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P R E F A C E 

To ~dy the. ge.orne.tky o6 a man~6otd, it ~ tot moke. eonve.n~e.nt 

to 6~¢t embed it ~to a known man~6otd and then ~dy ~ ge.orne.tky 

v~-a-v~ the. emb~e.nt ¢paee.. Th~¢ appkoaeh gave. ~pe.tu¢ to the. ~dy 

o6 ¢ubrnan~6otd¢ wh~eh tatek de.ve.tope.d ~to an ~dependent and 6a¢e~

na~ng top~e o6 ¢tudy. The. ¢ubrnan~6otd o6 an atrno¢t Hekrn~~an man~-

6otd pke.¢e.nt¢ an ~teke.¢~ng ge.orne.tk~e ~dy a¢ ~ atmo¢t eornpte.x 

¢tkuetukc .t'LaM6Mrn¢ a ve.etM ~nto ·a ve.etM pekpe.nd~eutM to it. Th-<.¢ 

natukatty g~ve.¢ k~~e. to ~o type.¢ o6 ¢ubrnan~6otd¢, v~z. InvM~ant 

lhotornokph-<.eJ and an~-~nvM-<.ant ltotatty ke.at) ¢Ubrnan~6otd¢. The.¢e. 

¢ubrnan~6otd¢ have. been ~d~e.d e.xte.n¢-<.ve.ty duk~ng the. ta¢t ~ty 

ye.M¢. In 1978, A Be.janeu L2J ~tkoduee.d the. no~on o6 CR-¢ubrnan~6otd 

o6 a Kae.hte.k man~6otd wh~eh ge.nekat~ze.¢ hotornokph~e and totatty ke.at 

¢ubrnan~6otd¢ ~ the. ¢e.Me that they Me pcvc.~eutM ea¢e.¢ o6 CR-¢ubrnan~-

6otd¢. The. ¢tudy o6 the.¢e_ ¢ubrnan~6otd not onty ptay¢ an ~pMtant 

kate. ~ m:wyd~vek¢e. Mea¢ o6 d~66eke.n~at ge.orne.Vc.y and Re.ta~v~ty 1.18], 

L37],L38] but at¢o ~ Me.ehan~e¢ L31j. In6aet ~t ha¢ been ke.at~ze.d titat 

on a ¢Ubrnan~6otd o6 an atrno¢t eornpte.x man~6otd the. totatty ke.at d~~Vc.~

bu~on ~ ~otJc.op~e and ~t¢ eornpte.rne.ntMy d~¢Vc.~bu~on ~ ¢yrnpte.et-<.e 

L31j. Thu¢ the. ~te.gkab~t~ty o6 the. d~¢Vc.~bu~~n~ V and v~ on a CR-6ub

ma~6otd he.tp¢ ~ 6~nd~ng the. ¢otu~on¢ o6 eokke.¢pond~ng d~66eke.n~at 

e.quatioM on a. nun~ 6 otd. So 6M a¢ U' ~ ge.orne.Vc.-<.e po-<.nt o6 v-<.e.w -L6 

eoneekne.d, the. 6tlld!f lc.e.c.e.~ve.d the. a:tte.n.:t<.on. o6 a wide. ~ete on ma:t.he.
~<:.-<-an-e. -tU<.e B.Y. Che.rr., ScJt-<.gawa, A. Gttay and A. Be.janeu etc.. A 

Mgn.ta..tc.a.nt c.ontJc.~buuon ~ made. by B. Y. Chen by g~v-<.ng ¢orne. ~aM~M

ea.U.on ":tJ<e.Me.rn¢ and by ge.ne.kat~z~ng ¢orne. eta¢¢~cat ke.¢utt.o. S<.nee. then 

:the. ¢ubje.et ha¢ been a:ttJc.ae~ng a ho~t o6 d~66eke.n~at ge.orne.tek¢. In· 

the. pke.M.nt the.¢~¢, ue. have. made. an e66Mt to 6~tt ¢orne. gap¢ ~ :th}.¢ 



Me.a and to -i.nve.-6t-i.gate. :the. c.ond-i.tioM on a CR--6ubma.n-i.6o-f.d wh-i.c.h rrake. 

:the. c.anon-i.c.a-f. d~-6tk~butioM ~te.gkab-f.e., and :the. -6ubman~6o-f.d to be. a 

CR-ptoduc.t. The. ~ve.-6tigatioM have. be.e.n done. wi.th make. ge.ne.ka-f. am-

b~e.nt ).,pac.e.)., :than Kae.h-f.e.k v~z. a-f.mo).,t Kae.h-f.e.k, -f.oc.a~~y c.on6okma~ 

Kae.h~e.k, ne.M-f.y Kae.h-f.e.k rran~6o-f.d)., etc.. The.ke.6Me. OM Mudy ptov~de.)., 

an ~e.a :that to what e.xte.nt :the. ke.).,u-f.;t)., o6 Kae.h~e.k ).,e.tting c.an be. 

e.xte.nde.d to :the.).,e. make. ge.ne.ka-f. ).,e.tting).,. 

The. :the.).,~)., c.omp!t~).,e.)., 6~ve. c.hapte.k)., and e.ac.h c.hapte.k ~ d~v~de.d 

~to vM . .f..Ou)., ).,e.c.tion).,. The. rra:the.matic.a~ ke.~atio M obta~ne.d ~ :the. 

text hav~ be.e.n tabe.~~e.d wi.th double. de.c.~ma-f. numbe.k~ng).,. The. 6~).,t 

MgUke. denote.)., :the. c.hapte.k, ).,e.c.ond ke.p!te.).,e.n;t)., ).,e.c.tion and :the. :th~d 

po~n;t)., out :the. numbe.k o6 :the. de.Mn~tion, equation, ptopo).,~tion ok 

:the. :the.o.'l.e.m a)., :the. c.a).,e. rray be. e.. g. :the.Me.m 13. 2. 5 J ke.6 Q.k)., to :the. 

M6th :the.Me.m o6 Mtic.-f.e. 2 ~ Chapte.k III. 

The. 6~).,t c.hapte.k _(_)., ~tkoduc.tMy and ).,e.kve.)., :the. pUkpo).,e. o6 

de.ve.~op~ng :the. ba).,~C. c.onc.e.p;t)., ke.e.p~ng ~ v~e.w :the. pte.-ke.qu~-6~te.-6 o6 

:the. ).,Ub).,e.que.nt c.hapt~)., and a-f.).,o to rrake. :the. :the.).,-i.)., a)., ).,e.-f.6-c.onta~ne.d 

a)., pD).,).,~ble.. Chapte.k II de.a~)., wi.th :the. ~nte.gkab~-f.-i.ty o6 :the. d~).,tk~-

v 

bution)., V and Vt on a CR-).,ubman~6o-f.d o6 a~o).,t He.km-i.tian and a-f.mo).,t 

Kae.h~e.k man~6o~d and :the. c.ond~tion)., 6oft. :the.).,e. ).,ubman~6o-f.d)., to be. CR-

ptoduc.;t).,. We. ~t wi.:th ~tkoduc.~ng :the. ope.katM)., -ru and % 6M U 

~n :the. tange.nt bund-f.e. o6 :the. ).,ubman~6 o-f.d, u:h~c.h ptov~de. a poWe.k 6u-f. .too~ 

~ ana-f.y).,-i.ng :the. ~nte.gkab~-f.~ty o6 :the. d~).,tk-i.butioM V and vt and 

Mudy~ng :the. ge.ome.tky o6 :the.~ -f.e.ave.).,. Th~)., a-f.M -f.e.ad)., to a c.hMac.te.k~-

zation o6 CR-pkoduc.t)., ~ :the.).,e. ).,pac.e.).,. The. c.ond~tioM 6ok a ).,Ubman~-

6o-f.d to be. a CR- ptoduc.t obta~ne.d ~n :th~)., c.hapte.k c.Mke.).,pond to :the. Che.n ')., 

c.k~te.k~on 6ok CR-pkcduc.t ~n :the Kae.h-f.e.k man~6o-f.d).,. 



In Chaptek III, we d~~cu~~ the CR-~ubman~6o~d~ o6 ~oca~ly con-

6okma~ Kaeh~ek man~6otd~. ~ the Lee-6okm !ok Lee-vectok 6~etdl 

pf.ay~ an .<.mpMtant kate ~ detekm~n~ng the geometk~c behav~oM o6 a 

~bman~6otd o6 a ~oca~ly con6okmat Kaehtek !~.C.Q.) man~6o~d, we 
6~~t decompo~e the Lee-vectok 6~e~d with ke~pect to the undek~y~ng 

~bman~6o~d and then ~tudy tize geometky o6 the ~eave~ o6 canon~ca~ 

d~~tk~bu~on~ ~ead~ng to a chakactek~za~on o6 CR-pkoduct. Some 

~teke~~ng con~equence~ about totally umb~~~cat CR-~ubman~6old have 

a~M been d!c.awn. 

In Chaptek IV, we ~tudy the CR-~ubman~6o~d~ o6 a neak~Y Kaeh~e~ 

nun~6otd u6~ng the mach~neky deve~oped ~n Chaptek II. The ma~n ke~utt 

o6 th~ chaptek ~~ a cta~~-<.Mca~on thepkem 6M tota~~y umb~~-<.cat CR

~bman-iflo~d~. The. chaptek e.nd~ with ~orne. ob~ekva~on~ ke.gakd-ing the. 

integkab~~-<.ty on the. ho~omokph~c ~~tk~bu~on. In 6act, -it ~ ob~ekved 

that the. -<.ntegkab-<.~~ty o6 the ho~omokph~c d~~tK-ibu~on on a tota~~y 

umb-i~~ca~ CR-~ubman~6o~d, ~ ~66~c-<.ent to gUakantee the CR-pkoduct -in 

a neakty K;.'T.e./Lf~ man-i6o~d. ~ a con~equenc.e ~t 6o11ow~ that on the~e. 

~ubman-i6o~d6 o6 s6, V ~ nevek ~tegkabte. 

Anothek ~pMtant 6eatMe uiz~ch ~ c.to~ety ke~ated to the ~nteg

kab~~~ty o6 V, ~ the d~meM~on o6 · vJ... The d-imeM-ion o6 v1- be~ng 

equa~ to one ~~ o6 cen~a~ ~gn~6~cance a~ ha~ been ob~ekved ~ Chapt~ 

III and IV. So we ~~ngte ~ out and ~tudy exc~u~-<.vety the CR-~ubman-<.-

6otd~ with d-im!VJ)=T, ~ Chapt~ V. The~e ~bman-i6o~d~ canon~ca~ty 

adm-it an a~mo~t contact ~uctMe. We ~dy the natMe o6 tiz-<.~ contact 

~tAuctMe..~¥zen the. amb-<.e.nt ~pace. ~ e.qu-<.ppe.d with ne.ak~Y Kae.h~~~ 

Kaeh~~ Ok atmMt Kaehtek ~tkuctMe. 

In e.ac.h c.haptek ~ can be no~ced that the ~nte.gkab-<.t-<.ty cond-i.

tioM 6M tite d.<.~tk-<.bu~oM, the coruf-<.u.on o6 to-ta~ty geode~-<.c.neM o6 



th~ f~av~~ o6 th~~~ d~~tk~bu~on~ and th~ QhakaQtek~za~on o6 CR-~oduQt 

.<.n vak~ou~ amb-i.~nt ~paQ~~ agk~~ w-i.th th~ k~~p~Q~V~ known Qond~~oM -i.n 

Ka~hf~k Qa/~~, a~ mB :t_o b~ ~x.p~Qt~d. 

In th~ ~nd o6 th~ th~~~~, a b~bf~ogkaphy ha~ b~~n g~v~n wh~Qh by 

no me.aM -0~ c.ompk~h~M-i.v~ but mention~ onfy th~ papek~ and book~ k~6eJtke.d 

.to -i.n .th~ r:u~n body o6 th~ th~~~~ . 



CHAPTER I 

INTRODUCTION 

The purpose of this chapter is to introduce basic 

concepts, preliminary notions and some fundamental results 

which we· require for the development of the subject in the 

present thesis. Thus we have given a brief resume of some of 

the results in the geometry of almost Hermitian manifolds and 

their allied structures, and the geometry of submanifolds of 

these manifolds. Much though all these results are readily 

available in review articles and some in the standard books 

e.g. Nomizu & Kobayashi [29], Blair [7], B.Y. Chen [9], 

nevertheless, we have collected them here for ready 

references and to fix-up our terminology. 

~ 

1. Structure on C -manifolds: 

Basically the geometry of a differentiable manifold is 

revealed by knowing a Riemannian structure on it i.e., a 

positive definite inner product in the tangent bundle of the 

manifold. Ffrrther refined information can be had by knowing 

additional structures on the manifold, for example almost 

complex, almost Kaehler, nearly Kaehler etc. [29]. In this 

section we briefly discuss some of these structures. 



In what follows, we shall always take a differentiable 

manifold which is connected and paracompact, so that it can 

always be endowed with a Riemannian metric g and a Riemannian 

connexion 'V. 

An almost complex structure on a real differentiable 

manifold M is a tensor field J which is at every point 

an endomorphism of the tangent space TPM such. that 

where I denotes the identity transformation. A 

manifold with a fixed almost complex structure is called an 

almost complex manifold. On almost complex manifold, there 

always exist a Riemannian metric g consistent with the 

almost complex structure J i.e., satisfying g(JU,JV)=g(U,V), 

¥ U,V £ TM, by virtue of which g is called a Hermitian 

metric. An almost complex manifold (resp. a complex 

manifold) with a Hermitian metric is called an almost 

Hermitian manifold (resp. a Hermitian manifold). 

Analogus to the almost complex structure J, there is 

defined another important (0,2) tensor (infact, a two form) 

which plays an important role in the geometry and mechanics 

on the manifold [31] & [14]. We describe it as follows: 

Definition (1.1.1). A symplectic form on a real vector space 

V of dimension n is a non-degenerate exterior 2-form iL i.e., 

2 



3 

a 2-form of rank n. We, then say that Sl defines a 

symplectic structure on V or that (V,~) is a symplectic 

vector space. The idea of orthogonality with respect to~ is 

defined similar to the usual orthogonality with respect to 

the metric tensor (or inner product) of V, i.e., Two elements 

x andy of V are said to be .n. -orthogonal if ...O.(x,y)=O. If 

~ W is a subspace of V, then we define 

Orth.D.(W) ={X£. V/D..(x,y)=O, ¥ ye..W}. 

Now we have the following definitions: 

Definitions (1.1.2) [31]. A vector sub space W of Vis said 

to be 

(i) Isotropic if .n:w=O i.e., if Wc.orth (W), 

( i i) Coisotropic if n:orth w=O i.e., if orth (W)cW, 

(iii) Lagrangian if W is both isotropic & coisotropic i.e., if 

W = orth (W), 

(iv) Symplectic if !l:w defines a symplectic structure on W, 

i.e., Wn orth (W)={O}. 

For manifolds, we have 

Definition (1.1.3). A symplectic structure on a manifold M 

is defined by the choice of a differential 2-form..O. 

satisfying the following two conditions: 

(1) For all Pt:. ~,.np is non degenerate. 
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( 2) .0 is c 1 osed i . e. , d.(l =0. 

Isotropic, Coisotropic and Lagrangian manifolds are defined 

similarly. At this point it is also easy to realize that one 

can define the Isotropic, Coisotropic, Lagrangian and 

Symplectic distributions and bundles. 

Now, we will introduce Kaehlerian manifolds using the 

fundamental tensors £1, J and g. 

Let !l be a fundamental 2-form associated to the 

Hermitian metric g on~' i.e., 

(1.1.1) n(U,V)=g(JU,V), 

for all vector fields U & V. Since g is invariant under J, 

so is n ' i . e. ' 

(1.1.2) .!l(JU,JV) =!l(U,V). 

The almost complex structure J is not in general 

parallel with respect to the Riemannian Connexion V defined 

by the Hermitian metric g. In fact we have the following 

formula [21]. 

(1.1.3) 2g(VuJ)V,W)=d.O.(U,V,W)-dfi(U,JV,JW) -g(U S(V,JW)), 

where S is the Nijenhuis tensor of J defined by 

(1.1.4) S(U,V)=[U,V] + J[JU,V]+ J[U,JV]-[JU,JV]. 

It is easy to verify that S satisfies 

(1.1.5) S(JU,V)=S(U,JV)=-JS(U,V). 
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It is well known that vanishing of the tensor S(U,V) is the 

necessary and sufficient condition for an almost complex 

manifold to be a complex manifold [29]. 

If we extend the Riemannian connexion V of R to be a 

derivative on the tensor algebra of R, then we have the 

following formulae: 

(1.1.6) 

(1.1.7) 

<VuJ)V = VuJV-JVuV, 

(Vu!L)(V,W)=g(VuJ)V,W). 

At this stage, one can appreciate the 

definitions: 

following 

Definition (1.1.4). A Hermitian metric on an almost complex 

manifold is called Kaehler metric if the fundamental 2-form 

!1 is closed. An almost complex manifold (resp. a complex 

manifold) with a Kaehler metric is called an almost Kaehler 

manifold (resp. a Kaehler manifold). A manifold with a 2-

form (resp. a closed 2-form) !L which is nondegenerate at 

each point p of ~ is called an almost symplectic (resp. 

symplectic) manifold [29]. 

We may now, write down the following as the defining 

condition~ for the pre-Kaehler structures. 
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Definition (1.1.5). An almost Hermitian manifold~ is said 

to be a 

(a) Kaehler manifold if 

(1.1.8) 

(b) nearly Kaehler manifold if 

(1.1.9) 

4(e) almost Kaehler if 

(1.1.10) 

or equivalently 

(1.1.11) dn < u, v, w) =o , 

(d) quasi-Kaehler if 

(1.1.12) 

for all U,V, W in TM. 

For the relation among these classes, let us denote by 

K,AK,NK,QK & H the classes of Kaehler, almost Kaehler, nearly 

Kaehler, quasi-Kaehler and Hermitian manifolds respectively. 

Then it is known that [21] 

c., AK .... 
K <;; QK & Kc;; H. 
.s' NK 

Further, 

K = H f\ QK = AK () NK. 
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There is another important class of manifolds which are 

not Kaehlerian but they are locally conformal to a Kaehler 

manifold, we now discuss them in the following paragraph. 

Definition (1.1.6). Let (~,!1) be an almost symplectic 

manifold. M is said to be a locally conformal symplectic 

(l.c.s.) manifold if every point p c. M has an open 

~neighbourhood U such that 

-<r 
(1.1.13) d (en:u>=o 

for some function cr: U.->R. If U=~, then (M,Sl) is said to 

be globally conformal symplectic and if u is constant, then 

(M,~) is obviously a symplectic manifold. If the 2-form 

on a Hermitian manifold is, in particular, the fundamental 

2-form i.e., if !l(U,V)=g(JU,V), then the locally conformal 

symplectic manifolds are said to be locally conformal Kaehler 

(l.c.k.) manifolds i.e., in this case every point of M has a 

neighbourhood U endowed with a Kaehler metric of the form 

(1.1.14) 

We refer to [46] for the main properties of such manifolds. 

Particularly for such manifolds, the forms d~ glue up to a 

global pfaffian form w, called the Lee-form, and for which 

(1.1.15) d!l=Sl/\W. 

Its corresponding Lee-vector field Ais obtained as 



8 

(1.1.16) g( A ,U)= w(U). 

M is globally conformal Kaehler if and only if w is exact. 

And it is Kaehler if and only if w=O or equivalently A =0. 

The following is an important relation [47] and is used 

subsequently in the thesis. 

,.(1.1.17) 2(Vu£l)(V,W)=g(JA,W)g(U,V)+g(A,W)g(JU,V) 

-g(JA,V)g(U,W)-g(A,V)g(JU,W). 

On the other hand, on odd dimensional manifolds we 

define contact structures as follows: 

Definition (1.1. 7) [7]. A (2n+1)-dimensional differentiable 

manifold ~ is called an almost contact manifold if it is 

equipped with a triplet (0,~,~) where 0 is a (1,1) tensor 

field; ~, a vector field and ~ a 1-form on ~ satisfying. 

( 1 . 1. 18) 02=- I +t) ® ~ ; 0~ =0; 't1 ( ~ ) = 1 , 'l'\ o 0=0 

Moreover if M is endowed with a Riemannian metric g 

satisfying 

(1.1.19) g(0U,0V)=g(U,V)-'ll(U)lt(V) ; g(U,~ )='t\(U), 

for all vector field U,V on ~, then M is said to be an almost 

contact metric manifold. 

Definition (1.1. 8). An almost contact manifold~ is said to 



be a 

(a) Cosymplectic manifold if 

(1.1.20) (Vu0)V=O and (Vu~)V=O, 

(b) nearly cosymplectic manifold if 

(1.1.21) (Vu0)U=O and (Vu~)U=O 

(c) Sasak]an manifold if 

(1.1.22) (Vu0)V=l'"j(V)U-g(U,V)"'~, 

(d) nearly Sasakian manifold if 

(1.1.23) (Vu0)U=~(U)U-g(U,U)~, 

(e) quasi-Sasakian manifold if 

(1.1 .24) g((Vu0)V,W)+g(Vy0)W,U)+g(Vw0)U,V)=O, 

9 

for all U,V,WE- TM. Obviously for the definitions (c), (d) & 

(e),~ is taken to be an almost contact metric manifold. 

2. Submanifold Theory: 

If an n-dimensional differentiable manifold M admits an 

immersion f:M-->M into an m-dimensional differentiable 

manifold f~, then M is said to be a submanifold of ~. 

Naturally n.s_m. If M and M are Riemannian manifolds, then f 

is said to be an isometric immersion if the differential map 

f*:TM-->TM preserves the Riemannian metric, that is for 

U, V t: TM, 

(1.2.1) 
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where we use g to denote Riemannian metric on both M and M. 

ConsequentJy f* becomes a isomorphism. When only local 

questions are involved, we shall identify TM with f*(TM) 

through this isomorphism. Hence a tangent vector in TM 

tangent toM, shall mean a tangent vector which is the image 

of an element in TM under f*. More generally, a c~-cross 

section of the restriction of TM on M shall be called a 

vector field of M on M. Those tangent vectors of TM which 

are normal to TM form the normal bundle T~M of M. Hence for 

every point p E.M,the tangent space Tf(p)M of M admits the 

following decomposition. 

Tf(p)M=TpM e T~ M. 

The Riemannian connexion V of R induces canonically the 

connexions V and V~ on TM and on the normal bundle TL M 

respectively governed by the Guass & Weingarten formulae viz: 

(1.2.2) 

(1.2.3) 

Where U,V J. are vector fields on M and N E. T M, h and AN are 

second fundamental forms and are related by 

(1.2.4) g(h(U,V),N) = g(ANU,V). 

Looking into the Guass formula, we observe that we can 
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classify the submanifolds, putting conditions on h. 

Definition (1.2.1) [9]. A submanifold for which the second 

fundamental form h is identically zero is called totally 

geodesic submanifold. 

Definition (1.2.2) [9]. The submanifold is called totally 

umbilical if its second fundamental form h satisfies 

(1.2.5) h(U,V)=g(U,V)H, 

where H=1/n(trace of h), is called the mean curvature vector 

field. 

Definition (1.2.3) [9]. The submanifold M, is called minimal 

if the mean curvature vector H vanishes identically i.e., 

H=O. 

3. CR-submanifold: 

On an almost Hermitian manifold ~' g(JU,JV)=g(U,V) for 

all vector fields U,V on~- In other words, g(JU,U)=O, i.e., 

JU L U for each U on ~. Hence for a submanifold M of R if 

U e T PM, JU may or may not belong to T PM. Thus the action of 

the almost complex structure J on the tangent vectors of the 

submanifold of an almost Hermitian manifold gives rise to its 

classification into invariant and anti-invariant submani

folds. These submanifolds,therefore,are defined as follows: 

Definition (1.3.1) [53]. A submanifold M of an almost 
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Hermitian manifold ~ is said to be invariant (or holomorphic) 

if J ( T PM) =T PM I ¥ p E. M . 

Definition (1.3.2) [53]. A submanifold M of an almost 

Hermitian manifold~ is said to be anti-invariant (or totally 

rea 1 ) i f J ( T PM) <; T ~ M, ¥ p t M. 

In 1978, A. Bejancu considered a new class of 

submanifolds of an almost Hermitian manifold of which the 

above classes are particular cases and he named this class of 

submanifolds as CR-submanifolds. That is, a CR-submanifold 

provides a single setting to study the invariant and anti

invariant submanifolds of an almost Hermitian manifold. 

Since the present thesis basically deals with the CR

submanifolds, we enlist here, in this section, some of the 

basic notions and results about these submanifolds which are 

relevant for the subsequent chapters. 

Let ~ be an almost Hermitian manifold with almost 

complex structure J and Hermitian metric g and M, a 

Riemannian submanifold immersed in f:i. At each point p E. M, let 

DP be the maximal holomorphic subspace of the tangent space 

TPM i.e., JDp=Dp. If the dimension of DP is same for all 

p~ M, we have a holomorphic distribution Don M. 

Definition (1.3.3). M is said to be a CR-submanifold of an 
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almost Hermitian manifold ~ if there exists on M a C~-holo-

morphic distributiorl 0 such that its orthogonal complement ol 

is totally real in M 

i.e., ¥pe.M. [2] 

Clearly every real hypersurface M of an almost 

Hermitian manifold is a CR-submanifold if dim M>1. 

Remark: We observe from the above definition that .the 

dimension of 0 is always even, and that Jol being a sub-bundle 

of TLM splits as 

Tl.M = J01 E& J-1 

where ~ is complement of Jo1 in T1 M and that J-1 is invariant 

under J. 

Definition (1.3.4). A CR-submanifold M is said to be proper 

if neither D=O nor ol=o. 

Obviously, if D=O then M is a totally real submanifold and if 

D1=0 then M is holomorphic. 

Remark: Throughout the thesis we will denote by M, a CR-

submanifold of the ambient space ~' unless mentioned 

otherwise. 

For any vector field U tangent to M, we put 

(1.3.1) JU=PU+FU, 

where PU & FU are the tangential and normal components of JU 
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respectively. Then P is an endomorphism of the tangent 

bundle TM and F is a normal bundle valued one form on TM. It 

is easy to observe that PUE-0 & FUe:.JD1 . Infact P and F are 

annhilators on o1 and D respectively. Similarly for any 

vector N, normal to M, if we put 

(1.3.2) JN=tN+fN , 

with tN and fN as tangential and normal components of JN 

respectively then f can be treated as an endomorphism of the 

normal bur.dle TiM and t, a tangent bundle valued 1-form on 

T1 M with kernal as JD 1 & p respectively. 

The covariant differentiation of the operators P, F, t 

& f are defined respectively as: 

(1.3.3) (V'uP)V = VuPV-PVuV, 

(1.3.4) (VuF)V 
l. 

= VuFV-FVuV, 

(1.3.5) (Vut)N 
i 

= VutN-tVuN, 

(1.3.6) (Vuf)N 
.L l 

= VufN-fVuN, 

·I A. Bejancu obtained the following integrability 

conditions for the distributions D and o1 on a CR-submanifold 

M of an almost Hermitian manifold ~. 

Proposition (1.3.1) [4]. The distribution Dis integrable if 

and only if any one of the following is satisfied. 

(i) S(X,Y)T = Sp(X,Y), 
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(ii) S(X,Y)L =0 and CSP(X,Y)=O 

.For any X,Y in D, where SP stands for the Nijenhuis tensor of 

P, viz. Sp(U,V)=P[X,PY]+P[PX,Y]-P2 [X,Y]-[PX,PY], T and .L 

denote the tangential and normal components respectively, and 

c denotes the projection operator gn~l respectively. 

Proposition (1.3.2) [4]. The totally ~distribution o1 is 

" integrable if and only if the Nijenhuis tensor of P vanishes 

identically on o!. 

If the ambient space ~ is. Kaehler, the integrability 

condition~ for the distribution D and ol are given by B.Y. 

Chen as: 

Proposition (1.3.3) [11]. The holomorphi~ distribution D on 

a CR-submanifold M of a Kaehler manifold ~ is integrable if 

and only if 

g(h(X,JY) ,JZ)=g_(h(JX, Y) ,JZ) 

for any vector fields X, Y in D and z in o1 . 

Proposition (1.3.4) [1-1]. The totally real distribution o1 

on a CR-submanifold in a Kaehler manifold is integrable. 

This theorem has been generalized by Blair & Chen [8] 

to a CR-submanifold of a locally conformal Kaehler manifold. 
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With regard to the geometry of leaves of D and those of 

o1 we have 

Proposition (1.3.5) [11]. Let M be a CR-submanifold of a 

Kaehler manifold ~. Then 

1) The leaves of Dare totally geodesic in M, if and only if 

g{h(D,D ),JD1 )=0 , 

(2) The leaves of o1 are totally geodesic in M if and only if 

Under what conditions the CR-submanifold is a 

Riemannian product of holomorphic submanifold and totally 

real submanifold? This situation has important geometric sig-

nificance. The problem was studied by s:v. Chen. 

Definition (1.3.5) [11]. A CR-submanifold Miscalled a CR-

product if it is locally a Riemannian product of a 

T ~ 
holomorphic submanifold M and a totally real submanifold M. 

For a CR-product submanifold, the leaves of D and oL 

are totally geodesic in M and vice-versa. Thus we have 

Theorem (1.3.1) [11]. A CR-submanifold M in a Kaehler 

manifold ~ is a CR-product if and only if 

Another equivalent condition for CR-product is obtained 

in [13] and is given by 
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Theorem (1.3.2) [11]. A CR-submanifold of a Kaehler manifold 

M is a CR-product if and only if 

VP=O 

The condition VP=O was further extended by Chen [13] for a 

submanifold of almost Hermitian manifolds. He, infact proved 

the following: 

Theorem (1.3.3) [13]. Let M be a submanifold of an almost 

Hermitian manifold M then VP=O if and only if M is locally 

the Riemannian product M1xM 2 ... xMk, where each M; is either a 

Kaehler submanifold, a totally real submanifold or a 

Kaehlerian slant submanifold. 

Here the Kaehlerian slant submantfolds are defined as 

follows: 

Definition (1.3.6) [13]. For each non zero vector U 

to M at p, the angle 9(U) between JU and TPM is 

tangent 

called 

Wirtinger angle of U. The immersion f:M-->~ is said to be a 

general slant immersion if the Wirtinger angle 9(U) is 

constant ( i . e. , independent of the choice of p €- M & U e. T PM). 

Holomorphic and totally real immersions are general slant 

immersions with wirtinger angle equal to 0 and 1\/2 

respectively. A general slant immersion which is not 

holomorphic is simply called a slant immersion. A slant 



18 

submanifold is said to be proper if it is not totally real. 

Finally, a proper slant submanifold is said to be Kaehlerian 

slant if the endomorphism Pis parallel i.e., VP=O. 



CHAPTER II 

CR-SUBMANIFOLDS OF ALMOST HERMITIAN MANIFOLDS 

1. Introduction: 

The geometry of CR-submanifolds has extensively been 

studied by A. Bejancu [2], [5], [6], B.Y. Chen [11] [12] and 

many others. Several results on CR-submanifolds of Kaehler 

manifolds have been extended or generalized to the manifolds 

with weaker structures viz. nearly Kaehler [16], [17], .and 

locally conformal almost Kaehler [8], [34], [35] and some 

even to almost Hermitian manifolds [40], [45]. To find an 

analogue of results on geometry of CR-submanifolds of Kaehler 

manifolds to the setting of manifolds with almost ~ermitian 

and other allied structures, we have evolved a technique to 

obtain the integrability conditions for the distributions on 

CR-submanifold and have consequently studied the geometry of 

the 1 eaves of the d i str i but ions. Throughout, our emphasis 

has been on CR-product submanifolds. 

2. Integrability of distributions on a CR-submanifold of 

almost Hermitian manifold: 

Let ~ be an almost Hermitian manifold and M a CR-

submanifold of M. Then for U,V in TM, we may write 

A paper bused on this Chapter has been accepted for 
publication in Anal. Stii. al. Univ. Al. I. cuza, IASI. 
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where the symbols have their usual meaning. Making use of 

equations (1.2.2)-(1.3.4), the above equation takes the form, 

(2.2.1) (VuJ)V = (VuP)V-AFvU-th(U,V)+(VuF)V+h(U,PV)-fh(U,V). 

Denoting the tangential and normal parts of (VuJ)V in 

equation (2.2.1) by EuV and OuV respectively, we can write 

( 2 . 2 . 2 ) 

(2.2.3) 

£uV = (VuP)V-AFvU-th(U,V) , 

OuV = (VuF)V+h(U,PV)-fh(U,V) 

Similarly for NtTM denoting bYEuN and OuN respectively the 

tangential and normal parts of (VuJ)N, we find that 

(2.2.4) 

(2.2.5) 

EuN=(Vut)N+PANU-AfNU , 

QuN=(Vuf)N+h(tN,U)+FANU . 

The following properties of E & Q are used in our 

subsequent discussions and can be verified through a straight 

forward computation. 

( p 1 ) Eu+vw = EuW + EvW QU+vW=QuW + OyW, 

(P2) Eu<V+W) = EuV + fuW Qu(V+W)=QuV+QuW, 

(P3) g(£uV,W)=-g(V,£uW), 

(P4) g(QuV,N)=-g(V,EuN), 

(P5) EuJV+QuJV=-J<EuV+QuV> J 

for all U, V and W in TM and N in T~M. 

We may now use E and Q to obtain the following 

integrability conditions of the distribution D and oL 
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Proposition (2.2.1). Let M be a CR-submanifold of an almost 

Hermitian manifold M. Then the holomorphic distribution D is 

integrable if and only if 

(2.2.6) QxY-QyX=h(X,JY)-h(JX,Y) , 

for each X, Y in D. 

Proof. For N E. T J. M, we have 

g(VxJY-~yJX,N)=g(h(X,JY)-h(JX,Y),N), 

or, g(J(~xY-VyX)+QxY-QyX,N)=g(h(X,JY)-h(JX,Y),N), 

or, g(F[X,Y],N)=g(h(X,JY)-h(Y,JX)+QyX-QxY,N). 

It follows from the above equality that the distribution D is 

integrable if and only if 

g(h(X,JY)-h(JX,Y)+QyX-QxY,N)=O 

for each X, Y E. D and N f. TJ.M. This proves the assertion. 

For the integrability of the totally real distribution, 

we have, 

Proposition (2.2.2). Let M be a CR-submanifold of an almost 

Hermitian manifold M. Then the totally real distribution 

ol is integrable if and only if 

(2.2.7) EzW-EwZ = AJzW-AJwZ , 

for each Z, w in oL. 

Proof: For U c. TM, we may write 

g(J[Z,W],U)=g(JVzW-JVwZ,U) 

=g(V2JW-VwJZ-£zW+£wZ,U). 
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This shows that D~ is integrable if and only if 

£zW - EwZ = AJzw - AJwz . 

This completes the proof. 

It may be seen through a straight forward calculation 

that 

g(OxY-QyX+h(JX,Y)-h(X,JY),~ )=0, 

!or all X, Y in D and~ in~· And 

g(EzW-EwZ+AJwZ-AJzw, Z')=O , 

for all W, z & Z' in o1 . Hence it follows that the condition 

(2.2.6) is satisfied if and only if 

(2.2.8) g(QxY-QyX+h(JX,Y)-h(X,JY),JZ)=o , 

and condition (2.2.7) is satisfied if and only if 

Remark. If M is Kaehler £uV=QuV=O, the integrability 

conditions in this case reduce to the conditions obtained by 

Chen ( cf. [ 11 ] ) and Bej ancu ( cf. [ 2] ) . 

Now under these conditions Frobenius theorem guarantees 

the foliation of the leaves of D and ol. Regarding the leaves 

of the distributions, we establish: 

Proposition (2.2.3). The leaves of the holomorphic 

distribution D on a CR-submanifold M of an almost Hermitian ~ 

are totally geodesic in M if and only if either of the 

following equivalent conditions hold. 
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(a) £x Y+th (X, Y) e. D, 

(b) 1 £xZ+AJzX E. D , 

(c) OxY-h(X,JY) E.J-l, 

for each X, y in D and z in ol. 

Proof: The proof of the first part follows directly from 

equation (2.2.2) on having observed that PVxYL D, whereas 

Rart (a) and (b) are equivalent in view of proper~y (p3 ). 

For part (c) we observe that 

i . e. , 

g(fxY+th(X,Y),Z)=O , 

g(fxY+OxY+Jh(X,Y),Z)=O 

l. as Ox Y £. T M and g ( th (X, Y) , Z) = g ( J h (X, Y) , z) • Thus we get 

g(J(ExY+QxY)-h(X,Y),JZ)=O . 

Now taking account of the fact that P.xY ~ TM and using the 

property (Pr), the above equation gives 
;;J 

g(-QxJY-h(X,Y),JZ)=O 

Replacing Y by JY, we obtained 

i.e.' 

g(QxY-h(X,JY),JZ)=O, 

OxY-h(X,JY) ~ P· 
This shows that (a) and (c) are equivalent. Hence the 

proposition is proved completely. 

Proposition (2.2.4). The leaves of the totally real distri-

but ion on a CR-submanifold M of an almost Hermitian 
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manifold Mare totally geodesic in M if and only if any of 

the following equivalent conditions holds. 

(a) .£wZ+AJzW f. ol., 

(b) EzX + th (X, Z) c. D, 

(c) owx - h(W,JX) £.(1 1 

for all X in D and Z, W in ol. 

Proof. Using the arguments similar to the previous proposi

tion,. (a) follows from equation (2.2.2), and part (b) and (c) 

are equivalent to (a) in view of properties (p3 ) and (p4 ). 

Recalling, that a CR-product is a CR-submanifold M with 

leaves of both the distributions D and ol totally geodesic in 

M, we may establish the following by making use of the 

propositions (2.2.3), (2.2.4) and properties of E and Q. 

Proposition (2.2.5). For a CR-submanifold of an almost Hermi

tian manifold M, the following are equivalent 

(i) M is a CR-product, 

(ii) £uX+th(U,X)£D , 

<iii) fuZ + AJzu f.. oL , 

(iv) OuX-h(U,JX) t:j.l, 

for each X in D, Z in ol and U in TM. 

In view of the above proposition if in particular the 

ambient space is taken to be Kaehler these conditions reduce 

to the condition AJoLD=O, which coincides with the condition 
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obtained by Chen [11] for characterization of CR-product in a 

Kaehler manifold. Thus the proposition (2.2.5) provides an 

extension of Chen's result to a more general setting. 

3. CR-submanifolds of almost Kaehler manifold: 

Throughout this section we denote by R an almost 

Kaehler manifold, i.e., a c~-manifold equipped with a Kaehler 

.metric g, an almost complex structure J and a fundamental 2-

form ..n. which is closed i.e., 

.Q(U,V) = g(JU,V) and dn=o 

Now let us consider S1M, the restriction of the 

fundamental 2-form onto a submanifold M of R. The Ker{~) 

is the set of all vectors X in TM, such that Il(X,Y)=O for 

each Y in TM. Now if Ker(~) has a constant rank over M, 

then it defines a distribution DL which is totally real with 

respect to the almost complex structure J. Further, it is 

easy to observe that this distribution is isotropic and its 

complementary distribution is symplectic. Thus we conclude 

that the two distributions D and oL on a CR-submanifold of an 

almost Kaehler manifold are symplectic and isotropic 

respectively. Hence by studying the geometry of these 

objects of mechanics setting, one can infact geometrize the 

mechanics on an almost Kaehler manifold. The results 



26 

obtained in this section may, therefore, find some useful 

application in mechanics. 

The integrability of the totally real distribution o1 

in this case follows immediately from the following theorem 

(cf., [31] p.407). 

Theorem (2.3.1). If 0 is a differential p-form on a differen-

tiable manifold M such that d0=0A~where ~ is a pfaffian form . 
then the distribution generated by the set of section~ of 

Ker(0) is completely integrable. 

The above theorem also ensures the integrability of the 

totally real distribution on a CR-submanifold M of a locally 

conformal Kaehler manifold. 

We begin the section by a lemma unfolding the relations 

between Nijenhuis tensor S(U,V) and the vectors EuV & QuV 

when M is taken to be a CR-submanifold of an almost Kaehler 

manifold ~. This consequently helps in studying some 

geometric aspects of the submanifold. 

Lemma (2.3.1). Let M be a CR-submanifold of~- Then for· any 

U, V & W in TM and N in T!M. 

and 

Proof. 

2g(£uV,W) =g(U,JS(V,W)) , 

2g(QuV,N) =g(U,JS(V,N)). 

Using the fact that dSL=O on an almost Kaehler 

manifold and £uV and OuV are tangential and normal parts of 
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(VuJ)V respectively, an easy computation using equations 

(1.1.3) and (1.1.5) immediately yields the required 

relations. 

By applying the above relation, we work out the 

integrability condition for the holomorphic distribution on a 

CR-submanifold as follows: 

Proposition (2.3.1). The holomorphic distribution Don a CR

submanifold M of an almost Kaehler manifold ~ is integrable 

if and only if 

g(2AJzY-JS(Y,Z), JX)=g(2AJzX-JS(X,Z),JY) 

for each X, Y €. D and Z e. o1 

Proof. By proposition (2.2.1) Dis integrable if and only if 

h(X,JY)-h(JX,Y)=QxY-QyX . 

Taking inner product with JZ on both sides and using above 

lemma we get 

2g(AJzX,JY)-2g(AJzY,JX)=g(X,JS(Y,JZ)-g(Y,JS(X,JZ)). 

which on using S(X,JZ)=-JS(X,Z) implies 

g(2AJzX-JS(X,Z),JY)=g(2AJzY-JS(Y,Z),JX) . 

Now in view of the integrability condition obtained in 

(2.2.8), the proposition follows. 

Proposition (2.3.2). The leaves of the holomorphic distri

bution Don a CR-submanifold M of Mare totally geodesic in M 

if and on 1 y if 



g(2AJzY-JS(Y,Z), X)=O 

for all X,Y in D and z in ol. 
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Proof. Applying condition (a) of proposition (2.2.3), we 

obtain 

or, 

g(ExY+th(X,Y),Z)=O 

g(ExY,Z)-g(AJzY,X)=O. 

Making use of lemma (2.3.1), it is seen that 

g(2AJzY-JS(Y,Z),X)=O , 

proving the proposition completely. . . . 

Similarly for the totally geodesicness of the leaves of 

ol in M, we establish. 

Proposition (2.3.3). The leaves of the totally real distri-

bution ol on a CR-submanifold M of an almost Kaehler manifold 

~are totally geodesic in M if and only if 

g(2AJzY-JS(Y,Z),W)=O , 

for each Y in D and z, w in ol. 

Proof: Making use of proposition (2.2.4) (a) and lemma 

(2.3.1) the proof follows on the same lines as that of 

proposition (2.3.2). 

The above two propositions lead to the following: 

Theorem (2.3.2). Let M be a CR-submanifold of an almost 

Kaehler ma~ifold ~. Then M is a CR-product if and only if 

The· proof is a straight forward implication of the 
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propositions obtained above. Further if the manifold M is 

Kaehler, the Nijenhuis tensor is identically zero, therefore 

in this case M is a CR-product if and only if AJ 0LD=O which 

is precisely the condition obtained by Chen [11] as a 

characterization of CR-product in a Kaehler manifold. 



CHAPTER III 

CR-SUBMANIFOLDS OF LOCALLY CONFORMAL KAEHLER MANIFOLDS 

Introduction: 

Since locally conformal Kaehler (l.c.k.) manifolds are 

topologically different from almost Kaehler manifolds, 

therefore in our context it seems worthwhile to study the CR

submanifolds of l.c.k. manifolds so as to see the deviation 

in the geometry of CR-submanifolds of l.c.k. manifold with 

that in Kaehler manifold. For the submanifold of a l.c.k. 

manifold, it is observed that the Lee-form plays an important 

role in determining several geometric features of the 

submanifold [48], [34], [19]. This has- led us to obtain a 

decomposition of the Lee-vector field of l.c.k. manifold with 

respect to its CR-submanifold. This has also helped us to 

compare the results thus obtained with those in the Kaehler 

setting. In this connection, we have pointed out that when a 

totally umbilical CR-submanifold M is tangential to the Lee 

vector field, M has similar classification as that of CR

submanifold of a Kaehler manifold. 

1. Some Preliminary results: 

We first, derive some relations for later use. Making 

use of equations (1.1 .17) & (1.1.1) for vector fields U, Von 

a locally conformal Kaehler manifolds, we may write 
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(3.1.1) 2(VuJ)V=g(U,V)Ji\ + g(JU,V)i\-g(Ji\ ,V)U-g(~ ,V)JU. 

There~ore, for a CR-submanifold M of a l.c.k. manifold 

M, the vectors.PuV & QuV for l,I,VE.TM will have the following 

expressions: 

(3.1.2) EuV=1/2 [g(U,V)(JA)T+g(JU,V)~T-g(JA,V)U-g(A,V)PU] 

and, 

~(3.1.3) 

It also follows that for UETM and N, normal toM, 

(3.1 .4) £uN=1/2 [g(FU,N)AT-g(JA ,N)U-g(A,N)PU] 

and, 

(3.1.5) QUN = 1/2 [g(FU,N))\N-g(/\ ,N)FU]. 

We will use the following convention-on vector fields. 

X, Y will denote vector fields in D; Z, W, the vector fields 

in oi and u, V the vector fields in TM; ~~ a vector field in 

~ and N an arbitrary normal vector field. Using this 

convention we enlist the following identities which are 

immediately obtained from equations (3.1.1)-(3.1.5), and play 

an important role in our subsequent discussions. 

(3.1.6) 2ExW = -g(W,JA)X-g(W,A)JX 

(3.1.7) 2EwX = -g(Ji\,X)W , 

(3.1 .8) 2Ezw = g(l\,JW)Z+ g(Z,W) (J/'.)T, 

(3.1.9) 2£u~ = -g(Ji\;~)U-g( '/- ,~)U , 

_(3.1.10) 2g(J2xX,W) = g(Ji\,W) •• X n2 
II II I 



< 3. 1 . 11 ) QxW = o , 

(3.1 .12) 2QwX = -g(~,X)JW 

(3.1.13) 2QxY = g(X,Y)(J/\)N+g(JX,Y)/\N 

(3.1.14) 20zW = g(Z,W)(J /\ )N -g(:A,W) JZ, 

( 3. 1 • 1 5) 2Qu ~ = - g ( ?>. , ~ ) FU, 
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Considering equations (2.2.2) and (3.1.7) together, we 

get 

-g(JA,X)W = 2[VwJX-PVwX - th(X,W)] , 

which on taking inner product with W yields 

(3.1.16) 

A similar computatio~, on making use of equations (2.2.2) and 

( 3. 1 . 6) , gives 

( 3 . 1 . 17 ) g ( ?\ I w ) :: X :: 2 = - 2 [ g ( v X X , w ) + g ( J h ( X I J X ) , w )] . 

For any non-zero vectors X in D and W in oL, we may now 

use the equations (3.1 .16) & (3.1.17) to write down the 

tangential part of the Lee-vector field as 

1 1 
(3.1 .18) 7\T = 2 [----- (PAJwW-BVwW)- ----(CVxX+th(X,JX))], 

uwu2 II X u2 
11 II 11 II 

where B and c denote the projection operators onto D & D1 

respectively. Now equating the right harid sides of the 

equations (3.1 .14) and (2.2.3) we get 

::w::2(J/. )N-g(A,W)JW = 2 ['V~JW-FVwW-fh(W,W)] , 

which on taking inner product with J~ gives 
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;:w::2g( /\ ·1) = 2[g(V~JW,J~ )-g(Jh(W,W) ,J~)], 

or, 

(3.1.19) ::w::2g(;A ,~ ) = -2[g(fV~JW, ~ )+g(h(W,W) ,~)]. 

A similar computation through equations (2.2.2) & (3.1 .10) 

yields 

!:x:~2g(i\,JW) = -2[g(~xJX,W) - g(th(X,X) ,W)], 

or, 

(3.1.20) ::x:;2g(i\,JW) = -2[g(JVxJX,JW) + g(h(X,X),JW)], 

From equations (3.1 .19) & (3.1.20) the normal part of 

the Lee-vector field can be written as 

1 . 1 
(3.1.21) J. AN=-2 [---- (FVxJX+ph(X,X)+ ---~(fVwJW+qh(W,W))], 

II X u2 ••wn2 
11 h tl II 

where p and q have been used for the projection operators 

onto Jol & f respectively. Hence (3.1 .18) and (3.1.21) give 

a comp 1 ete decomposition of the Lee-vector fie 1 d ').. /tJ. "f ;l t{ C/!-f.~ r--Hf)1/ 
\ [ 

2. Integrability of distributions on a CR-submanifold of 

locally conformal Kaehler manifold: 

We begin the section by establishing the following: 

Proposition (3.2.1). Let M be a CR-submanifold of a locally 

conformal Kaehler manifold M. Then the holomorphic 

distribution D is integrable if and only if 

D(X,Y)'AN = h(X,JY)-h(JX,Y) 

for each X, Y in D. 
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Proof. By proposition (2.2.1 ), Dis integrable if and only 

if QxY-QyX = h(X,JY)-h(Y,JX) for each X, Y in D. Substi

tuting the values of QxY and QyX from equation (3.1.13) into 

the above equation and using the relation (1.1.1), the 

assertion follows immediately. 

So far as the totally geodesicness of leaves of D 's 

·concerned, making use of proposition (2.2.3) (a) and equation 

(3.1 .2) it is easy to infer that the leaves of Dare totally 

geodesic in M if and only if 

{l(X,Y)g(A,Z)+g(X,Y)g(JA,Z)+2g(Jh(X,Y),Z)=O, 

or, {l(X,Y)g(A,Z)=g(X,Y)g(A,JZ)+2g(h(X,Y),JZ). 

The right hand side of the above equatiQn is symmetric in X 

& Y whereas the left hand side is skew symmetric in X & Y, 

implying that both of them are simultaneously zero. Hence we 

can conclude 

Proposition (3.2.2). The leaves of Dare totally geodesic in 

M if and only if 

2g(AJzX,Y)=g(X,Y)g(JA,Z), and CA=O 

for all X,Y in D and Z in D~. 

Proposition (3.2.3) [8]. The totally real distribution oL on 

a CR-submanifold M of a locally conformal Kaehler manifold ~ 

is always integrable. 

The proof follows directly from theorem (2.3.1 ). 
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Proposition (3.2.4). The leaves of oL are totally geodesic 

in M if and only if 

2g(AJzX,W)= g(Z,W)g(A,JX) , 

for each X in D & Z, w in oL. 

Proof. By applying proposition (2.2.4) (a) and equation 

• (3.1.8) the required condition is easily seen. 

Now using the conditions of totally geodesicness of the 

leaves of holomorphic and totally real distributions, 

obtained in the above propositions, it is straight forward to 

work out ·the characterization for CR-product as follows: 

Theorem (3.2.1). A CR-submanifold M of a locally conformal 

Kaehler manifold M will be a CR-product if and only if 

(3.2.1) 

and 

2AJzX =Sl(A,Z)X -!l(A ,X)Z, 

CA= 0 

for each X, Y in D & Z, W in D~. 

Remark. The above also follows from proposition (2.2.5) 

(Part III) 

In view of the condition (3.2.1) it is interesting to 

observe that if the Lee-vector A lies in the invariant part 

of the normal bundle T~M, the right hand side of the relation 

(3.2.1) is identically zero, i.e., in this case AJ5D=O 



3. Totally Umbilical CR-submanifold of a locally conformal 

Kaehler manifold: 

Suppose M is totally umbilical submanifold i.e., a 

submanifold for which 

h(U,V)=g(U,V)H , 

where H is the mean curvature vector. 

,?Ubmanifold M 

h(U,JV)-h(JU,V)=-2g(JU,V)H , 

Thus for the 

for all U, V!.. TM. Using this and proposition (3.2.1) it is 

easy to establish the following: 

Proposition (3.3.1). If M is a totally umbilical CR-

submanifold of a locally conformal Kaehler manifold ~ then 

D(#O) is integrable if and only if 

"'N=-2H 
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Remark. The above result agress with the result in Kaehler 

setting, as in that case 'A =0 and the totally umbilical 

submanifolds are totally geodesic when D is integrable. 

It is interesting to see that a similar result is 

obtained by putting restriction on the totally real 

distribution as follows: 

Proposition (3.3.2). If M is a totally umbilical proper CR

submanifold of a locally conformal Kaehler manifold ~ with 

dim(D.L)>1, then 



Proof. Equation (3.1.8) gives 

(3.3.1) 2[EzW-EwZ]= g(JA,Z)W-g(JA,W)Z. 

Making use of equation (2.2.2), the left hand side of the 

above equation becomes 

2[(VzP)W-(VwP)Z-AFwZ+AFzW] ~ 

Now taking into account the fact that ol is always integrable 

·and for totally umbilical submanifold AFwZ=g(FW,H)Z, equation 

(3.3.1) yields 

g(/\ +2H,JW)Z = g(:A+2H,JZ)W, ¥Z,W£ o.L 

Now as dim(D 1 )>1, the above relation gives 

(3.3.2) g (:A + 2 H , J Z ) = 0 , 

J.f Z t:. o.J.. On the other hand equations ( 2. 2 .-4) and ( 3. 1 . 9) in 

view of totally umbilical character of M imply 

( V X t ) ~ + g ( H , "§- ) P X- g ( H , f~) X = -1 / 2 [ g ( J 'A , ~ ) X + g ("A ,.,. ) P X ] • 

Hence we can write 

As tVx~ can not have any component in D, it is therefore 

concluded from the above equation that 

(3.3.3) g(2H+:A,~)=O, 

For all "S-qJ. From equations (3.3.2) and (3.3.3), it follows 

that (under the hypothesis), AN=-2H 

This completes the proof. 

Combining the above two results, we get 
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Corollary (3.3.1): In any totally umbilical CR-submanifold 

with dim(o1)>1, D is integrable 

Remark. Dragomir [19], Matsumoto [35], Sharma and Duggal 
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[43], have obtained conditions for totally geodesicness of a 

CR-submanifold in a l.c.k. manifold which immediately follow 

from proposition (3.3.2). 

The above proposition enables us to classify the totally 

umbilical CR-submanifolds for which AN=O, as 

(i) totally real, or 

(ii) totally geodesic, or 

(iii) dim(DJ..)=1 

A similar classification has been given by B.Y. Chen 

[10] for totally umbilical CR-submanifolds of Kaehler 

manifold. 

The case when ?\r=O has the following interesting 

geometric significance: 

Proposition (3.3.3). Let M be a totally umbilical proper CR

submanifold of a locally conformal Kaehler manifold such that 

dim(o1)>1 then M is a CR-product if and only if ?\T=O. 

Proof. SupposeAr=O. Now from equation (2.2.2) , 

(3.3.4) £xZ = (VxP)Z-g(H,JZ)X, 

for X f. D and Z E.. D~ and from equation (3 .1. 6), 

2.exz = -[g(Z,JI\)X+g(Z, "A )JX], 
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which on noticing that ~=0, becomes 

(3.3.5) 2£xZ=-g(Z,Jl\ )X , 

on comparing equation (3.3.4) & (3.3.5), we obtain 

-PVxZ =g(H+ A/2,JZ)X . 

Applying proposition (3.3.1), the above equation gives that 

VxZ £. o.l. for each X in D and Z in o.l. or in other words, 

VxY E. D for each X, Y in D, showing that D is integrable and 

its leaves arae totally geodesic in M. Now making use of 

(3.1. 7) and the fact that "Ar=O, we can write 

(3.3.6) fwX=O, 

for each X in D & w in ol 

But equation ( 2. 2. 2) together with umbil ica 1 ness of (~)gives 

( 3 . 3 . 3 ) 

which means, 

EwX = <VwP)X, 

VwPX = PVwX, X£.D&W~D.J. 

In other. words the above equation implies that VwZ e. ol., 

showing that leaves of are totally geodesic in M. 

Combining these arguments, we can conclude that M is a CR

product. Conversely if M is a CR-product then from equation 

(3.1 .18) it follows immediately that ~r=O. This completes 

the proof. 



CHAPTER IV 

CR-SUBMANIFOLDS OF A NEARLY KAEHLER MANIFOLDS 

1. Introduction: 

In the present chapter we study the CR-submanifolds of 

yet another class of manifolds viz. nearly Kaehler manifolds. 

Obviously a nearly Kaehler structure on an almost Hermitian 

·manifold is given by a slightly weaker condition than a 

Kaehler one. It is therefore interesting to see how far the 

results of Kaehler setting can be extended to the nearly 

Kaehler setting, e.g. for the totally umbilical CR-

submanifold of a Kaehler manifold, B.Y. Chen [10] showed that 

they are either totally real or totally geodesic or 

dim(D~)=1. Similar to this, in the present chapter, we have 

classified the totally umbilical CR-submanifolds of a nearly 

Kaehler manifold. 

2. Some integrability conditions for the distributions on 

CR-submanifolds of nearly Kaehler manifolds: 

In view of the relation, 

A paper based on this chapter has been accepted for 
publication in Geometriae Dedicata. 
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the nearly Kaehler condition yields 

(4.2.1) 

(4.2.2) 

for all U,V tangent toM, and therefore by proposition 

(2.2.1) the necessary and sufficient condition for the 

holomorphic distribution D on a CR-submanifold of a nearly 

Kaehler manifold, to be integrable can be written as: 

(4.2.3) 2QXY = h(X,JY)-h(JX,JY), 

for all X, Y in D. Further more, it is known that the 

Neijenhuis tensor for a nearly Kaehler manifold satisfies the 

relation: 
s ( u I v ) =-4J(V u J ) v I 

which in view of property (p5 ) of E and Q-gives 

J. (4.2.4) S(X,Y) = 4QxJY 

The left hand side of the above equation on simplification 

becomes (i.e., on using eqns.(1. 1. 4) & ( 1. 3. 1)} 

F([PX,Y]+[X,PY]) . 

Hence from equations (4.2.3) & (4.2.4), it follows that the 

holomorphic distribution D on a CR-submanifold of a nearly 

Kaehler manifold ~ is integrable if and only if 

(4.2.5) OxY=O and h(X,JY)=h(JX,Y). 



For the integrability of 0~, by (2.2.9) and nearly 

Kaehler character of ~. it can be seen that oL is integrable 

if and only if, for all Z, W in 0~ and X in 0, 

i.e . ., 

2g((VZJ)W,X) = g(AJzW,X)-g(AJwZ,X) 

Now, as for nearly Kaehler manifolds d!l(U,V,W)=3g(VuJ)V,W), 

the above equation takes the form 

2/3 d!l(Z,W,X) = g(AJzW,X)-g(AJWZ,X). 

Further as .nco,o.L) =ncoJ.,oL)=O, we get 

Hence we conclude that the totally real aistribution ol on a 

CR-submanifold is integrable if and only if , 

(4.2.6) 
{ 

g(.B2W,X)=O, or 

g(AJzW,X)=g(AJWZ,X) 

For a 1 1 Z, W E- o.i. and X t.. o. 

Remark. The integrability conditions in (4.2.5) and the 

first one in (4.2.6) have also been established by Urbano 

(cf., [45]) whereas second relation in (4.2.6) is established 

by N. Sa to ( cf. , [ 41 ] ) . 
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These integrability conditions lead to the following 

characterization of CR-product submanifolds in a nearly 

Kaehler manifold. 

Theorem (4.2.1). Let M be a CR-submanifold of a nearly 

Kaehler manifold M and suppose both the distributions D and 

oi are integrable then M will be a CR-produ~t if and only if 

AJrf 0=0 

Proof. Making use of equation (4.2.5) and proposition 

( 2 . 2 . 3 ) , it follows that the leaves of holomorphic 

distribution are totally geodesic in M if and only if 

(4.2.7) h(X,Y)~fJ 

for all X, Y f. D. Similarly, it follows from equation (4.2.6) 

and proposition (2.2.4) that leaves of ol. are totally 

geodesic in M if and only if 

(4.2.8) h(X,Z) E.f-l 

for all X t.D and Z £.0i. The assertion follows immediately on 

combining (4.2.7) and (4.2.8). 

It may be noted that this condition is precisely the same as 

obtained by B.Y. Chen for the characterization of CR-product 

in Kaehler manifolds. 

Before establishing a classification theorem for the 

totally umbilical CR-submanifolds of a nearly Kaehler 
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manifold, we first prove the following preparatory results: 

Proposition (4.2.1). Let M be a CR-submanifold of a nearly 

Kaehler manifold M with h(X,JX)=O, for each X in D. If D is 

integrable then each of its leaves is totally 9eodesic in M 

as well as in M. 

Proof. For X, Y E. D, the Guass equation gives 

h c x, JY )+h c JX, Y )= c VxJ)Y+C VyJ )X+J ( VxY+fiyx) 

-(VxJY+VyJX) . 

The left hand side of the above equation is zero as 

h(X,JX)=O, and the first two terms in the right hand side 

vanish because of nearly Kaehler character of M. The rest of 

the terms, on using Guass equation again, yield 

(4.2.9) J(VxJY+VyJX)=VxY+VyX+2h(X,Y) 

Moreover, in view of the fact that h(X,JX)=O, equation 

(2.2.3) gives 

-FVxX = fh(X,X) 

From which on noticing the fact that FU t JDJ. and fN f. p. 

¥- U E. TM and N E. TJ.M, one may eas i 1 y observe that, 

(4.2.10) 

(4.2.11) 

'YxX £. D and 

h ( X , X ) c. J OJ.. 

Replacing X by X+Y in (4.2.10), we get that 'YxY+'YyXt.D. 
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This observation together with integrability of D implies 

that 

(4.2.12) 

As Frobenius theorem guarantees the foliation of M by the 

leaves of D, (4.2.12) implies that these leaves are totally 

geodesic in M. Now maki~g use of (4.2.12) and (4.2.9) we get 

h(X,Y)=O, proving the assertion completely. 

3. Totally Umbilical CR-submanifolds of a nearly Kaehler 

manifold: 

As an immediate consequence of the proposition (4.2.3), 

we may state the following result which is of some 

independent interest also. 

Corollary (4.3.1). Let M be a totally umbilical CR-

submanifold of a nearly Kaehler manifold ~

integrable then M is totally geodesic in~. 

If D is 

With regard to totally real distribution we establish 

the following. 

Proposition (4.3.1). Let M be a totally umbilical CR-

submanifold of a nearly Kaehler manifold~. Then the totally 

real distribution ol is integrable and its leaves are totally 

geodesic in M. 
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Proof. For Z in ol, equation (2.2.2) gives 

£zZ =CVzP)Z-AFzZ-th(Z,Z) . 

Now as M is nearly Kaehler EzZ=O and as M is totally 

umbilical in M, AFzZ=g(H,FZ)Z, and th(Z,Z)=g(Z,Z)tH. With 

these observation, the above equation can be written as 

-PVzZ=g(H,FZ)Z+g(Z,Z)tH. 

·obviously the right hand side of the above equation belongs 

to ol, whereas the left hand side belongs to D, implying that 

(4.3.1) g(H,FZ)Z+g(Z,Z)tH=O , 

and, 

(4.3.2) 

Equation (4.3.1) has solutions if either 

(a) dim(ol)=1 or (b) He. fl 

If dim(ol)=1 then from (4.3.2), we conclude that ol is 

integrable and its leaves are totally geodesic in M. Further 

if H ~ p then simplifying equation (2.2.2) and noting that in 

this case AFzX=g(H,FZ)=O, th(Z,X)=g(Z,X)tH=O and FX=O, ~X~ D, 

we get 

ExZ=(VxP)Z, and, EzX=(VzP)X , 

Adding the above two equations with the understanding that 

£xZ=-£zX and PZ=O, we get 

VzPX=P(VzX+VxZ) , 



implying that ~zPX e. D or equivalently VzWE.. o.L. Thus o.l is 

integrable and its leaves are totally geodesic in M. This 

completes the proof. 

We are now in a position to establish the following: 

Theorem (4.3.1). Let M be a totally umbilical CR-submanifold 

of a nearly Kaehler manifold ~. Then at least one of the 

following is true, 

(i) M is totally real, 

(ii) M is totally geodesic, 

(iii) dim(Dl)=1 & Dis not integrable. 

Proof. If D=O then by definition M is totally real, which is 

the case ( i ) . If D#O and integrable then by corollary 

(4.2.1) M ·is totally geodesic which accounts for case ( i i). 

suppose now that Dis not integrable and HE.f.J then by virtue 

of (4.2.11) M is again totally geodesic. If however H¢f-J then 

equation (4.3.1) has solutions if and only if dim(D 1 )=1 which 

establishes (iii), this completes the proof. 

It is observed in our preceding discussions that the 

integrability of the holomorphic distribution D(10) plays an 

important role in the geometry of CR-submanifolds of a nearly 

Kaehler manifold as the totally real distribution ·on a 

totally umbilical CR-submanifold M is always integrable and 
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its leaves are totally geodesic in M. Thus if we assume that 

D is also integrable,then by proposition (4.2.2) its leaves 

will be totally geodesic in M, making the CR-submanifold M to 

be a CR-product. 

Hence we may state 

Theorem (4.3.2). Let M be a totalJy umbilical CR-submanifold 

of a nearly Kaehler manifold M. Then M is a CR-product if 

and only if D is integrable. 

Since s6 , as a special case of nearly Kaehler manifold 

is known, not to admit a proper CR-product (cf.[42]), the 

above theorem yields the following. 

Corollary (4.3.2). Let M be a totally-umbilical proper CR

submanifold of s6 , then the holomorphic distribution is not 

integrable. 



CHAPTER V 

CR-SUBMANIFOLDS AND ALMOST CONTACT STRUCTURE 

1. Introduction: In the study of CR-submanifolds, it is 

observed that the case when the totally real distribution D~ 

is one dimensional, is of important geometric significance 

[10], [19], [35]. Therefore, it is worthwhile to study these 

·cR-submanifolds separately. The class of CR-submanifolds 

with dim(D~)=1 includes the real hypersurfaces of almost 

Hermitian manifolds also. It can be seen that these CR-

submanifolds of almost Hermitian manifold admit an almost· 

contact structure in a natural way. This motivates us to 

study the geometry of these submanifolds, when the ambient 

space is equipped with some additional structures viz., 

Nearly Kaehler, Almost Kaehler & Kaehler etc. In the present 

chapter, we have therefore, investigated the nature of these 

contact structures on the submanifold induced from the 

ambient spaces. 

2. CR-submanifolds with dim(D~)=1: 

Let (R,J,g) be an almost Hermitian manifold. 

Throughout, we will denote by M, a CR-submanifold with 

The contents of this chapter have been accepted for 
publication in Toyama Math. J.,Japan. 
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dim(DJ.)=1, i.e., o.l is generated by a vector~ which, 

without loss of generality, can always taken to be a unit 

vector. Let N=J~ , so that the distribution JD1 is generated 

by the vector field N. It is natural to expect that a CR

submanifold of an almost Hermitian manifold with dim(D.l)=1 

would be almost contact. We demonstrate this as follows: 

For U ~ TM, we set 

(5.2.1) 0U=PU, and FU= ~(U)N 

and thus on using the fact that g(FU,N)= ~(U), we get 

(5.2.2) ~(U)=g(U,~ ). 

Now, as JU=PU+FU, the relation g(PU,PV)=g(JU,JV)-g(FU,FV), 

together with g(FU,N)=~(U) gives 

(5.2.3) g(0U,0V)=g(U,V)-~(U)~(V), 

Further, since FP=fF=O and F(U)=~(U)JN , 

J 2 U=JPU+JFU=P2U+~(U)JN . 

Therefore, 

(5.2.4) 

Also from (5.2.1) 

0 r;. :Q 1 

and from 11 ( U) = g ( U ,"'§-) , 

(5.2.5) 'f'l(~ )=1. 
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Hence, it follows from equations (5.2.1)-(5.2.5) that M 

admits an almost contact metric structure (0,~ ,~) with 0 as 

a (1-1) tensor;~ a 1-form and~ a vector field satisfying 

the re 1 at ions ( 1 . 1 . 18) & ( 1 . 1 . 1 9) . 

What happens if in addition M is a CR-product? This is 

answered by 

Theorem (5.2.1). M is cosymplectic in an almost Hermitian 

manifold ~ if and only if M is a CR-product. 

Proof. Suppose M is a CR-product i.e., M is locally a 

Riemannian product of the leaves of D and ol, or equivalently 

VP=O [13]. Thus as P=0, (Vu0)V=O for each U, V in TM. Now 

differentiating the relation ~(V)=g(V,~ ), covariently, we 

get 

or, 

(. 5. 2. 6 ) 

As M 

distribution 

words VxY£.0 

Therefore, 

(5.2.7) 

c v u 11.) v +'ftc Vu v) = u . g c v , "S- ) , 

(Vu1'1_)V+g(VuV,~ )=g(VuV,~ )+g(Vu"'§ ,V) , i.e., 

(Vu~)V=g(V,Vu~) . 

is a CR-product, the leaves of both the 

D and ol. are totally geodesic in M. In other 

for each X,Y in D and VzW t. oL for each Z, w ~ o1 . 

Further, equation (5.2.7) suggests that 



Vu ~ =O , 

which on being taken with (5.2.6) gives 

(Vu'l)V=O. 

Hence in view of (1 .1 .20), M is cosymplectic. Conversely, 

cosymplectic manifolds are CR-products follows directly from 

the definition. This proves the theorem. 

Now let h(X,Y)=ph(X,Y)+qh(X,Y), where p and q denote 

the projection operators onto Jol and? respectively. Let us 

put ph(X,Y)= o<(X,Y)N, for some scaler valued bilinear 

function ~ on TM. For the particular case when the 

distribution D on the CR-submanifold M is integrable we have 

the following. 

Theorem (5.2.2) If ~ is nearly Kaehler then M (with D, 

integrable) admits a Cosymplectic structure if and only if 

where 

o<= j3(l!0t"t), 

~ =o<(~,~). 

Proof. Suppose M admits a cosymplectic structure, therefore 

by theorem (5.2.1), M is a CR-product and by theorem (4.2.1) 

AJr:f D=O. In other words 

g(h(D,D),JDl)=g(h(D,Dl),JDl)=O, 

or, g(ph(D,D),JDl)=O and g(ph(D,D~),JDl)=O, 
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i . e. 1 

Hence 

That means 

or 

o< < o 1 o) = o< < o I ol) =O. 

g ( h ( u I v ) , N ) ='1 ( u ) tt ( v ) 0( ( ~ , ~ ) • 

od U 1 V) = o<( ~ , ~ )l't ( U )l't ( V) 1 

o( = 13 (1') ® 1)) . 

Conversely ~(U,V)= ~(~,~)~(U)~(V), implies 

g(h(X,Y),N)=O, as well as g(h(X,Z),N)=O, 

for all X, Y €. D and z €. o1 . i.e., AJ6D=O. Now as both the 

distributions D and D~ are integrable, this conditions 

implies that M is a CR-product (theorem (4.2.1)) and 

therefore . by theorem ( 5. 2. 1 ) M admits a cosymplectic 

str·ucture. 

The following two corollaries follow immediately from 

the above theorem but are geometrically interesting on their 

own also. 

Corollary (5.2.1). If M (with D, integrable) is totally 

geodesic in a nearly Kaehler manifold then M is co

symplectic. 

Corollary (5.2.2). Every totally geodesic real hypersurface 

M (with D, integrable) of a nearly Kaehler manifold M is co

symplectic. 

In the following, we obtain the conditions for M to be 

nearly Sasakian. 
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Theorem (5.2.3). M is nearly Sasakian in a nearly Kaehler 

manifold if 

~(U,V)=g(U,V) 1 

for each U1 V in TM. 

Proof. For a nearly Kaehler manifold M 1 

cijuJ>u=o I 

for each UE .TM. Therefore from equation (2.2.2) 

(VuP)U=AFuU+th(UIV) . 

Now as P=0 1 FU=g(U 1~ )N and tN=S 1 the above equation takes 

the form 

( 5 • 2 • 8 ) 

Let us recollect that for a nearly -sasakian manifold 

(M,0,~ ,~) 

(Vu0)U=~(U)U-g(U,U)~. 

In order that the right hand side of equation (5.2.8) be 

equal to ~(U)U-g(U,U)~, we must have ~(U,V)=g(U,V), for all 

U,V in TM. This proves the theorem. 

In particular if M is totally umbilical in M then 

h(U,V)=g(U 1 V)H 1 and therefore in this case as an immediate 

consequence of the above theorem we may state: 
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Corollary (5.2.3): If M is totally umbilical in a nearly 

Kaehler manifold M, then M is nearly Sasakian. 

In view of the theorem (5.2.3), it seems natural 

to expect that M should be Sasakian if ~ is in particular 

Kaehler. In what follows, we prove the same. 

Theorem (5.2.4). The CR-submanifold M of a Kaehler manifold 

R is Sasakian if 

~(U,V)=g(U,V), 

for each U,V in TM. 

Proof. Since M is Kaehler, EuV=QuV=O ~ U,V~ TM and there

fore by using equation (2.2.2), we may write 

(VuP)V=AFyU+th(U,V) . 

Now as P=0, the above equation becomes 

(Vu0)V=AFvU+th(U,V) . 

which by making use of the relations g(ANU,V)=g(h(U,V),N)= 

~(U,V) and th(U,V)=-~(U,V)~, proves the assertion. 

Finally, we investigate the case when the ambient 

manifold is almost Kaehler and establish the following: 

Theorem (5.2.5). If M is almost Kaehler, then M is quasi

Sasakian. 

Proof. Replacing P by 0, in equation (2.2.2), we get 

(Vu0)V-EuV-AFvU-th(U,V)=O~ 



for all U,V E. TM. Taking inner product with Z e. TM, we get 

g(Vu0)V,Z)-g(~uJ)V,Z)-g(h(U,Z),FV)-g(th(U,V),Z)=O, 

or 
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(5.2.9) g((Vu0)V,Z)-g((VuJ)V,Z)+g(th(U,Z),V)-g(th(U,V),Z)=O, 

Similarly 

(5.2.10) g((Vy0)Z,U)-g((~yJ)Z,U)+g(th(V,U),Z)-g(th(V,Z),U)=O 

and 

< 5. 2. 11 > g {( Vz0 > u, v > -g (( VzJ) u, v) +g < th < z, v >, u )-g < th < z, u), v > =o 

Summing up the equations (5.2.9), (5.2.10) and (5.2.11) and 

taking into account the fact that~ is-almost Kaehler, we 

conclude that M is quasi-Sasakian. 

Remark. Farran [20] has established similar results for real 

hypersurfaces. 
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