. Since VLk (m) = VNLk(m), VNLk(m) ~! I VpjN j (m) ~! VNFk(m)I. 

The last result presented in this section demonstrates how the shadow and shade of 
a collection of the first m k-sets in squashed order, preserve squashed order. That 
is, the shadow of an initial segment of k-sets in squashed order is an initial segment 
of (k - 1)-sets in squashed order. Similarly, the shade of a terminal segment of 
k-subsets of [m] in squashed order is a terminal segment of (k + 1)-subsets of [n] in 
squashed order. This lemma and the subsequent example can be found in [14, page 
20]. The proof will not be given here. 

Lemma 2.30. 

LFk(m) = 

VLk(rn) = Lk+l(IVLk(m)I) 

Example 2.31. Consider the first 5 3-sets of [5] in squashed order. Then F3(5) = 

{123, 124, 134, 234, 125} and zF3(5) = 112, 23,23, 14,24, 34, 15, 25} = F2(IF3( 5 ) I). 

This concludes our survey of background results. 
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3 Orders that Minimise Shadow and Shade 

In this section we will look at how orderings on sets can be used to provide a solution 
to the shadow minimisation problem. Informally, the shadow minimisation 
problem is that of finding all collections B, of m k-subsets of [n] such that B has 
a minimum-sized shadow among all possible collections of m k-subsets of [n]. Such 
minimum collections are said to be optimal. The Kruskal-Katona Theorem 3.7 
provides a solution to the shadow minimisation problem in the context of finite sets. 

An obvious counterpart to the shadow minimisation problem is the shade min-
imisation problem. Informally, this is the problem of finding all collections B of 
m k-subsets of [n], such that B has a minimum-sized shade amongst all possible 
collections of m k-subsets of [ii]. A solution to this problem is given in Corollary 
3.21, a corollary of the Kruskal-Katona Theorem. 

As a natural extension of these two problems, we examine how they apply to new-
shadows and new-shades, and present solutions for new-shade and new-shadow min-
imisation. We conclude with a brief discussion of the theory of Macaulay posets 
which looks at the shadow minimisation problem as it applies to more general posets. 

3.1 The k-Binomial Representation of Squashed Order 

In order to address the shadow and shade minimisation problems, we must first look 
more formally at the squashed ordering of sets. The following theorem gives the k-
binomial representation of an integer which is closely related to squashed order. (See 
[1, page 115-116]). 

Theorem 3.1. Given positive integers m and k, there exists a unique representation 
of m in the form 

(ak)  Iak_i\ (at
m k + k )+...+ 

where ak > ak-1 > ... > at  ~ t > 1. This representation of m is called the 
k-binomial representation of m and is unique. 

Proof. To find such a representation of m, first we choose ak as the largest integer 
) m. Then choose ak-1  as the largest integer for which for which (  

(ak_1\ fak\ 
k-1) < m k ). (3.5) 

It must be the case that ak > ak-1, for if ak :~ ak-1 then we would have 

(ak\ / ak \ /1+ak \ 
m>k)+k1)= k)' 
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contradicting the maximality of ak. 

If we continue the process started in equation (3.5), eventually the choice of at  for 
some t > 2 will result in equality. That is 

(

" 
at\ (ak)  (ak_1 (at+i

' t) k k-1) t+1) 
or we get right down to choosing a1  as the integer such that 

) 
(ak ) (a2'\ (aj +

1 m k 2) < 1 
in which case we have 

fak\ 1a1\ 

which means that 
m= (ak) (a,)

. 
 

k 

All that remains is to show that the representation of m is unique. It is done here 
using induction on k. 
If k = 1, there can be only one representation of m, namely m = (T). Let us now 
assume that the representation of any m is unique for k = h - 1, so 

+ 
/ ah_1\ (ah_2)  + + (a,) m=( ) \h-1j - 

for t > 1. 

Next, we assume that for k = h we have two different representations of m, say 

(ah) (at /bh 
+ m = h +...+ t ) = h)+ r ) 

for some t > 17  r > 1, and a, 0 b, for some i. 
If we choose both ah and bh to be maximal then ah = bh as this value is unique. 
Given this, we can then obtain two h-binomial representations for m 

- (

ah ) with 
k h - 1. By the induction hypothesis, these representations are identical, so that 
a2  = b, for all i and we have only one possible representation of m. 
However if ah bh then either ah or bh is not maximal. So without loss of generality 
we can assume that ah <bh. We then obtain 

(ah\ (ah_1'\ (at 
m h )+ h )+...+ 

(

ah)  (ah -1\ 
)

(ah — (h — t)\ (ah— h+1 
hh-1)" t +... 1 
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if we include all of the terms in the binomial expansion. Then using the identity 

(n) /m-1'\ (m—h\ /n+i 
0 ) 

we get 
(ah + i\ 

m< 
h 

and hence 
(1h ) (ah +1'\ 

h ) 
which is a contradiction since ah + 1 <bh. 

Thus, by induction, the k-binomial representation of m is unique. El 

The following example demonstrates the relationship between the k-binomial repre-
sentation of a number and squashed order. 

Example 3.2. Consider the first 9 3-sets in squashed order: 

123 
124 
134 
234 
125 
135 
235 
145 
245 

This collection consists of all of the () 3-sets, followed by the first () 2-sets with 
5 adjoined to each set, and finally, the first () singleton sets with 4 and 5 adjoined 
to each of them. Hence, we can write 

(1) (3'\ /2
= 3 + 2)  + 

which is exactly the k-binomial representation of 9 as described in Theorem 3.1. 

The k-binomial representation of squashed order gives rise to a closed-form formula 
to generate the rnth k-set in the order, or conversely, a formula to find the position of 
any given k-set in squashed order. This is formalised after the following illustrative 
example. 
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Example 3.3. Given the set B = 12, 3, 5, 6}, what is its position in squashed order? 

Consider the collection B of the first in 4-sets, up to and including B, in squashed 
order. The aim is to find in. The largest element in B is 6, therefore the collection 
will include all () 4-sets. The next largest element of B is 5, so B must contain 
each of the () 3-sets with 6 adjoined to each set. At this point we can make the 
observation that 12, 3} is the last 2-set in squashed order and conclude that B must 
therefore contain the () 2-sets with 4 and 5 adjoined to each set, and nothing more. 
Hence we have 

(5'\ (4) (3'\m
= 4) + 3  + 2) 12 

and so B is the 12th 4-set in squashed order. 

The following Lemma is adapted from [1, page 1171. 

Lemma 3.4. Let m = k (') be the k-binomial representation of m. Then the 
mth k-set in squashed order is 

{ak+1,ak_1 +1,...,a+1 +1;at,a-1, ... ,a—t+1}. 

) + () + . . . + () be the k-binomial representation of in and Proof. Let m = (  
recall that ak > ak-1 > ... > at > t > 1. 

By considering the collection B of the first m k-subsets in squashed order, we can 
) sets of B are precisely the collection [ak lk . The deduce the following. The first (  

next are those obtained by adjoining {ak + 11 to all of the sets in [ak _ i]k_l. 

) are those obtained by adjoining {ak_i + 1, ak + 1} to the sets in The next (  
[ak_2]'2, and so on until we reach the final (°) sets of B which are the union of 
{at+i + 1,. . . , ak + 11 with all of the sets of [atit. 

Thus the mth k-set in squashed order is 

{ak +1,ak _ i +1, .... at+1 +1;at,at — 1 .... ,at —t+1}. 

Hence we have our closed-form formula for finding the mth k-set in squashed order. 

Recall from the discussion of squashed order in Section 2.2.3 that given a collection 
of k-sets B, B E B is the mth k-subset of [n] in squashed order if and only if B' is 
the mth (ii - k)-subset of [n] in antilexicographic order. Hence we can also express 
m in terms of its (n - k)-binomial representation. 

(an_k \ afl_k_1 ) + ... + 
(at). n — kj (n_k_ 1 
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The mth (n - k)-set in antilexicographic order can therefore be found by using 
Lemma 3.4 to find B, the mth k-set in squashed order, and it follows that B' will 
be the mth (n - k)-set in antilexicographic order. Hence, the set B' will be the mth 
(n - k)-set in lexicographic order. 

We will see in Section 5 that similar formulas can be derived for the other orderings 
defined in Section 1.2.2 based upon the k-binomial representation of squashed order. 

3.2 The Kruskal-Katona Theorem 

Sperner's Lemma 2.4 provides some insight into the sizes of the shadow and the shade 
of a collection of sets B. The Kruskal-Katona Theorem improves on this result by 
establishing a minimum size for the shadow based on the k-binomial representation 
of J BI and squashed order, and in doing so, solves the shadow minimisation problem. 
This problem can be formally stated as follows. 

Problem 3.5. Let C = {B C [n]k : J BI = m}, then choose B to achieve minBEC /.B. 

The essence of the Kruskal-Katona Theorem is: to minimise the shadow over all 
choices of m k-sets, where m is given, take the first m k-sets in squashed order. 
This is one of the classical results in Sperner Theory. 

Example 3.6. The table below lists the first 5 4-subsets of [8] in lexicographic order, 
A, and then in squashed order, B, and each individual set's incremental-shadow, 

1A and L 1B. It illustrates the advantage of using squashed order compared with 
lexicographic order in terms of shadow minimisation. The incremental-shadows are 
used here to illustrate shadow formation, since /.B = UBEB A1B when B is an initial 
segment. 

A z 1A B L\1B 
1234 123 124 134 234 1234 123 124 134 234 
1235 125 135 235 1235 125 135 235 
1236 126 136 236 1245 145 245 

1237 127 137 237 1345 345 

1238 128 138 238 2345 - 

So we have JAAJ = 16 > JABI= 10. 

The Kruskal-Katona Theorem will now be stated (as found in [1, pages 119-120]), 
but not yet proved. The proof will come later, after a discussion of some of the 
technicalities involved. 



Theorem 3.7 (The Kruskal-Katona Theorem). Let B = {Bi ,. . . , B} be a 
collection of k-subsets of [n], and suppose that the k-binomial of m is 

m= 
(ak 

" 
k)(k — i " )(t) 

where ak>ak_1 > ...  >a>t>1.  Then 

(ak_i) 
+ + 

( G  

at 
k — 1) k-2 

Equality holds when B consists of exactly the first m k-sets in squashed order. 

Note 3.8. It is important to notice that care has to be taken with this representation 
of the shadow when t = 1, for then t - 1 = 0. In this case the representation is 
not that specified in Theorem 3.1 where t has the restriction t > 1, so it is not in 
fact the k-binomial representation of J AB. This in turn means that the closed-form 
formula of Lemma 3.4 cannot be used to find the rnth (k - 1)-set in squashed order 
with this representation of the shadow. The discrepancy is due to the fact that the 
k - x terms, for 0 < x < k, are not chosen to be the biggest possible, as required 
by the k-binomial representation (see Theorem 3.1). This anomaly can be rectified 
by rewriting () as (at1)  and then adding it to ((Ztjii)  to give (t+1).  The process 
may have to be repeated for t > 1, but the correct representation will eventually be 
reached. 

Example 3.9. Consider the case where B is a collection of the first 24 4-sets in 
squashed order. Then m = () + () + () + () = 24. Applying Theorem 3.7 we 
have J ABI = () + () + () + () = 30 which is not the 3-binomial representation of 
30. So we rewrite it as follows ILBt = () + () + () + () = () + () + () = () + () 
and obtain the correct 3-binomial representation of 30. 

Theorem 3.7 was first discovered by Kruskal [13] in 1963, and then independently 
rediscovered by Katona [10] in 1966. It has since become known universally as 
the Kruskal-Katona Theorem. A more general form of the theorem was produced 
by Clements and Lindström [5] in 1969, and has become known as the generalised 
Macaulay Theorem in reference to its relation to an earlier result due to Macaulay 
[16] (1927). The generalised Macaulay Theorem is an extension of the Kruskal-
Katona Theorem to posets besides the Boolean lattice, and is discussed in brief in 
Section 3.5. 

According to Bezrukov [2], Kruskal's original proof of Theorem 3.7 was 30 pages long 
(see [13]). Katona made a significant improvement to this with his 10 page proof in 
1968 (see [101). Today several shorter proofs exist thanks to mathematicians such 
as Daykin [6], Frankl [8] and Hilton [9] to mention a few. Frankl's proof is one of 
the simplest, involving a shifting process, and is the one that shall be given here 
(see [1, pages 121-2]). 
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Before we can begin the proof of the Kruskal-Katona Theorem, we need to define 
the shifting operation used in Franki's proof. 

Lemma 3.10. Let B be a collection of subsets of [n], and for 1 <j < n define 

{ 

 S(B) = 
(B 

- 
{j}) U {1} if j E B, 1 V B, (B - {j}) U {1} V B 

B otherwise. 

Also define 
S(B) = {S3(B) : B e B}. 

Then 
C S(tB). 

Note 3.11. It follows immediately that I A (S(B)) S3(z.B) I and hence I z(S(B)) ~ 
kBI. 

Proof. We have to prove that if B E B then L(S(B)) c S3 (L B). We will do this 
by showing that each D e L.(S(B)) is also an element of S3(LB) for every B and 
D. 

First suppose that B = S3(B). In other words, the shift operation has no effect. 
Therefore if D E A (S(B)) then D e LB and so B = DU{i} for some i < n, i D. 
We now establish that D = S(D), where Si  is the shift operator for LB, not B. It 
will follow that D e S3(LB). 

ffi=jthenj V D, and soD=S(D). Ifi=1 andj EDthen (D—{j})U{1}= 
B 
- 

{j} E LB and hence already exists. Thus D = S(D). If i = 1 and j V D 
then D = S(D). If i 0 1 or j, then D = S(D). The only case that needs special 
consideration here is the instance where i 1 or j, j E D and i V D. Then j e B 
and 1 B, which means that (B 

- {j}) U {1} e B already since our assumption is 
that B = 53(B). Thus (D 

- {j}) U {1} e zB, and so D = 53(D). 
Next suppose that B S3(B). Then j E B, 1 V B, (B 

- {j}) U {1} B and so 
S(B) = (B—{j})U{1}. IfD E S(B) and 1 D then D = B — {j} and so 
D = S,(D). If D E zS(B) and 1 e D, then D* = (D - 111) U {j} e LB and so 
D* e LIB. If D V LB then S(D*) = D so that D e S(zXB). If, finally, D E 
note that j 0 D so that D = S3(D), and hence D E S(AB). El 

By replacing the larger element of the ground set within a set B with the element 
1 where possible, the shift ensures that S3(B) <S  B for all B. It then follows that 
LB (S3  (B) (see Note 3.11). The following example illustrates this. 

Example 3.12. LetB= {124,234,235,345},then LSB= {12,23,14,24,34,35,45}. 
If we apply the shift operation S to B for j = 5 then we have 

55(B) = {123, 124, 134, 234} and zS5 (B) = 112, 13, 23, 14,24, 34}. 
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Thus J ABI = 7 > LS5(B) = 6, and ultimately, S5  has decreased the size of the 
shadow of S5  (B), compared to that of B. 

One last technical Lemma is required before we can prove Theorem 3.7. 

Lemma 3.13. If S(B) = B for all j > 2, and if 

Bo ={AEB:1Al, Bt={A—{l}:1EAEB} 

then 
BT I > 

Proof. If E E L130  then E U {i} e B0  for some i> 1 so that, on applying S3  to the 
elements of Bo with j = i, E U {1} e B also. Thus E E LB0  = E E B-p. 

The proof of the Kruskal-Katona Theorem follows. 

Proof of Theorem 3.7. (Frankl 1984) If we repeatedly apply the shift operators Si, 
j = 2,. .. n to B, the number of sets containing 1 increases so that after a finite 
number of applications, the shifts must cease to make any change. We have then 
created a new collection B* of the same size of B, with S3 (13*) = B* for each j > 2, 
and with I zB I ~: I AB* I by lemma 3.10. Proving the theorem for 13*  implicitly proves 
it for B, so we can simply assume that S (B) = B for each j ~! 2. The theorem will 
be proved using a double induction on k and n. 

The theorem is true for k = 1 and any ii = S I , and so we assume that the theorem 
is true whenever ii < m and whenever I < k and n = m. Consider the case of a 
collection B of k-subsets of a rn-set T. We have 

ak) + _.. + 
(a) 

where ak > ... > a3  > S> 1. 

Suppose that 
(a., - 1'\ 

Al ( k — S-1 

Then since jBo j = B 
- 

(ak 
- + .. . + 

[(a,,) ía3  - i\1B0 
> [()k-1)i ss—i)j 

(ak —i) 
(a.,_1'\ 

s) 
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then, by the induction hypothesis, we have 

(a-, - 1\ 
k — 1 ) 8— 

Thus J ABo l > jBf I , which is a contradiction by Lemma 3.13 which states that 
Bt LB0  . Therefore, we must have 

(S-1 ). 
a3 -  

k — 1 ) 

Then, by the induction hypothesis, 

ak — l\ 
+ 
(a. — 

s-2) 1ABd >  ( k — 2

so that 

G 
 aJ  

) ah + () + ... + (7k) is equivalent to the (k - By Note 3.8 we know that ( 
1)-binomial representation of an initial segment of (k - 1)-sets in squashed order. 
Lemma 2.30 tells us that the shadow of a compressed collection of sets B will also 
be compressed. (Recall from Section 1.2.2 that B is said to be compressed if it is 
the collection of the first J BI k-sets in squashed order, denoted C(B)). In fact the 

+ () +. . + (73 (k - 1)-sets in squashed order. shadow is exactly the first ()  
So equality holds when B is compressed. 

Theorem 3.7 can be equivalently restated as 

Theorem 3.14. Let B be a collection of k-subsets of [n]. Then 

LB ~! zC(B). 

Note 3.15. The Kruskal-Katona Theorem asserts the stronger result that 

zC(B) C C(zB). 

as JABI = 

The relevance of Note 3.15 will become clear in Section 3.5 when we look at Macaulay 
posets. 

There are many variations and extensions of the Kruskal-Katona Theorem, most of 
which are not covered in this thesis. However, the following corollary is interesting 
in that it generalises the Kruskal-Katona Theorem to the r-shadow (see Section 2.3) 
of a collection of k-sets. 
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Corollary 3.16. Let B be a collection of k-sets of [n]. Then if 

J BI = 
() /at\ 

where ak >ak_ l > ... >a,>t>—1, 

(r)BI 
(ar)

+ .. 

+/ at
r t—k+rj 

for r < k. 

Example 3.17. If we again use the collection B from exarnplle 3.6, then L (2)13 = 

() = io. 

Another adaptation of the Kruskal-Katona Theorem, due to Lovász, is an attempt 
to simplify the formula in the theorem. This version changes the binomial coefficient 
from (fl)  to (), where x is a positive real number. We then find an x such that 
m = (i). The theorem is stated here without proof (see [1]). 

Theorem 3.18. If B is a collection of k-sets and JBI = () for x > k, x E R, then 
LB ~! (k1)  

The Kruskal-Katona Theorem asserts that squashed order will minimise the shadow 
of a collection of m k-subsets of [n], and hence determines one collection that will 
achieve this bound. It does not however, describe every collection of m k-subsets of 
[n] which have minimum sized shadow. This is an open problem (see [7, page 101]). 

Open Problem 3.19. For given m and k, determine all of the non-isomorphic 
collections of m k-subsets of [n] which solve the shadow minimisation problem. 

3.3 An Equivalent Result for Shades 

Having found a lower bound for the size of the shadow of a collection of k-sets B, 
we are inevitably led to wonder about an equivalent result for the size of the shade. 
That is, a solution to the shade minimisation problem. This problem is similar in 
its statement to the shadow minimisation problem: 

Problem 3.20. LetC = {B C [n]k:  I B I = m}, then chooseB to achieve min5Ec VB. 

It is reasonable to ask, what ordering, if any, minimises the shade of B? 

Such an ordering does exist. In fact, it is the reverse of that required for shadow 
minimisation. To minimise the shade of a collection of m k-sets, where m is given, 
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take the last m k-sets in squashed order. Or, equivalently, we take the first m k-sets 
in antilexicographic order. 

The following Corollary is a direct result of Theorem 3.7, and is adapted from [3, 
page 34]. 

Corollary 3.21. If B is a collection of k-subsets of [n] then 

JVB ~: jVLk (BW. 

Proof. Let B' = {B' : B e B} be the collection of complements of sets in B. Then 
VB = (SB')' by Lemma 2.22, so 

I VBI = B' :~! zFflk(BW = IVF.-k( I BI )' 

by the Kruskai-Katona Theorem (3.7). Note that F fl_k(B)' is precisely the set of 
the last J BI k-sets in squashed order, so F fl_k(A)' = Lk(B). E 

Corollary 3.21 asserts that a terminal segment of m k-subsets of [n] in squashed order 
minimises the shade over all collections of m k-subsets of [n]. Or in other words, 
an initial segment of m k-subsets of [n] in antilexicographic order is a collection 
whose shade has minimum size. The result can therefore be restated using the 
(n - k)-binomial representation of m. 

Corollary 3.22. Let B be a collection of m consecutive k-subsets of [n] in squashed 
order. Assume that the (n - k)-binomial representation of m is 

m=
(n—k  + an_k) 

(n—k—  1) t) 

Then 
IVBI 

an _k \ + 
(an_k_1 

 + . . . + 
- (n_k+1) n — k) G 

 at 

+ 1) 

Since antilexicographic order is the same as lexicographic order with the order of 
the ground set reversed, an initial segment of m k-subsets of [n] in lexicographic 
order will also have a minimum sized shade. These two collections are isomorphic. 

Corollary 3.21 implies that antilexicographic order (or lexicographic order) will min-
imise the shade of a collection of m k-subsets of [n], and hence determines two 
isomorphic collections that will achieve this bound. As with the Kruskal-Katona 
Theorem it does not describe every collection of m k-subsets of [n] which have 
minimum sized shadow. 

Open Problem 3.23. For given m and k, determine all of the non-isomorphic 
collections of m k-subsets of [n] which solve the shade minimisation problem. 
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3.4 Minimising the New-Shadow and New-Shade 

The previous two sections have concentrated on shadow and shade minimisation 
and established lower bounds for the size of the shadow and shade of a collection of 
k-subsets of [n]. This section will look at the equivalent minimisation problem for 
new-shadows and new-shades. 

Theorem 2.26 and Corollary 2.28 provide us with some relative bounds on the size 
of the new-shadow and new-shade. They state that kNFk(m)l ~: NNk(m) ~! 
INLk(rn) I and I VNLk(m) I ~! I VNNk(m) I ~! I V NFk (m) I respectively. The following 
theorem shows that J ANLk(M)l  and VjvFk (m)j are in fact the respective lower 
bounds on the size of the new-shadow and new-shade. 

To minimise the new-shade of a collection of m k-sets, where m is given, we take 
the first m k-sets in squashed order. This is the opposite approach to that taken in 
shade minimisation, as seen in Corollary 3.21, where we select the first m k-sets in 
antilexicogiaphic order. 

The following theorem and its corollary are due to Lieby (see [14, pages 30-31]). 

Theorem 3.24. Let B be a collection of rn consecutive k-subsets of [n] in squashed 
order. Assume that the k-binomial representation of m is 

(ak'\ 
m= k ) +(kl)+...+O. 

Then 
 VNB > ( ) 

+ (akl) 
+ .. . + 

(
,

a,

). 
Equality holds when B is an initial segment of k-sets in squashed order. 

The following technical lemma is necessary for the proof of Theorem 3.24 (see [14, 
pages 22-23]). It is stated here without proof. 

Lemma 3.25. Let B be a collection of consecutive (k+m) -subsets of [n]  in squashed 
order. Let L be a set such that L = 111,12,. . . ,17 -,.j where 11 < 12 < ... <im , and C 
be a collection of sets such that C = {C : JCJ = k, C U l [k + 1]}. Assume that 
B = {B: B = CU L, for all C E C}, then B and C correspond, and 

= JANCI and  J VNBJ = VNC. 

The following proof of Theorem 3.24 is based on [14, pages 30-311. 

°) + (') + ... + (°) be the k-binomial repre-Proof of Theorem 3.24. Let m = (
sentation of m. Recall from the proof of Lemma 3.4 that the collection of the first 
m k-sets in squashed order is the union of: 
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all ) sets in the collection [ak ]k, 
all sets in the collection [ak _ilk_i adjoined with {ak + 11, 
all ( 22) sets in the collection [ak_2] c_2 adjoined with {ak_1 + 1, a + 1}, 

all () sets in the collection [at]' adjoined with {at+i + 1, . . . , ak + 1}. 

Denote the collection of [ak ]k by Bk, and the collection of each set of [a] adjoined 
with {a +i  + 1,.. ., + 1} by Bi for i = (k - 1),.. .,t. Note that IVNFk(m)I = 
Ek 

i=t  I VNBi I by the definition of new-shade, and I VN[a] = (ji) 

By Lemma 3.25 JVNBiJ = lVN[a]I for i = t,. . . ,k - 1, as the collections B 
and {a] correspond. It therefore follows that VNFk(m) = i= Vv[a]iI. Now 
since VNFk (m) I = I  VFk (m), by the Kruskal-Katona Theorem (3.7), 1 VNFk (m) I = 
Ek (a 

j=t j+1 

By Corollary 2.28, any other consecutive collection B of m k-subsets of [n] in 
squashed order will have a new-shadow no smaller than VNFk(m)I. Hence JVNBI -:~: 

ai >it (j ). n 

Theorem 3.24 gives rise to a lower bound for the new-shadow, expressed in the 
following corollary (the proof of which is adapted from [14, page 31]). Once again, 
this is the opposite approach to that taken in shadow minimisation. Here we select 
a final segment of sets in squashed order to minimise new-shadow, as opposed to an 
initial segment which would minimise the shadow. 
Corollary 3.26. Let B be a collection of m consecutive k-subsets of [n] in squashed 
order. Assume that the (n - k)-binomial representation of m is 

m (
n—k 

+ (n—k— 
a_k '\ a_k_1 (at)

. 
 

=)j 1J 
Then 

NBI 
an  k 

 (n ) + 

(an-k-1) 
+.+ G  + 1) 

 at 

. 
Equality holds when B is an initial segment of k-sets in antilexicographical order. 

Proof. Consider the collection of the first m (n - k)-sets of [n] in squashed order, 
F_k(m), and its complement, the last in k-sets of [n] in squashed order, Lk(m). 
Then Theorem 3.24 tells us that 

VNFfl_ k (m)> ( a_ 
+ (a
.-k-1) / at  

- n—k+1) n_k t+1) 
From Lemma 2.25 we can deduce that VNF_k(m) = .NLk(m) (Equation (2.4)), 
giving 

( an_k \ (a.-k-1) / at NLk(m)!~ _k+1) + n _k t+1) 
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Theorem 2.26 tells us that any other consecutive collection of m k-subsets of [n] 
in squashed order will have a larger new-shadow than VNLk(rn).  Hence, if 13 is a 
collection of m consecutive k-subsets of [n] in lexicographic order, then 

VNBI> 
( ak )+(k1) 

G 
++ at ) 

n—k+1 

Lastly, note that Lk (m) is equivalent to the first m k-sets of [n] in antilexicographic 
order. Given that equality holds in Theorem 3.24 for Fk(m),  Equation (2.4) ensures 
equality holds in this case when B is an initial segment in antilexicographic order. E 

As with the Kruskal-Katona Theorem and the shade equivalent, Corollary 3.21, 
Theorem 3.24 and Corollary 3.26 do not describe every collection of m k-subsets 
of [n] which have minimum sized new shade and new shadow. However they do 
provide us with two orders, antilexicographical order and squashed order, that con-
sistently produce a minimum sized new shade and new shadow respectively for every 
collection of m k-subsets of [n]. 

3.5 Macaulay Posets 

This last subsection will look briefly at the classification of posets in terms of the 
shadow-minimisation properties of a linear order imposed on the entire poset, rather 
than just a collection of k-sets. This is part of the theory of Macaulay posets which 
involves the study of many posets, including the Boolean lattice. Macaulay posets 
are, informally speaking, posets for which an equivalent of the Kruskal-Katona The-
orem for finite sets hold. In order to discuss Macaulay posets with reference to 
posets other than the Boolean lattice, we need to define multisets. 

Multisets are essentially sets which can contain more than one occurrence of each 
element of the ground set. A collection of multisets of [n] form a lattice under set 
inclusion. We will represent multisets by n-tuples or vectors, instead of conventional 
subsets (see Section 1.2.1). For our purposes this representation is more convenient. 

The poset of multisets is denoted S(k1 , k2,. . . , ku ), and consists of all of the n-tuples 
a = (a1, a2,. . . , a,) such that 0 < a :5 k2  for i = 1,.. . , ii. Considering two n-tuples 
a = (ai , a2,. . . , a,) and b = (b1 , b2 ,. . . , ba ), we say that a < b if and only if a, :5 b 
for all i. This relation is the equivalent to inclusion in set notation. The rank of 
a is a, and a vector of rank k is called a k-vector. The Boolean lattice is 
isomorphic to S(1, . . . , 1). 

Given that we are now dealing with collections of sets of differing sizes, the definition 
of lexicographic order can be generalised as follows (as noted in Section 1.2.2): 
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Definition 3.27. Let B be a non-empty collection of subsets of [n] and let A, B e B. 
The lexicographic order on B is defined by A <L B if the smallest element of 
ALB is in A. 

Example 3.28. Consider S(2, 3,4). The 3-vectors in lexicographic order are 

003 
012 
021 
030 
102 
111 
120 
201 
210 

If B is a collection of m k-vectors of S(k1 , k2 ,. . . , k,) then the shadow LB is given 
by 

LB = {a = (ai , a2 ,. . . , a,) : = k - 1; (a1,. . . , a + 1, a+1, . . . , a,) E B 
for some i <n}. 

Likewise, the shade VB is given by 

VB = {a=(ai,a2, .... a): I aj=k+1; (ai,...,a_i,a-1,aj+i,  ...  )a)  EB 
for some i <n}. 

We will now generalise the notion of compression so that it fits into the broader 
context of multisets. Let B be a collection of m k-vectors of S(k1 ,.. . , ks ). Then the 
compression C(B) of B is the collection of the first m k-vectors of S(k1 ,. . . , k) 
with respect to a linear order . We denote this by C(m, B), and abbreviate it to 
C(B). 

S(k1 , k2 ,. .. , k,) is more general than the Boolean lattice, but is related closely 
enough to Bn  that many concepts, like intersection, union, linear orders, and related 
results can be generalised and applied. In the subsequent discussion of Macaulay 
posets, multisets will be used to illustrate generalisations of some of the results we 
have already encountered in the Boolean lattice. 

As noted in Section 1.2.2 and demonstrated by Definition 3.27, many linear orders 
previously defined with respect to collections of k-sets can be redefined with respect 
to collections of sets of different sizes. Thus, for the remainder of this section we will 
work in the more general setting of linear orders defined with respect to entire posets. 



Let P be a ranked poset where p(i)  denotes the sets at level i for i = 1, - . . , 
and let - be a linear order on P. Then -< induces an order on both P and p(z)• 

The following definition is taken from [7, page 333]. 

Definition 3.29. A ranked poset P is said to be a Macaulay poset if there exists 
a linear order of its elements (called a Macaulay order) such that 

zC(A) C C(LA) for all A C p(i) 

If we have a poset (P, <), and P is a Macaulay poset when the linear order - is 
imposed, then we denote the Macaulay poset (P, , -), and use the phrase P with 
associated linear order -. 

In order for Definition 3.29 to be satisfied, only the restrictions of the order to the 
levels p(i)  are relevant, rather than how elements of distinct levels are compared by 
-. In other words, we are only interested in the impact the linear ordering on the 
poset P has on the cardinality of the shadow with respect to each collection pCi),  in 
particular, that its cardinality is not increased. So if Definition 3.29 is satisfied for 
some total order , then it is satisfied for any total order ', with a - b if and only 
if a ' b for all a, b E P. 

The Kruskal-Katona Theorem 3.7 implies that the Boolean lattice is a Macaulay 
poset when the associated linear order is squashed order. The Kruskal-Katona 
Theorem can now be restated in terms of Macaulay posets. The following theorem 
is adapted from [2, page 6] and it is stated here without proof. 

Theorem 3.30. (Ba, ç, :!~s) is a Macaulay poset. 

However, as the next example illustrates, all that matters is that the associated 
linear order corresponds to the squashed order when elements from each level of the 
poset are compared. 

Example 3.31. We define Macaulay orders -<1  and 2  such that (B3 , c, ) = 
{O, 1,2, 12,3, 13,23, 123} and (B3 , C, 2) = {ø, 1,2,3, 12, 13, 23, 1231. Then 
(B3 , ç, -) and (B3, c, 2) are both Macaulay posets. 

The natural generalisation of the Kruskal-Katona Theorem to S(k1 , k2 ,. . - , k,) is 
that, for fixed values of k1 ,. . . , k,, k, and m, the size of zB is minimised by choosing 
B to be the first m k-vectors with respect to -<. This is exactly the result proved 
by Clements and Lindström [5] in 1969, and is known as the generalised Macaulay 
Theorem. It is stated here as in [1, page 146], without proof. 

Theorem 3.32 (The generalised Macaulay Theorem). Let k1  ~! k k, 
and let B be a collection of k-vectors of S(k1 ,. .. , k,). Then 

LC(B) C C(zB). 
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Note 3.33. This immediately implies that 

:; 

since IC(B)l = J BI for all B. 

Clements and Lindström actually proved that in the case of multisets, the set of m k-
vectors of S(k1 , . . . , k,) taken in lexicographic order is optimal (see the introduction 
of Section 3). The Kruskal-Katona Theorem can now be viewed as a special case 
of Theorem 3.32, namely, the case in which k, = 1 for all i (recalling from Section 
2.2.3 that vectors in lexicographic order can be equivalently represented as sets in 
squashed order). 

The following corollary ([1, page 152]) of Theorem 3.32 gives us an equivalent result 
for the minimisation of the shade of a collection of k-vectors. 

Corollary 3.34. Let k1  ~! k2  k and let B be a collection of k-vectors of 
S(k1 ,.. .,k). Then 

VL(B) ç L(VB). 

where L(B) denotes the last JBI k-vectors of S(ki ,. . . , 

Finding all collections of k-vectors which solve the shadow minimisation problem 
on S(k1,. . . , k) is generally unsolved. In Section 3.2, Problem 3.19 stated a specific 
case of the open problem below as it relates to the Boolean lattice. We now restate 
it in terms of multisets (see [7, page 101]). 

Open Problem 3.35. For given m and k, determine all of the non-isomorphic 
collections of m k-vectors of S(k1 ,. . . , k7 ) which minimise the size of the shadow of 
a collection of m k-vectors of S(ki ,.. . ,k,). 

Consideration of the Boolean lattice as a Macaulay poset allows us to appreciate 
the significance of the Kruskal-Katona Theorem in a broader context, and glimpse 
how the shadow-minimisation problem can be extended to more general posets. For 
a more general and comprehensive treatment of this subject, the reader is referred 
to [2] or [7]. 
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4 The Flat Antichain Theorem 

This thesis has so far mainly been interested in orders on k-subsets of [n]. Now we 
extend this notion to look at orders on antichains of sets of differing sizes, within 
the context of the Flat Antichain Theorem. 

The Flat Antichain Theorem (FLAT) is a recent result due to Kisvölcsey [11] and 
Lieby [14]. The Flat Antichain Theorem asserts that any given antichain A on 
[n] has a flat counterpart A of the same size and volume. Antichain A and flat 
antichain A are said to be equivalent if J AI = I A*1 and V(A) = V(AX), and  AX  is 
said to be the flat equivalent or flat counterpart of A. A is said to be flattened 
if it is replaced by the flat equivalent AX. 

The Flat Antichain Theorem stated here is adapted from [14, page 52]. 

Theorem 4.1 (The Flat Antichain Theorem). For any antichain A on [n] there 
exists an equivalent flat antichain A*  on [n]. 

Note that there are flat antichains on [n] for which there are no non-flat counterparts. 
An example of this is any antichain which achieves the bound given by Sperner's 
Theorem 2.1. 

Lieby proved FLAT for antichains containing sets on three or four consecutive levels 
of the Boolean lattice. Kisvölcsey completed the proof by proving it for all other 
cases. Lieby's work is of particular interest here because it deals with orderings 
on antichains, while Kisvölcsey's approach uses less direct optimisation techniques. 
For this reason, we will restrict our discussion to results due to Lieby, in particular 
Lieby's proof for FLAT on antichains of three levels. 

FLAT emphasises the preservation of the volume as well as the size of an antichain in 
a given ground set. This sets it apart from other extremai problems about antichains 
considered so far, which focus mainly on the size and not volume. Obviously, the 
profile of an antichain is not preserved when it is flattened. 

An alternative statement of FLAT is 

Theorem 4.2. A is an antichain on [n] if and only if there exists a flat equivalent 
antichain A on [n]. 

The Flat Antichain Theorem can be thought of as the solution to a minimisation 
problem when it is restated in terms of minimising the number of non-zero param-
eters of an antichain. 

Theorem 4.3. Let C be the collection of antichains on {n] with a given volume and 
size. For each A E C let p(A) be the number of non-zero parameters of A. Then 
min..4cp(A) is achieved by a flat antichain. 
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Proof. Let A E C and let A* be the flat counterpart of A. Note that A* exists by 
Theorem 4.1 and p(A) ~! 1. If A is an integer then p(A*) = 1. If A is not an integer 
then p(A) ~! 2, and p(A) = 2. Hence p(A*) p(A) for all A E C. Ei 

4.1 Antichains and Squashed Order 

In this section we will look at the squashed order as it applies to antichains containing 
sets of various sizes. 

Three of the major results in Sperner Theory are Sperner's Theorem 2.1, the LYM 
inequality (2.1), and Theorem 4.4 stated below. Sperner's Theorem gives the upper 
bound for the size of an antichain, and the LYM inequality provides a necessary 
condition for the parameters of a collection of sets to be the parameters of an 
antichain. Theorem 4.4, a result due to Clements, Daykin, Godfrey, and Hilton 
(see [1, page 133]), is a consequence of the Kruskal-Katona Theorem 3.7 and states 
necessary and sufficient conditions for the parameters of a collection of sets to be 
those of an antichain. It is stated here without proof. 

Theorem 4.4. Let Po, 
. . ,p. Let the non-negative integers h and 1 be the largest 

and smallest values of i for which p2  0. Define the integers . . , n1  by 

nh = 0 
h-1 = LFh(ph) 

flh-2 

= ¼F+1(ph_l+nl+l)L 

Then the integers Po, 
. . ,p, are the parameters of an antichain on [n] if and only if 

1n 
P1+ n < 

i 

for 1 < i < h. 

By Theorem 4.4 ifp+n1  < (') for each i = 1,.. . , h, then there exists an antichain A 
with parameters pi such that, for each i, the i-sets of A, together with the i-subsets 
of larger elements of A, constitute an initial segment of i-sets in squashed order. 
The antichain A, with parameters po,. . . , p, is called a squashed antichain. A 
squashed antichain is said to be full if A 1  consists of the last 1-subsets of [n] in 
squashed order. 

We now briefly consider the details of Theorem 4.4. Recall that if A is an element of 
the antichain A, then no set contained in LIA or VA can be in A. The integers n1 , 
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for i = 1,. . . , h, in Theorem 4.4, are the sizes of the shadows on level i of a squashed 
antichain A. Since these values are arrived at by choosing the first (i + 1)-sets in 
squashed order, by the Kruskal-Katona Theorem (3.7), they denote the minimum 
number of i-sets which cannot be in A. Therefore the condition p2  + ri < () for 
each i = 1,.. . ,h is a necessary condition for the pis to be the parameters of an 
antichain. It is also a sufficient condition as an antichain with these parameters 
can be constructed. This is achieved by choosing the i-sets of A to be the segment 
of size pi  that immediately follows the shadow of the (i + 1)-sets of A in squashed 
order. Intuitively, by minimising the shadows of the sets in the antichain, one can 
maximise the size of the antichain. 

Example 4.5. Construct a squashed antichain on [6] with parameters Po = Pi = 
P5 = P6 = O,P2 = 27P3 = 4,P4 = 1. 

Starting with the set of largest size, we take the first 4-set in squashed order, namely 
{1234}. Its shadow is exactly the first 4 3-sets in squashed order, 1123, 124, 134, 234}. 
Therefore we select the 4 3-sets of our antichain as those immediately following 
this collection in squashed order, namely 1125, 135, 235, 145}. Now we must con-
sider the 2-shadow of all of the sets we have chosen so far. The 2-shadow is 
112, 13, 23, 14, 24, 34, 15, 25, 35, 45}, and so we select the next 2 2-sets in squashed 
order, namely 16 and 26, to be in our antichain. 

Hence our squashed antichain A is the collection {1234, 125, 135,235, 145, 16, 26}. 
Note that A is not full. A would be full if it contained the additional sets 36, 46 
and 46. 

An alternative statement of Theorem 4.4 follows (see [1, page 134]): 

Theorem 4.6. There exists an antichain on [ii] with parameters Po,• . . , p, if and 
only if there exists a squashed antichain with the same parameters. 

An antichain A and its squashed counterpart A* will have the same profile, volume 
and size. By Theorem 4.4, every antichain A has a squashed counterpart A*. Thus 
we can partition the set of all antichains of [n] into equivalence classes, based upon 
their size and volume, with unique squashed antichains as representatives. Many 
results obtained for a given squashed antichain will hold for the non-squashed mem-
bers of its equivalence class. In terms of proving the Flat Antichain Theorem this 
means that it need only be proved for squashed antichains, as it will follow that it 
holds for all antichains. This is the approach taken by Lieby in [14]. 

4.2 FLAT on 3 Levels 

The focus of this section is Lieby's proof of FLAT for antichains which contain 
sets on three consecutive levels. In essence, this result says that given a squashed 
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antichain A containing sets of size k + 1, k and k - 1, we can replace some of the 
(k - 1)-sets and some of the (k + 1)-sets with equal numbers of k-sets so that only a 
proportion of either the (k - 1)-sets or (k + 1)-sets remain, producing an antichain 
on at most two levels. This result is stated formally in Theorem 4.7 below. It is 
proved using Lieby's 3-levels result (Theorem 4.8), an important theorem with a 
complex proof over sixty pages long. For that reason it will not be presented here. 
The interested reader is referred to [14, Chapter 7]. 

Theorem 4.7. Let A be a squashed antichain on [n] with parameters pi such that 
pi  = 0 unless i = k - 1, i = k + 1 and possibly i = k. Then A can be flattened. 

The proof of Theorem 4.7 is given after the statement of the 3-levels result and 
subsequent comments. 

Theorem 4.8 (The 3-levels result). Let n, k e Z be such that 1 <k <n. Then, 
for 0< m < mim{(kl), (k1)}' 

.NLk+1(Tfl) + VNLk_l(m) > 2m, and 

LNFk+1(m) + VNFk_l(m) > 2m. 

Given n and k, Theorem 4.8 provides a lower bound for 
kNL,k+1( 7n)I + VNL,k_l(m) and kNFTh,k+1(m) + j V1VFn,k-1(M)j as a function 
of m. Recall that Corollary 3.26 provides an exact value for I ANL,,,k+l(m)I, namely 
kNLfl,k+1(m)l = (fli1) + (i)  + ... + (), t> 0. However, it is claimed by n-k
Lieby [14, page 85] that the result in this form turns out to be less useful than the 
one stated above for the proof of the Flat Antichain Theorem on three levels, and 
that it is not at all clear that Corollary 3.26 could be used for this purpose. This 
can be attributed to the difficulty involved in working with the formula given in 
Corollary 3.26. 

We are now ready to prove that FLAT holds for antichains on 3 levels given Theorem 
4.8. The proof given here is adapted from [14, page 1621. 

Proof of Theorem 4.7. Let A be a squashed antichain on [ii] with non-zero parame-
ters Pk-1  and Pk+1,  and maybe Pk.  There are two cases to consider depending on Pk-1 
and Pk+1•  For the first case assume that Pk+1  ~! Pk-1•  Let B denote Lpkl ,k+1(A( ' ) ), 
and let C and V denote and A(c_l)  respectively. Then B is the last IDI (k + 1)- 
sets of A in squashed order. If A is not full, then choose V to be Lk_l(V). 
Let ..T be the last IDI (k + 1)-subsets of [n] in squashed order. Then by Theorem 
4.8, part (i) 

JANTJ + JV NDJ > 
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Since V is a final segment in squashed order, we have 

N +VV>2VL 

By Theorem 2.26, J ANB I  ~! SO 

LNB + JVDJ > 

Thus for any squashed antichain A consisting of sets on 3 consecutive levels we can 
construct a flat antichain A* by replacing collections B and V with 2VI sets from 
LNB U VV. By replacing sets in this manner, both the size and the volume of the 
antichain are preserved, and therefore A* is a flat counterpart of A. A* will contain 
Pk+1 - Pk-1 (k + 1)-sets and Pk + 2Pk-1 k-sets. 

The second case when Pk-1 > Pk+1 can be dealt with in a similar manner, resulting 
in a flat antichain consisting of Pk-1 - Pk+1 (k - 1)-sets and Pk + 2Pk+1  k-sets. LI 

Given the 3-levels result (Theorem 4.8), the above proof of FLAT for antichains 
containing sets of size k + 1, k and k—i is quite straight forward. The use of squashed 
antichains is central to Lieby's proof technique, for every antichain has a squashed 
counterpart by Theorem 4.6, and so the proof can be simplified by considering only 
squashed antichains. This method of proof is indicative of the importance of orders 
imposed on antichains. 

4.3 A Consequence of FLAT 

The Flat Antichain Theorem is a strong and potentially very useful result in Sperner 
Theory. Recall that Theorem 4.4 implies that the set of all antichains of [n] can 
be partitioned into equivalence classes with squashed antichains as representatives. 
FLAT allows us to take this one step further and form equivalence classes with 
unique squashed flat antichains as representatives. Many results obtained for a given 
squashed flat antichain A, which is profile-independent, will hold for all non-flat or 
non-squashed counterparts of A. 

Being a relatively new result, there is potentially a lot of work that can be done with 
FLAT. As an example of this, we have the following theorem and proof. Theorem 
4.9, which Roberts names the Strong Sperner Theorem, is a combination of Sperner's 
Theorem 2.1 and Corollary 2.3. The proof is due to Roberts [19] and uses the Flat 
Antichain Theorem. This proof uses a powerful result (FLAT) to prove a simple, 
well-known theorem, and in doing so provides an example of an application of the 
Flat Antichain Theorem. 

Theorem 4.9 (Strong Sperner Theorem). The maximum size antichain in the 
Boolean lattice on [n] has size ([2])  If n is even, the only antichain with size as 
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large as ([n2j)  is the extra-flat antichain consisting of all of the -subsets of [n]. If 
n is odd, the only antichains of size as large as ([n'2j)  are the extra-flat antichains 
consisting of either all of the (--) -subsets of [n], or all of the (--) -subsets of [n]. 

Proof. By FLAT, every antichain in the Boolean lattice is equivalent to a flat an-
tichain. Assume that A (or A' if necessary) is a squashed flat antichain with P 
being the collection of the largest sets in A, with J AI = k > J for each A e P. 
Let Q=A—P. 

If A is extra-flat then J AI < ([n2])• If A is not extra-flat, then Sperner's Lemma 
(2.4) ensures that the extra-flat antichain consisting of the collection of (k - 1)-
subsets of [n] has size larger than A. 

This leaves only one case to consider. Assume that n is odd and k = If 
I p < (fl_i) then ii does not occur in any of the sets in P, and so P can be defined 
on the set In - 1]. Therefore, as k > and by applying Sperner's Lemma, 
kPI > IP 1 . 

if jP > (') then JQJ < () as Q is isomorphic to a collection of (k - 2)-sets 
defined on [n - 11 with n attached to each set. As k - 2 < and by applying 
Sperner's Lemma (2.4), JVQJ > JQ J. In either case this means that J AI < ([2I) 
and this completes the proof. 

In Section 3.5, in our discussion of the theory of Macaulay posets, we saw how the 
Kruskai-Katona Theorem generalised to other posets. It is natural to ask if the same 
is true for the Flat Antichain Theorem. This is stated here as a open problem. 

Open Problem 4.10. Does a version of the Flat Antichain Theorem hold for other 
posets? 



5 Some Results for Minimising Union-Closure 
and Intersection-Closure 

In this section we look at two counterparts of the shadow minimisation prob-
lem, one dealing with minimising union-closure, and the other minimising 
intersection-closure. Essentially, these problems are concerned with how an or-
der can be imposed on a collection of m k-subsets of [n] such the union-closure 
or intersection-closure of the collection is minimised. However, the union-closure 
and intersection-closure problems require more care in their statement than that of 
shadow minimisation, so formalisation of the problems will be left to sections 5.1 
and 5.2 respectively. 

These two minimisation problems differ in at least two significant ways from the 
shadow minimisation problem. Firstly, a minimum solution for union-closure or 
intersection-closure has to be considered over many levels of the poset simultane-
ously, as both union-closure and intersection-closed collections can contain sets from 
many levels of the Boolean lattice. In the shadow or shade minimisation problems, 
we consider only the number of sets in the shadow or shade at level k - 1 or k + 1 
respectively. In the complementary union-closure and intersection-closure problems, 
it is not clear that a solution which provides a minimum number of sets on one level 
of the poset, will do so on all levels simultaneously. Secondly, like the Flat Antichain 
Theorem, we can consider the problems of minimising both the size and the volume 
of the union-closure and intersection-closure. While size-minimisation and volume-
minimisation can be considered separately, we will look at the possibility of solving 
them simultaneously. 

The problem of union-closure and intersection-closure minimisation is an area of 
new research, currently being investigated principally by Roberts with input from 
the author. The motivation for this research comes from Roberts' work in [17]. 
At first glance, it may seem that minimising the union-closure also minimises the 
intersection-closure through the application of DeMorgan's law. In fact the situation 
is not so simple. Section 5.2 provides the justification for treating the intersection-
closure minimisation problem as a non-trivial counterpart to the union-closure min-
imisation problem. 

At present, both problems are open, however they have been solved for certain cases 
leading to conjectures for complete solutions. Conjectured solutions to the union-
closure and intersection-closure minimisation problems will be presented in sections 
5.1 and 5.2 respectively. In Section 5.2 a relationship between the two problems 
is established, asserting that if either one of the conjectures can be proved, then it 
follows that the other holds. Section 5.2 is new work about the intersection-closure 
minimisation problem based upon results for its union-closed counterpart in Section 
5.1. 
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Note 5.1. Throughout this section, whenever a collection of k-sets is said to be in 
order U, V, I or J, then it is meant that the collection is an initial segment in the 
respective order, unless otherwise stated. 

5.1 Minimising Union-Closure 

In this section we will discuss the union-closure minimisation problem. Roberts 
proposes that a specific ordering of a collection of m k-sets will solve the union-
closure minimisation problem, as is the case for the shadow minimisation problem 
and the Kruskal-Katona Theorem. Orders U and V (see Section 2.2.4) were defined 
by Roberts in [17] specifically for this purpose (note that in [17], Roberts referred to 
orders U and V, as orders R and T respectively). This section is a survey of some 
of his findings currently being compiled in [18]. We will begin by defining some 
necessary terms. 

A finite collection of sets C is called a union-closed collection if, for each A, B E C, 
AuB e C. A collection of sets C is said to be generated, or union-generated, by a 
collection of non-empty sets 13 if C is the smallest union-closed collection containing 
B. 

Example 5.2. The union-closed collection C = {12, 13, 24, 123, 124, 1234} is gener-
ated by the set B = 112, 13, 241. The ground set is [4]. 

We are now ready to define the union-closure minimisation problem in detail. As 
mentioned previously, the minimisation of both cardinality and volume can be con-
sidered within the scope of this problem. In addition to this, the size of the ground 
set chosen is also a candidate for minimisation. Thus the union-closure minimisation 
problem can be stated as several related problems. 

For fixed positive integers m and k, let F be the collection of all possible union-
closed collections of sets generated by m k-sets. For C E F let B be the collection 
of k-sets which generates C and note that the ground set is given by U B. Given m 
and k, the following problems are defined. 

Open Problem 5.3. Choose 13 to achieve minc E,C. 

Open Problem 5.4. Choose B to achieve mincE.PV(C). 

Open Problem 5.5. Choose B to achieve minj U B. 

Open Problem 5.6. If it exists, find a simultaneous solution to problems 5.3, 5.4 
and 5.5. 

The following example illustrates the problems listed above. 



Example 5.7. To minimise the cardinality of the union-closure of two 2-sets, choos-
ing the generating collection to be either B = {12, 34} or 132  = 112,231 are 
both valid solutions, yielding union-closed collections C1  = 112, 34, 1234} and C2  
112, 23, 123} respectively. So JC1 1 = C2 3. However, in view of Problem 5.6, it can 
be argued that 132  is the superior solution since it has fewer elements in its ground 
set, and simultaneously minimises size and volume with V(C2 ) = 7 < V(C l ) = 8. 

In answer to problems 5.3 to 5.6, Roberts conjectures the following (adapted from 
[17]). 

Conjecture 5.8. Let .7 be the collection of all possible union-closed collections 
generated by m k-sets. For C E ..T let B be the collection of k-sets which generates 
C. Then choosing a collection B such that the k-sets are in order U simultane-
ously achieves rnimc EJHC, minCE yV(C) and minj U B. Furthermore, B achieves 

for eachj > k. 

A proof that Conjecture 5.8 holds in certain cases when a minimum-sized ground set 
is assumed can be found in [18], and this provides compelling evidence for Conjecture 
5.8. The details of this proof are not included here. The remainder of this section 
details some of Roberts' results for order U and V, and their relationship to union-
closed collections. 

Notice that Conjecture 5.8 implies that a minimum-size ground set will always 
achieve a minimum-size and minimum-volume union-closed collection. Hence, when 
we are considering a generating collection B of in k-subsets of [n], we are only inter-
ested in m such that (Th1)  <rn < (). In this case, from our observations on order 
U in Section 2.2.4, we know that the rnth k-set in order U will always contain the 
element n. Using this insight we can define a formula for calculating the minimum 
size of union-closed collections generated by m k-sets in order U, and a formula for 
determining the rnth k-set in order U. 

The formula for calculating the size of union-closed collection generated by a collec-
tion of in k-sets in order U is given by Roberts in [18]. An adaptation of Roberts' 
theorem is stated here with an outline of the approach used in his proof. 

Theorem 5.9. Let C be a union-closed collection of sets generated by a collection 
B of rn k-sets in order U with (1)  <m < (). Let r = () - rn and assume that 
the (k - 1)-binomial representation of r is J1  I ('v), t > 0. Then 

C = T'— 
: 

(i) 
k-1 t 

(zi - 

k-2- (ai)) 

Note 5.10. The rnth k-set in order U is the (r + 1)th k-set in order V. This arises 
because order V is the reverse of order U (see Section 2.2.4). 
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To outline the approach taken in the proof, the size of C is determined through the 
consideration of several issues. The collection B contains sets of level k of the poset, 
and C contains sets of size j, where j can take on some or all of the values in the 
interval k < j < n. Given that the size of the entire poset is I B,,l = 2, we can 
immediately discount all sets of cardinality less than k, hence we have 2 (). 
To determine which of the 212 

- () j-sets of B,, are in C, the number of j-sets i=O
not in C at each level are subtracted. The number of j-sets not in C can be calculated 
using their k-binomial representation, as they appear in order V (recalling that order 
V is the reverse of squashed order on [n - 1] with the element n adjoined to each 
set). This yields  IC l = 2  n - i' () - (2 a 

- 

k-2—j 
(° 

Example 5.11 illustrates the application of Theorem 5.9. 

Example 5.11. Assume m = 55 and k = 4 so that n = 8, r = () - 55 = 15 = 

() + + () and k - 1 = 3. Then C is a union-closed collection generated by the 
first 55 4-subsets of [8] in order U and 

ICI = 28_ ((8) 
- 

(8) 
 - 

(8) 
 - C)) 

- ((2 5 (') 
- 

(5) 
 - C)) + (23 

- 

(3) 
 - 

(3)  )  + (22  - (2))) 

= 140. 

By Note 5.10, the last element of B is the rth k-set in order V. Therefore m can be 
expressed in terms of r, by noting that 

(n )  
m = 

= 
(n) 
E=1 
t( ai ) 

In a collection .F of () k-sets in order U, define the subcollection V to be all of the 
') k-set up to and including the () set. Recall from Section 2.2.4 sets after the (  

that if we reverse the order of V so that it is in order V, then the elements of V are 
exactly the (k - 1)-subsets of [n - 1] in squashed order adjoined with the element 
n. Therefore we can determine the inth k-set of B, for (n_i) < m < (), using the 
(k - 1)-binomial expansion of r. Note 5.12 and accompanying Lemma 5.13 show 
how to determine this set. Note 5.12 is adapted from Anderson [1, pages 115-117], 
and is an application of Lemma 3.4. Lemma 5.12 is adapted from [18]. 

50 



Then Note 5.12. Assumer has the (k— 1)-binomial representation r   the rth (k - 1)-set in squashed order is the set 

{ak_i + 1, ak_2 + 1.... , + 1; at, at - 1,..., at - t + 1}1  

by Lemma 3.4. 

Lemma 5.13. Let A = {ai,.. . , a,_} be the rth (k - 1)-set in squashed order on 
In - 11 and let B be the rth k-set in order V on [n]. Then B is given by 

{n — al+1,...,n — ak_1+1,n}. 

Proof. Let A = {ai,. . . , a_} be the rth (k-1)-set in squashed order on [n—i], and 
B be the rth k-set in order V on [n]. To find the set B, the alphabet is reversed on 
the ground set [n— 1], then A, the rth (k— 1)-set in squashed order on In - 1], is the 
set {n—a1+1,. . . , n—a_+11. Hence B is the set {n—a1+1,. . . , n—a,_+l, n}. E 

Calculation of the rnth set in order U is demonstrated in the following example 
taken from [18]. 

Example 5.14. Let n = 6, k = 4 and m = 11 in Theorem 5.9. Then r = () —m = 4 
so that m = r + 1 = 5. The set 11, 2,51 is the 5th 3-set on [5]. If the alphabet is 
reversed on [5] then the 5th 3-set is the set 11, 4, 5}. Thus the 11th 4-set in order U 
is the set {1,4,5,6}. 

The next theorem due to Roberts [18] provides an "incremental formula" for the 
cardinality of union-closed collections generated by a collection of k-sets in order U. 

Theorem 5.15. Let C be a union-closed collection of sets generated by the collection 
B of m k-sets in order U, for (Th1)  <m < (). Let CS  be the union-closed collection 
of sets generated by the collection B*  of m + 1 k-sets in order U. 
Assume m < () and 13* - B = {B} where B = {ai,.. . , a, n}. Then 

C*  contains k j-k / more j-sets than C, for each j ~! k, 

IC 5 ! = IC! + 2m_ak_1_1. 

Assume m = (). Then 

C 5  contains (k)  more j-sets than C, for each j > k, 

IC 5 ! = IC! + 2n+1-k 
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The above theorem provides the number of j-sets, k < j < n, which are incor-
porated into the union-closure for each new k-set incorporated into the generating 
collection, and provides the formula for determining the cardinality of the union-
closed collection based on this increment. The formulas given in 5.15 are determined 
by applying Theorem 5.9 to the collections C and C*,  and calculating the difference. 

Theorem 5.15 motivates us to define the notion of incremental-union, similar 
to that given for incremental-shadows in Section 1.2.4. Let C be a union-closed 
collection of sets generated by a collection B of m k-sets with imposed order <. 
Let C*  be a union-closed collection of sets generated by a collection B*  of (in + 1) 
k-sets with imposed order <, with B* 

- B = {B} and A < B for all A E B. Then 
the incremental-union of B is given by U1B = {D : D e C, D V C}, and the 
incremental-union of the collection B*  of (m + 1) k-sets is U1B* = UBEB (U1B). 

if we note that the definition of new-shadow is the incremental-shadow when the 
imposed linear order minimises shadow, namely when the order is squashed order, 
then similarly we can define the notion of new-union when the imposed linear order 
is order U. 

The new-union of a set B E B* is denoted UNB, and it is the incremental-union 
when the imposed linear order is order U. Similarly, the new-union of a collection B* 
of (m +1) k-sets is denoted UNB*  and it is the incremental-union when the imposed 
linear order is order U. 

A corollary of Theorem 5.15 is the following. 

Corollary 5.16. Let C be a union-closed collection of sets generated by the collection 
B of m k-sets in order U, (n-i)  <m < (). Then the collection of i-sets in C occur 
in order Ufor each j > k. 

The proof of this corollary can be found in [18]. 

This concludes the survey of Roberts' work for minimising the union-closure of a 
collection of m k-subsets of [n]. In closing, it is interesting to consider the conse-
quences of Conjecture 5.8 holding. In terms on the union-closure it means that we 
can restate Theorem 5.9 as follows. 

Theorem 5.17. Assume that Conjecture 5.8 holds. Let C be a union-closed col-
lection of sets generated by a collection B of m k-sets with (1) < m < (). Let 
r = () - m and assume that the (k - 1)-binomial representation of r is ii' (c),  
t> 0. Then 

2  n 
- : 

(n) 
 - 

(2a' - 
k-2-z (az 

Equality holds when B is an initial segment in order U. 
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This theorem can be regarded as a union-closed counterpart to the Kruskal-Katona 
Theorem. 

5.2 Minimising Intersection-Closure 

In this section we will consider the intersection-closure counterpart of the union-
closure minimisation problem. In fact, it will be proved that the two problems are 
very closely related, but care must be taken. It will be shown that proved or con-
jectured solutions to the union-closed minimisation problem provide corresponding 
solutions to the intersection-closed minimisation problem. Before the relationship 
between the two problems is discussed the intersection-closed minimisation problem 
will be stated. We begin by defining some necessary terms. 

A finite collection of sets, C, is called an intersection-closed collection if, for 
each A, B E C, A fl B e C. A collection of sets C is said to be generated, or 
intersection-generated, by a collection of non-empty sets B if C is the smallest 
intersection-closed collection containing B. 
Example 5.18. The intersection-closed collection C = {ø, 13,24, 56, 1234, 1356, 2456} 
is generated by the set B = 11234, 1356, 2456}. 

It is a requirement that a minimum-size ground set is chosen when we are considering 
minimising intersection-closed collections as an arbitrarily large ground set would 
give rise to disjoint sets, and the problem becomes trivial. Hence if B is a collection 
of m k-subsets of [n] which generates an intersection-closed collection C, then we 
restrict m to be in the bound (') < m < (). This is an important point to 
note, especially when considering the close relationship between the union-closure 
and intersection-closure minimisation problems. 

The statement of the intersection-closure minimisation problem is similar to that of 
its union-closure counterpart. 

For fixed positive integers m and k, let .T be the collection of all possible intersection-
closed collections of sets generated by m k-sets. For C E 2 let B be the collection 
of k-sets which generates C and let (;1)  <m < (). Given m and k, the following 
problems are defined. 

Open Problem 5.19. Choose B to achieve mincEF C. 
Open Problem 5.20. Choose B to achieve minc V(C). 
Open Problem 5.21. If it exists, find a simultaneous solution of Problems 5.3 and 

In answer to problems 5.19, 5.20 and 5.21, Roberts and the author conjecture the 
following. 
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Conjecture 5.22. Let .7: be the collection of all possible intersection-closed collec-
tions generated by m k-subsets of [n], where (') < m ~ (). For C E .7: let B 
be the collection of k-sets which generates C. Then choosing a collection B such 
that the k-sets are in order I simultaneously achieves mincEFICI and mincE rV(C). 
Furthermore, B achieves mincE C()I for each j < k. 

The remainder of this section derives results for intersection-closed collections and 
order I based on Roberts' results for union-closed collections and order U given 
in Section 5.1. In order to do this, we must first establish a relationship between 
union-closed and intersection-closed collections. The following set of results does 
this. 

Theorem 5.23. C is a union-closed collection of subsets of [n] if and only if C' is 
an intersection-closed collection of subsets of [n]. 

Proof. Let C be a union-closed collection generated by the collection B of m k-sets 
of [n], and let C E C. 

ifCB,thenbydefinition,C=Bl U ... UBkforallBEBwhere1<i<m,and 
k <m. Therefore C' = B1 fl ... fl B by DeMorgan's law. if C E B, then C = B3  
for some B, e B. Thus C' = B E B'. Hence C' = {C' C e C} and therefore an 
intersection-closed collection. 

The converse follows by a similar argument. * 

Theorem 5.23 gives rise to the following corollary. 

Corollary 5.24. Let C be a union-closed collection and let C' be its complementary 
intersection-closed collection. Then C is generated by a collection B of m k-subsets 
of [n] if and only if C' is generated by a collection B' of m (ii - k) -subsets of [n]. 

Proof. Let C be a union-closed collection of subsets of [n] generated by a collection B 
of m k-subsets of [n]. Then B' is a collection of m (n - k)-subsets of [ii]. By Theorem 
5.23, C' is an intersection-closed collection containing B' since B c C. Hence for each 
C' E C', C' < (n - k) since for each C e C, JCJ > k, so the elements of B' are the 
largest sets in C'. 

To see that C' is the smallest intersection-closed collection which contains B', assume 
that there exists a smaller intersection-closed collection V which contains B'. Then, 
by Theorem 5.23, V' must be a union-closed collection containing B. However 

< JCJ which is a contradiction since our assumption is that C is the smallest 
union-closed collection which contains B. Thus C' is intersection-closed collection 
generated by B. 

The converse follows by a similar argument. * 
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Theorem 5.23 and Corollary 5.24 are illustrated by the following example. 

Example 5.25. Let B = 1123, 124, 125, 126}, then the union-closed collection gen-
erated by B is given by C = {123, 124, 125, 126, 1234, 1235, 1236, 1245,1246, 1256, 
12345, 12346, 12356, 12456, 123456} and the ground set is U B = [6]. Then B' = 
1456, 356, 346, 3451 and C' = {O, 6, 5,4, 3, 56,46,45, 36, 35,34,456, 356, 346, 345}. 

However, the relationship between the union-closed and intersection-closed minimi-
sation problems is not a trivial one. To demonstrate this, we have the following 
example. 

Example 5.26. Let B be the collection of the first 5 3-sets on [5] in order U, 
and let C be the union-closed collection generated by B. Then B = {123, 124, 134, 
2347  1251 and B' = 145, 35, 25, 151 34}. According to Theorem 5.17, C is a solution to 
Problems 5.3 - 5.6. However, the collection C' generated by Y = 112, 13, 14, 15, 231 
is not a valid solution to Problems 5.19 - 5.21 if the condition of a minimum-sized 
ground set is assumed since 5 < (). A valid solution has a generating collection 
112, 13, 14,23, 24} Thus, B' should have the ground set [4] in order to be minimal. 

Recall that the definition of order I is that it is the complement of order U with the 
ground set reversed. So if B is a collection of m k-subsets of [n] in order U, then B' 
is a collection of m (ii - k)-subsets of [n] in order I. The next corollary follows from 
Theorem 5.23 and the definition of order I, and is a counterpart to Corollary 5.16. 

Corollary 5.27. Let C' be an intersection-closed collection of sets generated by the 
collection B' of m (n - k) -sets in order I, () < m < (m'k) Then the collection 
of (n - j)-sets in C' occur in order Ifor each j < k. 

Proof. Let C' be an intersection-closed collection of sets generated by the collection 
B' of m (n - k)-sets in order I, () < m < (nk)• if we reverse the order of 
the ground set [n] we obtain the isomorphic intersection-closed collection C' which is 
generated by the collection B' of m (n-k) -sets. By Theorem 5.23 and Corollary 5.24, 
C is a union-closed collection of sets generated by the collection B of in k-subsets of 
[n] which, by the definition of order I, is in order U. 

By Theorem 5.23 for each C e C, JCJ = j for k < j < n, there is a corresponding 
set C' E C' such that I C'I = n 

- j since C' is the complement of C, and vice versa. 
Hence it follows that C'() = By Corollary 5.16 each collection of j-sets 
in C occur in order U. Therefore, it follows by the definition of order I, that each 
collection of (n - j)-sets in C' is in order I. LI 

The next lemma summarises some important results about the relative sizes of 
union-closed and intersection-closed collections. 
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Lemma 5.28. If C is a union-closed collection generated by a collection B of m 
k-subsets of [n] and C' is an intersection-closed collection generated by a collection 
B' of m (n - k)-subsets of [n], then 

10 1 = id, 

B'i = IBI, and 

c'(-j)j = jCi where 1 < j < k. 

Proof. Let C be a union-closed collection generated by a collection B of m k-subsets 
of [n] and let C' be an intersection-closed collection generated by a collection B' of 
m (n - k)-subsets of [n]. 

By Theorem 5.23, C' = {C': C E C}. It follows that C'i = C. 
By Corollary 5.24, B' = {B' B e B}. It follows that 161 = BI. 
By Theorem 5.23 for each C E C, JCJ = j for k < j < n, there is a corre-

sponding set C' E C' such that IC'i = n 
- j since C' is the complement of C, and 

vice versa. Hence it follows that C'() j = C(' ) . LI 

We can now make the following observation. Let C' be an intersection-closed collec-
tion generated by B', which is collection of m (n k)-sets in order I. Then as C is a 
union-closed collection generated by m k-sets in order U, Theorem 5.9 can be used 
to caiculate the cardinality of C' since C'i = CI and by Lemma 5.28. 101 = CI. 
Example 5.29. Let C' be an intersection-closed collection generated by the first 30 
4-subsets of [7] in order I. Then, by Corollary 5.24 and Corollary 5.27, C is a union-
closed collection generated by the first 30 3-subsets of [7] in order U. Therefore 
r = () - 30 = 5 = () + () and k - 1 = 2. By Theorem 5.9 

CI = 2— (7) 
 - 

(7) 
 - 

(7

)) 
 - ((23— (3)g 

 - 

(3)  ) + (22 (2))) 
= 148. 

Hence 101 = CI = 148 by Lemma 5.28. 

Using Theorem 5.15 in a similar way will yield the number of new (n - j)-sets, 
k < j < n, incorporated into the intersection-closure for each new (n - k)-set 
introduced into the generating collection since C'" )  = C()  1 by Lemma 5.28. 
Corresponding with the notion of incremental-union, we can also define the notion of 
incremental-intersection. Let C' be an intersection-closed collection of sets gen-
erated by a collection B' of m (n - k)-sets with imposed order . Let C* be the 
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intersection-closed collection of sets generated by a collection B*  of (in + 1) (n - k)-
sets with imposed order <, with BI*  — B' = {B} and A < B for all A e B'. 
Then the incremental-intersection of B is given by fl1B = {D : D E C' D 
and the incremental-intersection of the collection B*  of (m + 1) (n - k)-sets is 
nIB* = flB5, (n1B). 

We now define the concept of new-intersection. The new-intersection of a set 
B e BI*  is denoted flNB and it is the incremental-intersection when the imposed 
linear order is order I. Similarly, the new-intersection of a collection BI*  of (m + 1) 
(n — k)-sets is denoted flNBl*  and it is the incremental-intersection when the imposed 
linear order is order I. 

We now look at finding a closed-form formula for the mth set in order I based on 
Roberts' closed-form formula for sets in order U given in Note 5.12. It will be seen 
that it is more complicated than just finding the complement of the closed-form 
formula for the mth set in order U and reversing the order of the ground set. 

Note 5.12 gives the closed-form formula for the mth k-subset of [n] in order U when 
m is in the bound (') < m < (). Therefore the formula only applies to the 
last m - (Th1) sets in order U, which are all of those sets containing the element 
n. However, in the intersection-closed collection, as previously stated, m is in the 

) <m (k)• Therefore a problem arises when () < ( ) and the bound (  
mth set in order I is in the interval (-) <rn < (n_i) 

This short-coming can be rectified by defining a formula for the qth set in order U 
when q is in the interval (Th2) < q ('i'). In a collection 17  of (n 

k 
 k-sets in 

order U, define V to be the subcollection of all of the k-sets after the (2)  k-set up 
to and including the ()th k-set. Recall from Section 2.2.4 that if we reverse the 
order of V so that it is in order V, then the elements of V are exactly the (k - 1)-sets 
of In — 2,. . . , 1} in squashed order adjoined with the element n - 1. Thus if we let 
r = (n 

k 
1) — q then the qth k-set in order U is the rth k-set in order V. 

Note 5.30 and Lemma 5.31 show how to determine this set. Note 5.30 is adapted 
from Anderson [1, pages 115-117], and is simply an application of Lemma 5.31 
presented in Section 5.1. 
Note 5.30. Assume r has the (k - 2)-binomial representation r = k2 (). Then 
the rth (k - 1)-set in squashed order is the set 

{ ak_2 + 1, ak_3 + 1,. . . , at+i + 1; at, at - 1,. . . ,a - t + 11, 

by Lemma 3.4. 

Lemma 5.31. Let A = {a1,.. . , ak_21 be the rth (k - 1)-set in squashed order on 
In —2], and let B be the qth set in order U on {n] where (72) < q ('i'). Then 
B is the set 

{n—al +1 .... ,n—ak _2 +1,n-1}. 
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Proof. Let A = {ai,. . . ,ak_2} be the rth (k - 1)-set in squashed order on In - 2], 
and let B be the qth set in order U on [n] where (n 

k < q < (n_i) To find B, 
the alphabet of the ground set In - 2] is reversed, and then A, the rth (k - I)-set 
in squashed order on In - 2], is the set In - a1 + 1... . , n-  ak_2 + 1}. Then B 
is the set in - a1 + 1,...,n - ak_2 + 1,m - 1} and the qth set in order U where 
( nk 2 ) <q n1) 

It can now be shown how to determine the mth set in order I, when () <m < 
(n n ik) To determine the mth (ri - k)-subset of [n] in order I, we find the rnth k-set 
in order U, take the complement of the set with respect to [n] and reverse the order 
of the ground set. Hence if B = {b1 ,. . . , b,j is the mth k-set in order U, then 
B7  = {n - ba,.. . , n - bk+1} is the inth (n - k)-set in order I. 

As discussed previously, the value of m determines which version of the closed-form 
formula for order U is used to determine B. By Note 5.30, if (2) < m < (Th1), 

B={n—al +1,...,n—ak _2 +1,n-1}.By Note 5.12,if(')<m()then 
B={n—al +1,...,n—ak _l +1,n}. 

Calculation of the mth set in order I is demonstrated in the following example. 

Example 5.32. Find the 16th 4-subset of [7] in order I. 

First we note that 16 < () = 20 so we find the 16th 3-set in order U using the 
formula given in Note 5.30 to produce B = 12, 4, 6}. Therefore, the 16th 4-set in 
order I must be B' = 11, 3, 5, 7}. 

In this section it has been shown that whilst the union-closure and intersection-
closure minimisation problems remain as problems with conjectured solutions only, 
a firm relationship exists between the two problems, so that a solution for one of 
the problems contributes significantly to the solution of the other problem. These 
relationships lead to the following conclusions. 

If a collection B of m k-sets generates a minimum-size and minimum-volume union-
closed collection, then collection B' of m (m - k)-sets generates a minimum-size 
and minimum-volume intersection-closed collection on a minimum size ground set 
and vice versa. Further, a minimum-size and minimum-volume union-closed col-
lection generated by a collection of m k-sets is the complement of a minimum-size 
and minimum-volume intersection-closed collection on a minimum size ground set 
generated by a collection of m (ii - k)-sets. 

To finish, it is worth noting that there are proved results for the union-closure 
minimisation problem which support Conjecture 5.8. These can be carried over 
to be proved results for the intersection-closure minimisation problem, without the 
need for Conjecture 5.8. One such result is now given. 



In a collection of results in [18, Section 3.2], Roberts shows that there are certain 
values of m, in the range (1)  <rn < (), for which m k-sets in order U uniquely 
(up to isomorphism) achieve the minimum size and volume over all union-closed 
collections generated by m k-sets. These values of m are defined to be the maximum 
values for which exactly r (n - 1)-sets are included in the union-closed collection 
generated by a collection of k-sets, for each 2 < r < n. The results in [18, Section 
3.2] form part of the evidence to support the validity of Conjecture 5.8. 
As Roberts' results in [18] are proved for a minimum-size ground set, the following 
corresponding result can be stated for intersection-closed collections without the 
necessity to assume Conjecture 5.8. 

Theorem 5.33. Let C' be an intersection-closed collection generated bya collection 
B' of rn (n - k)-sets in order I, () < m ~ (n'k)• Assume that C' contains r 
1-sets, 2 < r < n, and a collection of + 1) (n - k)-sets in order I contains more 
than r 1-sets. Then C1  is the unique (up to isomorphism) smallest size and smallest 
volume intersection-closed collection generated by m (n - k)-sets. 
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6 Conclusion 

This thesis has brought together some classical results, some new results, and some 
conjectured results relating to minimisation problems and orderings on the elements 
of the Boolean lattice. The conjectured results provide an interesting task for future 
research. Some new problems have been stated in this thesis. Applications of the 
Flat Antichain Theorem, and the truth of some of the newer results in this thesis 
in the context of posets other than the Boolean lattice, provide a rich source of 
problems to be considered in the future. 
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